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Vzory ve školce: Didaktické znalosti týkající se obsahu a žáků a související přesvědčení



Iris Schreiber
1

1Kibbutzim College of Education, Bar-Ilan university, Israel; irisiﬁ5@gmail.com


The present study investigates sixty Israeli kindergarten teachers and examines two
 aspects that might aﬀect the teaching-learning process of patterns: Teachers’ ped-
 agogical knowledge of content and pupils (speciﬁcally, what is easy or diﬃcult for
 the children and what their typical errors are) and teachers’ self-eﬃcacy, particularly
 with regard to their knowledge. These aspects are explored via two types of patterns –
 a repeating pattern and a growing pattern, and by comparing two teacher groups –
 novice teachers and experienced teachers. The results regarding the repeating pat-
 tern show that teachers have knowledge of children’s typical errors. However, they
 only have partial knowledge of what is easy or diﬃcult for the children: they tend
 to underestimate children’s abilities. Regarding the growing pattern, teachers only
 have a partial knowledge of children’s typical errors. Also, they cannot fully discern
 what the pupils ﬁnd easy or diﬃcult: they tend to overestimate children’s abilities.


Using teachers’ seniority as a criterion, novice teachers were found to be less knowl-
 edgeable and less conﬁdent (i.e. they have lower self-eﬃcacy). The results may have
 implications for teachers’ education and guidance, especially novice teachers.
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Studie se šedesáti učiteli mateřské školy v Izraeli zkoumá dva aspekty, které mohou
 ovlivnit výuku „vzorů: Didaktické znalosti týkající se obsahu a žáků (konkrétně co
 je pro žáky jednoduché a co je obtížné a jaké jsou typické chyby) a učitelovo vnímání
 vlastní zdatnosti (self-eﬃcacy). Tyto aspekty jsou analyzovány prostřednictvím dvou
 typů vzorů – opakující se vzor a rostoucí vzor, a porovnáním dvou skupin učitelů –
 začátečníci a zkušení učitelé. Výsledky týkající se opakujícího se vzoru ukazují, že
 učitelé mají povědomí o typických chybách žáků. Mají ovšem jen částečnou znalost
 toho, co je pro děti jednoduché a co obtížné. Mají tendenci výkon dětí podceňovat.


Co se týče rostoucího vzoru, učitelé mají částečné znalosti typických chyb i toho,
 co je pro děti jednoduché a co obtížné. Mají tendenci výkon dětí přeceňovat. Co se
 týče učitelské zkušenosti, začátečníci mají menší důvěru ve vlastní zdatnost a menší
 znalosti. Výsledky mají důsledky pro vzdělávání učitelů zejména u začátečníků.


Zasláno 7/2019
 Revidováno 10/2019
 Přijato 2/2020


Klíčová slova:


mateřská škola,
 matematika, vzory,
 didaktická znalost
 obsahu, self-eﬃcacy.



1 Introduction


It is commonly agreed that mathematics learning in early childhood has a formative eﬀect – it is essential
 for consolidating the foundations of many topics and concepts that children will learn later on in school
 (Clements,2001; National Council of Teachers of Mathematics,2000). An important topic, which is part
 of the curriculum in many countries, is patterns. A pattern is a series of elements arranged according to
 a certain rule. Each element has a single value determined by its place in the series, so that the elements
 appear in a predictable way. Patterns and structures are considered as the heart of algebraic thinking,
 which may be promoted by continuing a pattern, being able to describe a ’general’ element and expressing
 and justifying these generalizations (Zazkis & Liljedahl,2002; Warren,2005).


An eﬀective teaching-learning process is impacted by various aspects and the present study focuses
 on two of them. One aspect is teachers’ pedagogical content knowledge which was indicated by many
 researchers as necessary for eﬀective teaching of mathematics (Ball et al., 2008; National Council of
 Teachers of Mathematics,2000; Shulman,1986,1987). The present study focuses on a speciﬁc pedagogical
 content knowledge component that has not been investigated enough regarding patterns: knowledge of
 content and students, which is the integration of subject-matter knowledge with an acquaintance of
 students. This kind of knowledge may improve the quality and precision of the teaching process. Teachers
 who are aware of student’s concepts and diﬃculties can plan their teaching better. The second aspect
 investigated in this study is teachers’ self-eﬃcacy which was deﬁned by Bandura (1977) as one’s belief
 in one’s ability to organize and execute a series of actions required for achieving a certain desired result.


Self-eﬃcacy is important because teachers’ performance in class may be impacted by their conﬁdence in
their ability to successfully perform certain teaching processes (Dellinger et al.,2008). These aspects were
examined in Israel by a comparison of two kindergarten teacher groups, 30 novices and 30 experienced.
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2 Literature review



2.1 Mathematics and patterns in kindergarten


During the last decade, educators have acknowledged the importance of promoting children’s mathematics
 knowledge already from an early age. The signiﬁcance of mathematics learning for developing creativity,
 mathematical skills, and thinking abilities is emphasized in standard documents and in various curricula
 (Ministry of Education in Israel,2010; NCTM,2000). Researchers have frequently discussed mathematics
 curricula at pre-school ages, recommending many learning activities that may promote mathematical
 thinking (Clements,2001; Clements & Sarama, 2007,2011; Greenes et al., 2004).


