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Notation


N,R set of all positive integers, all real numbers
 Rd Euclidean space of dimensiond


Rd×dsym space of real (symmetric) square matrices
 yyy·zzz the scalar-product of vectorsyyy, zzz∈Rd


P:Q =Pd


i,j=1PijQij, the scalar-product of tensors, P,Q∈Rd×d


|Q| =√Q:Q


Ω⊂Rd bounded domain inRd


∂Ω∈ C0,1 its boundary, which is Lipschitz continuous
 nnn a unit outward normal vector to∂Ω


yyyτττ =yyy−(yyy·nnn)nnn, the tangential part of vectoryyyon∂Ω


|Ω| d-dimensional Lebesgue measure of Ω⊂Rd


|Γ| (d−1)-dimensional measure of Γ⊂∂Ω, Ω⊂Rd
 Lp(Ω),k · kp space of Lebesgue integrable functions in Ω,p∈ h1,∞i


Wk,p(Ω),k · kk,p standard Sobolev space


XXX =Xd=X× · · · ×X, for a function spaceX


(ξ, q)Ω =´


Ωqpdxxx


(S,D)Ω =´


ΩS:Ddxxx
 hbbb, wwwiΓ =´


Γbbb·wwwdxxx


hfff , wwwi =hfff , wwwiW1,r(Ω)∗,W1,r(Ω)
 X


X


Xr,γ,Qr are defined on page 23
 X


X


Xr,γ,QΩr∗ defined on page 26
 X


X


Xr,γh ,Qrh defined on page 29


k · k(r,γ) = max{k · k1,r,k · kγ;Γ}, see page 23
 Cdiv(s), Cdiv(s, ν), Creg(s)


defined on page 26, see also (2.13)
 βΩ∗(s, ν), β(s, ν) see (2.14)–(2.17)


β˜Ω(s, ν),β(s, ν)˜ see (ISs,νΩ )and(ISs,ν)on page 30, see also (2.22)
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1.1 Some open problems in hydrodynamic lubrication


The age of all kinds of powered machinery started with the Industrial Revolution about two
 centuries ago, and it is not yet to pass away. By every movement in any machine a part
 of the consumed energy is wasted due to the relative motion of its solid components, being
 dissipated partly to the generated heat and vibrations and partly to the degradation of the
 solid surfaces. The very purpose of lubrication is to reduce the friction and wear by introducing
 a fluid medium in between the solid surfaces. The most desirable kind of lubrication isthick-
 film lubrication, where the surfaces are completely separated by the fluid film, the friction is
 minimal and there is no wear. In hydrodynamic lubrication the fluid film is generated and
 maintained by the relative motion of the surfaces and due to viscous drag.


To understand the basic operation, consider an incompressible fluid introduced in between
 (infinite) parallel rigid plates. The distance between the plates ishand one of them is sliding
 relative to the other with the velocity V. The fluid adheres to the solid surfaces and no
 external pressure gradient is imposed. Thus, a simple shear flow is generated, with the flow
 rate Q = V h/2 and no pressure gradient. Once the surfaces are not parallel but slightly
 inclined towards one another, so thathis decreasing in the direction of the sliding, such simple
 shear flow is not possible, because Q is constant due to the principle of mass conservation,
 while h varies. The incompressibility constraint then induces a pressure flow adding to the
 shear flow where h is small and lessening it where h is large. Thus, a positive (in case of
 converging surfaces) pressure peak is generated, which allows the fluid film separating the
 surfaces to bear a considerable load.


In contrast to the simple shear flow, the flow involved in hydrodynamic lubrication is more
 complex. The resulting flow rate and the pressure and velocity profiles depend on various
 additional parameters, in particular on material properties of the fluid. The generated flow
 is essential for the operational properties of the hydrodynamical bearings. The ability of
 the mathematical models and numerical results to provide reliable predictions is of great
 importance to engineering decisions. Despite the tremendous progress during the past decades,
 this ability and understanding is not completea.


The processes involved in lubrication have been studied for centuries, and the lubricants, the
 surfaces, the geometries and the mechanics involved have been developed and optimized. This
 thesis will not attempt to give a complete survey of what has been achieved in the field. The
 reader can find the essentials and further references in many up-to-date books; to select one we
 refer to Szeri (1998). Instead, we will concentrate on some of the questions left open. Recent
 achievements in the mathematical theory allow us to revisit some fundamental issues while
 the growing availability of computer power draws our attention to new questions.


The foundations of the theoretical treatment of lubrication have been laid already by Rayleigh
 and Stokes, and in particular by the excellent work by Reynolds (1886). Let us briefly sur-
 vey the basic chain of assumptions involved in deriving the standard Reynolds equation (see
 Rajagopal and Szeri, 2003; Szeri, 1998, for more details). Starting from the principles of con-
 tinuum mechanics, the conservation of mass and balances of linear and angular momenta, one
 assumes that the Cauchy stress tensor of a compressible homogeneous fluid depends only on


a “. . . there has been relatively little progress since the classic Newtonian film thickness solutions toward
relating film thickness and traction to the properties of individual liquid lubricants and it is not clear at
this time that full numerical solutions can even be obtained for heavily loaded contacts using accurate
models.” (Bair and Gordon, 2006)



(10)the density and the velocity gradient. The requirement of frame indifference then implies that
 the dependence on the velocity gradient can be only through its symmetric part, while the
 isotropy and the assumption that the stress be linear in the velocity gradient leads to the com-
 pressible Navier–Stokes model. Assuming that the fluid is incompressible (and consequently
 the unspecified spherical stress enters the framework) and that the viscosity is constant, one
 obtains the incompressible Navier–Stokes equations. Assuming that the body forces and the
 inertial forces are negligible, and comprising further that the lubrication flow takes place in
 a thin film between almost parallel surfaces, one concludes that the pressures can be treated
 as being constant across the film, and the velocities as being parallel to the surfaces. By
 integrating the equations across the film one arrives to a single equation for the pressure: the
 Reynolds equation.


While the above assumptions are reasonable for a large class of applications, outside this class
 they could lead to serious discrepancy. In particular, this thesis will be concerned with the
 instance where the pressures generated in the lubrication flow exceed the range where the
 viscosity can be considered independent of the pressure. This case is essential for—but not
 restricted to—elastohydrodynamic lubrication, where the pressures are extremely high and the
 viscosity can increase by several orders of magnitude. (For simplicity, though, we will address
 rather the rigid–piezoviscous regime (see Szeri, 1998), occurring in applications that exhibit
 pressures high enough to effectively change the lubricant’s viscosity from its inlet value, yet
 not so high as to initiate significant elastic deformation in the bearing material.) Similarly, the
 viscosity can decrease once the shear rate is large enough, whereas the limit where the