The present study focuses on the mathematical topic of patterns, which is part of the mathematics
 curriculum for kindergartens in many countries, including Israel. Its importance is highlighted in policy
 documents and curricula: “Patterns are everywhere. Children, who are encouraged to look for patterns
 and to express them mathematically, begin to understand how mathematics applies to the world in which
 they live” (NCTM,1989: p. 60). Patterns may form the basis for understanding recurring structures, which
 promote the acquisition of various mathematical concepts – such as variables, functions and algebraic
 expressions (Moss & Beatty, 2006; Warren, 2005). Patterns may also lead to a high level of thinking –
 the ability to generalize (Ministry of Education in Israel,2010). Recommendations for early ages suggest
 focusing on patterns with diﬀerent characteristics, such as color, position, quantity, sound or movement.


The current research engages in two types of patterns: a repeating pattern and a growing pattern.


The diﬀerence between the two types of patterns is the way in which their elements are arranged:


A repeating patternis a pattern in which an element repeats itself systematically and agrowing pattern
 is a pattern that increases or decreases systematically (see examples in Fig.1).


A repeating pattern


A growing pattern
 Fig. 1:Examples of the two pattern types


According to the curriculum of mathematics for kindergarten in Israel, the subject of repeating pat-
 terns should be taught ﬁrst with patterns that have one characteristic, such as color or shape (see examples
 in Fig.2), and then patterns that have two characteristics, such as color and quantity or color and shape,
 which is the type of pattern chosen for the present study (see examples in Fig.2).


One characteristic patterns


Two characteristic patterns
 Fig. 2:Examples for repeating patterns characteristics


Growing patterns are not part of the Israeli mathematics curriculum for kindergarten. However, since
 they are included in the curriculum of other countries and have been investigated, I decided to include
 a growing pattern in the research. I chose to keep the same characteristics (color and shape) as in the
 repeating pattern, while adding the growing quantity (see Fig.3).


The repeating pattern


The growing pattern
 Fig. 3:The patterns chosen for the study


Many studies recommend teaching the topic of repeating and growing patterns at all ages, particularly
 in kindergarten, and suggest activities and tasks such as describing, creating, continuing or completing
 a pattern (Burton,1982; Gibbs,1999; Threlfall,1999; Papic & Mulligan,2007; Papic et al.,2011; Warren,
 2005).


The present study investigates two types of tasks that, according to the curriculum in many countries
(including Israel) and to many researchers, are considered ones that may promote mathematical thinking
and generalization abilities:



(3)1. “Continue a pattern”: children are asked to produce/create/build a continuation for a given pattern
 (Burton, 1982; Economopoulos,1998; Warren,2005).


2. “Complete a pattern”: children are asked to produce/create/build the missing elements of a given
 pattern (Burton, 1982; Papic & Mulligan,2007; Warren,2005).


The tasks incorporated in this research are: “continue a repeating pattern”, “complete a repeating pat-
 tern” and “continue a growing pattern”.



2.2 Pedagogical knowledge of content and students


Lee Shulman (1986,1987), one of the most prominent researchers deﬁning the type of knowledge which
 teachers need for an eﬀective teaching process, argued that a combination of content knowledge and
 pedagogical knowledge is necessary. Pedagogical content knowledge integrates them both. Regarding
 mathematics, it may involve knowledge of various ways of presenting a mathematical idea and knowing
 to estimate the diﬃculty levels of speciﬁc topics. Such knowledge helps teachers to plan better lessons,
 to connect ideas and concepts during and between lessons, and to cope with students’ diﬃculties. Past
 studies show a correlation between teachers’ mathematical pedagogical content knowledge and children’s
 improved attainments (McCray & Chen,2012) it with the wider the teachers’ knowledge was, the more
 extensive the students’ knowledge and the better their attainments were (Tchoshanov,2011).


A group of researchers led by Deborah Ball (Ball et al.,2008; Hill et al.,2008) deﬁned more speciﬁcally
 the term pedagogical content knowledge in mathematics education, attributing two aspects to it. The
 ﬁrst is Knowledge of Content and Teaching which includes, for example, assessing the strengths and
 weaknesses of diﬀerent tasks, knowing what examples are suitable for presenting a certain topic and
 which examples should be used to enhance knowledge. The second aspect, on which this study focuses,
 is Knowledge of Content and Students. It includes, for example, identifying what is easy or diﬃcult for
 speciﬁc groups of students, ﬁnding what their common errors are and possible reasons thereof. Knowledge
 of content and students is important for the teaching-learning process because it enables teachers to focus
 their explanations and give students a variety of eﬀective tasks.


Studies of patterns in kindergarten, which explored diﬀerent aspects of teachers’ knowledge, show
 that teachers have partial pedagogical content knowledge. On the one hand, they know how to solve
 patterning tasks, describe patterns and notice errors children make. On the other, they are not familiar
 with various tasks, with the way children think or with what should be done in order to promote children’s
 knowledge (Economopoulos,1998; Fox,2005b; Waters,2007; Zhang,2015). Based on the theory conceived
 by Ball (Ball et al.,2008), Lee (2010) examined preschool teachers’ mathematical pedagogical content
 knowledge in various topics. In the case of patterns, the researcher found that teachers possessed a high
 level of knowledge of how to teach patterns. However, Lee’s study did not examine teachers’ patterning
 knowledge of content and students and in general, this aspect has not been suﬃciently investigated
 regarding patterns. Therefore, I have decided to study this speciﬁc component of knowledge.


The present study examined teachers’ patterning knowledge of content and students in two aspects:


what the children’s common errors are and what is easy or diﬃcult for them. Regarding children’s errors,
 studies indicate wrong answers for patterning tasks that children frequently give. For example: continuing
 a pattern randomly (Clements & Sarama,2007; Starkey et al.,2004); repeating one element of the pattern
 systematically (Clements & Sarama,2007; Starkey et al.,2004); and copying the pattern like a mirror
 image (Fox,2005a; Garrick et al.,1999).


Regarding what is easy or diﬃcult for children, the literature indicates the basic unit and its length
 as the most prominent factors determining the diﬃculty level (Kyriakides & Gagatsis, 2003; Threlfall,
 1999). Moreover, ﬁndings illustrate that growing patterns are more diﬃcult for children than repeating
 patterns (Warren, 2005). The results of studies that examined the diﬀerences between continuing and
 completing repeating patterns were inconclusive (Warren,2005; Warren & Miller,2010).


In the present study, when indicating what is easy or diﬃcult for children, the teachers were also
 asked to refer to diﬀerences between older and younger children. Studies show that older children succeed
 more than younger children even with no teaching process (Mulligan et al.,2004).



2.3 Self-eﬃcacy


Self-eﬃcacy is one’s assessment of one’s ability to successfully perform a certain task (Bandura, 1977;


1986). Bandura deﬁned self-eﬃcacy as “people’s judgments of their capabilities to organize and execute
a course of action required to attain designated types of performances” (1986, p. 391). Hackett and Betz
(1989) deﬁned mathematical self-eﬃcacy as “assessment of an individual’s conﬁdence in her or his ability
to successfully perform or accomplish a particular task or problem” (p. 262). This study explores teachers’
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 connects performance and conﬁdence: in order to complete a task eﬀectively, people need both the suitable
 skills and the conﬁdence in their ability to apply them as required (Dellinger et al.,2008). The level of
 self-eﬃcacy has a direct impact on people’s choices and behavior: people act with conﬁdence in situations
 whereby they believe they may function well, but they tend to avoid situations in which they don’t
 believe in their abilities or knowledge. Furthermore, self-eﬃcacy aﬀects the amount of time and eﬀort
 people invest in performing certain tasks: the higher one’s self-eﬃcacy level is, the more persistent in
 completing a task one is. Studies found that self-eﬃcacy may signiﬁcantly impact teachers’ performance
 (Dellinger et al.,2008) and is related to their behavior in the classroom and to students’ results (Midgley
 et al.,1989). Teachers whose level of self-eﬃcacy was high had greater job satisfaction, were more involved
 in the preparation of personal curricula for the students and cooperated better with parents and colleagues
 (Brouwers & Tomic,2000).


A sense of self-eﬃcacy is examined with respect to a speciﬁc subject. The present study examined
 kindergarten teachers’ self-eﬃcacy in pedagogical knowledge of content and students related to the topic
 of patterns, which has not been suﬃciently investigated.



2.4 Teachers’ seniority


In the present study, teachers’ knowledge and self-eﬃcacy were investigated and compared between two
 teacher groups: novice and experienced.


Studies of teachers’ professional development (Ball & Wilson, 1990; Leinhardt, 1989; Tirosh et al.,
 1998; Zhang,2015) refer to novice teachers as teachers with seniority of up to ﬁve years, and experienced
 teachers as teachers with seniority of at least ten years. The present study adheres to these deﬁnitions.


These studies compared mathematical knowledge of novice and experienced teachers in elementary and
 high schools and found that experienced teachers had a broader pedagogical knowledge than novice
 teachers. However, other researchers did not ﬁnd a positive correlation between seniority and diﬀerent
 types of knowledge (Krauss et al.,2008).


Regarding self-eﬃcacy and seniority, the literature presents inconsistent ﬁndings. Chiu and Klassen
 (2010) found a connection between teachers’ years of experience and their self-eﬃcacy. In a study con-
 ducted by Tschannen and Woolfolk (2007), experienced teachers rated themselves higher on overall self-
 eﬃcacy than novice teachers, but on some speciﬁc aspects, there was no signiﬁcant diﬀerence between the
 two groups. Another study showed that teachers’ experience was not associated with their self-eﬃcacy
 (Guo et al.,2011).



3 Research aims


The ﬁrst aim of the study is to explore teachers’ knowledge of content and students related to patterns:


Do teachers know which type of pattern and which patterning tasks are easier for students and which are
 more diﬃcult? Do teachers know students’ common errors in the patterning tasks? Is there a diﬀerence
 between the knowledge demonstrated by novice teachers and the knowledge demonstrated by experienced
 teachers?


I hypothesized that novice teachers would have less knowledge of content and students based on past
 ﬁndings (e.g. Tirosh et al., 1998) and on the fact that they are not acquainted enough with students’


conceptions and misconceptions.


The second aim of the present study is to explore teachers’ level of self-eﬃcacy related to their
 knowledge: What is the teachers’ level of self-eﬃcacy in their pedagogical knowledge of content and
 students (i.e., what is the teachers’ level of conﬁdence regarding their knowledge)? Is there a correlation
 between teachers’ level of conﬁdence and teachers’ seniority?


I hypothesized that novice teachers are less conﬁdent in their knowledge due to the ﬁndings of previous
 studies (e.g. Chiu & Klassen,2010).



4 Methodology


The present study was conducted in two stages, the ﬁrst with children and the second (on which this
paper focuses) with teachers.



(5)
4.1 The ﬁrst stage of the study


The ﬁrst stage, the “preliminary study”, examined children’s knowledge of patterns. The participants
 were 206 Israeli children: 99 children aged 4–5 and 107 children aged 5–6. All the children attended
 kindergartens in the same region of Israel and had the same socioeconomic status (as determined by
 the Ministry of Education in Israel). Each kindergarten comprised about 30 children, aged 4–6. For the
 children aged 4–5, it was the ﬁrst year at kindergarten, and for the children aged 5–6, it was the second
 year at kindergarten. Ethical approval was given by the Chief Scientist of the Ministry of Education in
 Israel.


The two patterns that were chosen for this study (see Fig.3) were incorporated into three tasks (see
 Fig.4): continuing a repeating pattern, completing a repeating pattern, continuing a growing pattern.


Fig. 4:The examined three tasks


The children answered the three tasks in front of a computer screen, using a software developed
 speciﬁcally for the study. Each child responded to the questionnaire in the presence of the researcher
 in a quiet area of the kindergarten. The children’s responses (the way they continued or completed the
 pattern and their oral response) were documented and recorded.


It is noteworthy that the kindergartens in which the preliminary study was conducted were mainstream
 education kindergartens without special education children or under-achievers. Before answering the
 questionnaire, the children practiced, played and became familiar with the software, learning how to
 move the shapes to the appropriate place.


The aim of the ﬁrst stage is to examine the patterning knowledge of preschool children:


How do kindergarten children respond to the three patterning tasks, regarding the percentage of
 correct answers and common errors (see the expected answers in Fig.5)? Is there a diﬀerence between
 the knowledge demonstrated by younger children and the knowledge demonstrated by older children?


I hypothesized that older children would respond more correctly than younger children due to their
 longer studying term in kindergarten and based on past ﬁndings (e.g. Mulligan et al.,2004).


Fig. 5:The expected correct answers for the three tasks



4.2 The second stage of the study


At the second stage, in which this paper engages, the participants were 60 kindergarten teachers: 30 novice
 teachers, whose seniority was up to 5 years, and 30 experienced teachers, whose seniority was 10 years or
 more. All the teachers are females, have a ﬁrst degree in education and they were trained to teach and
 work in mainstream education kindergartens. The teachers work in the same kindergartens in which the
 preliminary study was conducted.


The research instruments were two questionnaires, a Knowledge Questionnaire, and a Self-Eﬃcacy
 Questionnaire, that were validated by three mathematics teaching experts.


The questionnaires related to the three tasks that the children had answered in the preliminary study.


Reliability was examined with 10 teachers. A Cronbach’s coeﬃcient alpha was calculated, using the pilot
 data. The reliability score (>0.7) of the instruments had an acceptable level of reliability.


The teachers’ self-eﬃcacy questionnaire consisted of an Attitudes Scale, in which the teachers were
asked to point out the level of conﬁdence in their ability to predict children’s typical errors and the level
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 children had answered in the preliminary study (“Continue a repeating pattern”, “complete a repeating
 pattern”, “continue a growing pattern”). They ranked their conﬁdence in their ability from 1 (not at all
 conﬁdent I can), through intermediate degrees of conﬁdence (3 – moderately conﬁdent I can), to complete
 conﬁdence (5 – very conﬁdent I can).


The teachers responded to the questionnaire examining pedagogical knowledge after they had re-
 sponded to the self-eﬃcacy questionnaire. They were asked to estimate the percentage of success of
 children, as well as indicate the errors that children would make in each task.



4.3 Data analysis


The preliminary study examined children’s knowledge and provided two sets of data. The ﬁrst consisted
 of children’s responses to the three patterning tasks – these responses were either correct or incorrect.


The percentage of correct answers was calculated for each group of children separately and for them all.


The second set of data was an analysis of the incorrect answers: was the error observed in previous studies
 and what was the percentage of children that made that error.


In the second stage, as related above, the self-eﬃcacy statements were given a score from 1–5. A Pear-
 son correlation test was taken to examine whether there is a correlation between teachers’ conﬁdence
 scores and years of experience.


Regarding teachers’ knowledge of content and students (speciﬁcally what is easy or diﬃcult for chil-
 dren), the teachers were asked to estimate the percentage of success of children. The teachers’ answers
 regarding the percentage of success are organized in ranges of 20% as follows:


• between 0%–20% – almost none of the children would answer correctly,


• between 21%–40% – a minority of the children would answer correctly,


• between 41%–60% – about half of the children would answer correctly,


• between 61%–80% – most children would answer correctly,


• between 81%–100% – almost all the children would answer correctly.


A T-test was taken to examine the diﬀerence between the two teacher groups. The mean estimation
 was calculated, and the teachers’ estimation was compared with the children’s ﬁndings in the preliminary
 study.


Regarding teachers’ knowledge of content and students (speciﬁcally what were the common errors the
 children made), the teachers were asked to indicate errors that children would make in each task. The
 errors the teachers noted were compared with known errors from previous studies and with the ﬁndings
 of the preliminary study. A chi-square test was taken to examine the diﬀerence between the two teacher
 groups.



5 Results



5.1 Overview


Levels of self-eﬃcacy regarding knowledge of children’s errors and knowledge of percentage of success
 were similar:∼70% of the teachers were conﬁdent about the “continue a repeating pattern” task and


∼50% of the teachers were conﬁdent about the two other tasks.


Results regarding pedagogical knowledge were inconclusive: Regarding children’s errors, the teachers
 mentioned some of the errors that the children had made, but they also mentioned errors that the
 children had not made and failed to mention the most common error (copying the pattern). Regarding
 the diﬀerence between children aged 5–6 and children aged 4–5 (see Tab. 1), teachers estimated that
 children aged 5–6 would answer the tasks more correctly than children aged 4–5 (93% of the teachers).


Their estimation was correct only regarding the “continue a repeating pattern” task. Regarding children’s
 success, teachers either underestimated or overestimated children’s performance, as demonstrated in
 Tab.1.


Tab. 1 illustrates that teachers estimated correctly that the growing pattern task is more diﬃcult
for children than the repeating pattern tasks, but that they also estimated incorrectly that completing
a repeating pattern is more diﬃcult than continuing a repeating pattern. Tab.1 also demonstrates that
in the cases in which the teachers were incorrect, the gap between their estimation and the children’s
actual success percentage as well as the variance of the ﬁndings were greater (see sd value in Tab.1).
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 of success of the children


Children aged 5–6 Children aged 4–5


Teachers’


estimation
 M (SD)


Children’s
 success


Diﬀerence
 (t-value)


Teachers’


estimation
 M (SD)


Children’s
 success


Diﬀerence
 (t-value)
 Continue a repeating pattern 89.3


(10.2)


88.8 0.34 69.0


(18.0)


71.0 −1.17
 Complete a repeating pattern 80.3


(18.2)


94.4 −6.00** 60.0


(22.3)


77.8 −6.17**


Continue a growing pattern 38.1
 (21.4)


7.5 11.11** 13.2


(14.4)


3.0 5.44**


Note.** =p <0.01



5.2 Results of teachers’ self-eﬃcacy


The self-eﬃcacy questionnaire explored the teachers’ level of conﬁdence in their pedagogical knowledge of
 content and students. Speciﬁcally, the teachers were asked to rank their level of conﬁdence in predicting
 children’s errors as well as children’s percentage of success in patterning tasks, on a scale of 1–5 (5 – very
 conﬁdent, 1 – not at all conﬁdent).


A positive correlation was found between the teachers’ seniority and their conﬁdence in their ability
 to predict children’s errors (r = 0.38, t = 3.134, p <0.05). Similarly, a positive correlation was found
 between the teachers’ seniority and their level of conﬁdence in their ability to predict children’s percentage
 of success (r= 0.29,t= 2.26,p <0.05). Thus, the more seniority teachers have, the more conﬁdent they
 are in their ability to predict children’s errors as well as what is easy or diﬃcult for them in patterning
 tasks.


In general, the teachers’ scored their conﬁdence high. Tab.2 presents the mean score of self-eﬃcacy
 for every component of knowledge, in every task and in each group.


Tab. 2:Mean self-eﬃcacy score and standard deviation in every area of knowledge for every task
 level of conﬁdence in predicting


children’s errors


level of conﬁdence in predicting
 children’s percentage of success
 Continue


a repeating
 pattern


M (sd)


Complete
 a repeating


pattern
 M (sd)


Continue
 a growing
 pattern
 M (sd)


Continue
 a repeating


pattern
 M (sd)


Complete
 a repeating


pattern
 M (sd)


Continue
 a growing
 pattern


M (sd)
 N= 60 4.02 (1.02) 3.70 (1.06) 3.60 (1.15) 4.18 (0.99) 3.78 (1.13) 3.77 (1.10)
 NoviceN= 30 4.43 (0.67) 4.07 (0.81) 4.00 (0.89) 4.53 (0.72) 4.00 (1.00) 3.90 (0.89)
 ExperiencedN= 30 3.60 (1.27) 3.33 (1.25) 3.20 (1.30) 3.83 (1.26) 3.57 (1.30) 3.63 (1.31)
 Tab.2illustrates that the teachers’ level of conﬁdence regarding the “Continue a repeating pattern”


task is higher than regarding the two other tasks. Moreover, the table indicates that the overall level of
 conﬁdence of experienced teachers is higher than that of novice teachers, and that their level of conﬁdence
 about children’s percentage of success is higher than their level of conﬁdence regarding children’s errors.


A signiﬁcant diﬀerence was found between novice and experienced teachers (t= 3.242,p <0.05).



5.3 Results of teachers’ pedagogical knowledge of content and students


Teacher’s pedagogical knowledge was examined in relation to the results of the preliminary study. The
 teachers were requested to address the following questions regarding each task: What would be the
 percentage of success of children aged 5–6 and of children aged 4–5? What would be the errors children
 would make?



5.4 Results of teachers’ knowledge about the “Continue a repeating pattern”



task


In the preliminary study, 88.8% of the children aged 5–6 and 71% of the children aged 4–5 answered the
task correctly (as shown in Fig.5). The teachers were asked to estimate the percentage of children that
would succeed in the task (Tab.3).



(8)Tab. 3:The percentage of teachers estimating each range of success percentage in the “continue a repeating
 pattern” task


Regarding ages 4–5 Regarding ages 5–6


N= 60 N = 30
 Novice


N= 30
 Experienced


N = 60 N = 30
 Novice


N= 30
 Experienced


0%–20% 3.3 6.7 0.0 0.0 0.0 0.0


21%–40% 5.0 6.7 3.3 0.0 0.0 0.0


41%–60% 25.0 20.0 30.0 5.0 6.7 3.3


61%–80% 46.7 40.0 53.3 13.3 13.3 13.3


81%–100% 20.0 26.7 13.3 81.7 80.0 83.3


The teachers’ common estimated percentage of success for children aged 5–6 correlated with the results
 of the preliminary study. They also predicted correctly the eﬀect of children’s age on the percentage of
 success. However, the teachers, especially the experienced ones, tended to underestimate children aged
 4–5: about a third of them thought that fewer children than observed in the preliminary study would
 succeed. A signiﬁcant diﬀerence was found between novice and experienced teachers’ estimations regarding
 4–5 years old children (T-test 2.14,p <0.05).


In the preliminary study, only a single error was observed: the children copied the pattern. When
 asked to indicate errors that children would make in this task, half of the teachers indicated this error,
 twenty-ﬁve percent pointed out errors that had been mentioned in previous studies but had not been
 observed in the present study, and the rest did not mention any error (Tab.4): Almost half of the novice
 teachers (43%) and only a small part of the experienced teachers (7%).


Tab. 4:Errors that teachers thought children would make in the “continue a repeating pattern” task


The error Repeat one


element
 systematically:


Continue
 randomly


Copy the pattern:


Was the error reported in other studies? yes yes yes


Percentage of children making the error 0.0 0.0 19.5


Percentage of teachers pointing out each error


N= 60 3.3 21.7 50.0


NoviceN= 30 0.0 13.3 43.3


ExperiencedN= 30 6.7 30.0 56.7


Diﬀerence: Chi-square value 4.687* 8.562** 3.920*


Note.* =p <0.05, ** =p <0.01



5.5 Results of teachers’ knowledge about the “Complete a repeating pattern”



task


The preliminary study showed that 94.4% of the children aged 5-6 and 77.8% of the children aged 4–5
 answered correctly (as shown in Fig.5).


The teachers were asked to estimate the percentage of children of each group that would succeed in
 this task (Tab.5). Results show that they tended to underestimate the children’s performance. For each
 children group, the teachers estimated a lower percentage of success than observed in the preliminary
 study. Some of the teachers thought that none of the children would succeed in this task.


Tab. 5:The percentage of teachers estimating each range of success percentage in the “complete a repeating
 pattern” task


Regarding ages 4–5 Regarding ages 5–6
 N= 60 N= 30


Novice


N= 30
 Experienced


N= 60 N= 30
 Novice


N = 30
 Experienced


0%–20% 6.7 6.7 6.7 5.0 6.7 3.3


21%–40% 15.0 13.3 16.7 1.7 0.0 3.3


41%–60% 31.7 30.0 33.3 3.3 0.0 6.7


61%–80% 35.0 40.0 30.0 36.7 26.7 46.7


81%–100% 11.7 10.0 13.3 53.3 66.7 40.0



(9)Contrary to the results of the preliminary study, the teachers estimated that the percentage of success
 in the “complete a repeating pattern” task would be lower than in the “continue a repeating pattern”


task. A signiﬁcant diﬀerence was found between novice and experienced teachers’ estimations regarding
 5–6 years old children (T-test−3.94,p <0.01).


In the preliminary study, two errors were observed. The most common error was completing the
 pattern by copying its left side. When asked to indicate errors that children would make in this task, all
 the teachers pointed out the same errors as for the “continue a repeating pattern” task (see Tab.4). Most
 of the experienced teachers mentioned at least one error, though some of the errors they indicated had
 not been observed in the preliminary study (such as the error of continuing persistently with one shape).


Almost half of the novice teachers did not mention any errors.



5.6 Results of teachers’ knowledge about the “Continue a growing pattern” task


In the preliminary study, the percentage of success of both children groups was low: only 7.5% of the
 children aged 5–6 and 3% of the children aged 4–5 answered correctly (as shown in Fig.5). No signiﬁcant
 diﬀerence was found between the two children groups. The teachers were asked to estimate what the
 children’s percentage of success would be (Tab.6).


Tab. 6:The percentage of teachers estimating each range of success percentage in the “continue a growing
 pattern” task


Regarding ages 4–5 Regarding ages 5–6
 N= 60 N= 30


Novice


N= 30
 Experienced


N= 60 N= 30
 Novice


N = 30
 Experienced


0%–20% 83.3 100.0 66.7 30.0 36.7 23.3


21%–40% 10.0 0.0 20.0 21.7 13.3 30.0


41%–60% 6.7 0.0 13.3 40.0 43.3 36.7


61%–80% 0.0 0.0 0.0 8.3 6.7 10.0


81%–100% 0.0 0.0 0.0 0.0 0.0 0.0


The teachers estimated correctly that continuing a growing pattern would be more diﬃcult for children
 than continuing or completing a repeating pattern. Accordingly, they predicted that the percentage of
 success in this task would be much lower than in the previous tasks (see Tab.3,5). However, the teachers,
 especially the experienced ones, overestimated the children’s performance. A signiﬁcant diﬀerence was
 found between novice and experienced teachers’ estimations regarding both children groups: 5–6 years
 old children (T-test 2.71,p <0.01), and 4–5 years old children (T-test 9.68,p <0.01).


In the preliminary study, the children made various errors when solving this task. The teachers
 indicated most of them, as well as an error that had not been observed – random continuation (Tab.7).


However, they did not indicate the most common error – copying the pattern either from left to right or
 from right to left.


Tab. 7:Errors that teachers thought children would make in the “continue a growing pattern” task


The error Continue


randomly


Continue
 with the
 repeating
 pattern


Continue
 with 5
 Squares


Copy
 the pattern


Copy the
 pattern like
 mirror image


Was the error reported in other studies? yes no yes no yes


Percentage of children making the error 0 30.6 1.8 41.3 12.8


Percentage of teachers pointing out each
 error


N= 60 15 61.7 25.0 0.0 50.0


NoviceN= 30 10 73.3 10.0 0.0 43.3


ExperiencedN= 30 20 50.0 40.0 0.0 56.7


Diﬀerence: Chi-square value 3.92* 11.17** 24.00** – 3.92*


Note.– = no signiﬁcant diﬀerence, * =p <0.05, ** =p <0.01



(10)The results in Tab. 7 show diﬀerences between the percentage of teachers who indicated a certain
 error and the percentage of children who had made it in the study. Errors were pointed out in a higher
 or lower percentage than had been observed. For example, the error of continuing the growing pattern
 with a repeating pattern was observed in a lower percentage (32%) than the teachers thought (62%).


Experienced teachers tended to indicate this error more and in a higher percentage than did novice
 teachers. In this task, all of the experienced teachers and most of the novice teachers pointed out at least
 one error. Some experienced teachers indicated more than one error, so the total percentage for each error
 in Tab.7can exceed 100%.



6 Discussion and conclusions


The present study investigates the pedagogical knowledge of kindergarten teachers regarding patterns. It
 focuses on teachers’ knowledge of content and students – a component of knowledge that was not studied
 enough in past studies and is considered an important component of knowledge (e.g. Lee,2010): a teacher
 who knows what is easy or diﬃcult for his students, and knows what the common errors of students are,
 can choose the suitable tasks for developing students’ knowledge; can focus his explanations and promote
 students’ mathematical thinking. Knowledge of content and students improves the quality and precision
 of the teaching process: teachers who know typical errors and the reasons that cause them may include
 discussions of these errors while teaching – thus deepening children’s understanding. Also, teachers that
 don’t know what is easy or diﬃcult for children may avoid teaching thought-provoking tasks that may
 help deepen children’s understanding of the material only because they think it too diﬃcult; or teach
 tasks that they think are easy but in fact are too diﬃcult for children, thus frustrating them.


The ﬁndings of the present study support this approach and emphasize the importance of teachers’


knowledge about students.


The study also investigates teachers’ self-eﬃcacy regarding their knowledge about students. Self-
 eﬃcacy is an important factor in the teaching-learning process (e.g. Dellinger et al.,2008). The ﬁndings
 of the present study show that the teachers were more conﬁdent when they were more knowledgeable
 and least conﬁdent regarding the pattern type or task they were less knowledgeable about. A comparison
 between novice and experienced teachers was conducted. The ﬁndings support previous studies and show
 that novice teachers are less conﬁdent and less knowledgeable than experienced teachers.


The present study illustrated several main ﬁndings that may have implications for teachers’ training
 and guidance.


The results of pedagogical knowledge regarding children’s typical answers and errors show gaps in
 teachers’ knowledge. First, they failed to predict the most common error that children had made –
 copying the pattern: half of the teachers didn’t mention it in the repeating pattern tasks, and all of
 the teachers didn’t mention it in the growing pattern task. This error was observed in previous studies
 (e.g. Fox,2005a; Garrick et al., 1999) and in the preliminary study of the current research. This error
 implies that the method that many children use for solving pattern tasks is copying, instead of identifying
 the structure or generalizing. Although children can succeed in continuing repeating patterns by using
 a procedural or rhythmic approach (Threlfall,1999), it is important that teachers draw students’ attention
 to regularity and sequencing. Only in this way, repeating patterns may form the basis for generalization
 and algebraic thinking. The fact that the teachers did not predict this error suggests that they are not
 aware that children use an algorithm and that maybe they do not put enough emphasis on the structure
 of the pattern during the teaching process. The results emphasize the importance of the pedagogical
 knowledge of content and students: by knowing children’s errors, teachers may focus their explanations
 and promote children’s knowledge and thinking abilities.


Apart from copying the pattern, the children made other errors, most of which were indicated by the
 teachers, both responses which had been reported in previous studies and responses which had not. It
 can be assumed that the teachers relied on various children’s answers they had observed in the course
 of their work. The results emphasize the importance of learning from teachers’ practical experience and
 from what they observe during their work in the kindergarten (Jacobs et al.,2010; Cohen & Ball,1990).


The results of pedagogical knowledge of what is easy or diﬃcult for children show a signiﬁcant diﬀer-
 ence between teachers’ estimation of children’s performance and the actual percentage of success.


Regarding the repeating pattern tasks, in the preliminary study, the percentage of children’s success
in the completing a repeating pattern task was very similar to, and even slightly higher than, in the
continuing a repeating pattern task. Previous studies (Warren,2005; Warren & Miller, 2010) were in-
conclusive about what is easier for children – to complete or to continue a pattern. In the present study,
teachers assumed incorrectly that completing the pattern would be much more diﬃcult. The results also
illustrate that teachers, especially the experienced ones, tended to underestimate children’s performance.



(11)They failed to assess the diﬃculty level of the tasks, even though they were used to teach repeating
 patterns. It is possible that when the teachers referred to the “continue a repeating pattern” task, their
 attention was directed to various tasks given in the kindergarten, and not necessarily to the speciﬁc task
 on which the present study focuses. The underestimation was most prominent in the case of 4–5 years
 old children in the “complete a repeating pattern” task, in which the children performed best. The par-
 ticipating teachers reported they were reluctant to teach this task in kindergarten because they believed
 it was diﬃcult. It is important to present diﬀerent tasks of patterns to kindergarten children at diﬀerent
 levels of diﬃculty. The results demonstrate that teachers do not do this enough and that they should be
 educated and guided to do so.


Regarding the growing pattern task, in the preliminary study, the percentage of children’s success
 in the growing pattern task was much lower than in the repeating pattern tasks. Previous studies (e.g.


Warren,2005) also indicate that growing patterns are more diﬃcult for children. However, the teachers
 tended to overestimate children’s performance. It may be due to their lack of experience in teaching
 this type of pattern. In the preliminary study, there was no diﬀerence between children aged 4–5 and
 children aged 5–6 in this task, meaning that even if it was their second year in the kindergarten, the
 children failed to solve this task which they had not encountered before. The fact that the children were
 more knowledgeable about a pattern type they had previously studied emphasize the importance of the
 teaching-learning process, leading to a recommendation to teach growing patterns in kindergartens.


Overall, the results illustrate that teachers’ knowledge of content and students is insuﬃcient and
 should be reinforced.


In line with previous ﬁndings (e.g. Leinhardt,1989) results regarding knowledge and seniority indicate
 that experienced teachers have a wider pedagogical knowledge than novice teachers. It is reasonable to
 assume that experienced teachers would have greater knowledge than novice teachers, due to their long
 acquaintance with children.


Results regarding the levels of self-eﬃcacy show that teachers are more conﬁdent in their knowledge
 regarding repeating patterns than regarding growing patterns, possibly because of their lack of experience
 in teaching growing patterns. The results also show that experienced teachers have a higher sense of
 self-eﬃcacy than novice teachers, perhaps due to their longer acquaintance with children’s responses to
 patterning tasks. The results support previous ﬁndings indicating a correlation between seniority and self-
 eﬃcacy (Chiu & Klassen,2010), and emphasize the need to guide and instruct all teachers, particularly
 novice, in a professional manner during their work in the kindergarten.


The present study has three main limitations. The ﬁrst limitation is that the research results do not
 link teachers’ knowledge and the children’s attainments. The second resides in the fact that the study
 does not explore other components of knowledge that teachers need, such as subject matter knowledge
 or knowledge of content and teaching. The third limitation is methodological: in the study three tasks
 were examined and for generalizing more tasks are needed.


Hence, it is recommended conducting a further study of the level of teachers’ various components
 of knowledge and to explore possible relations between teachers’ knowledge and the attainments of the
 children in their kindergarten.
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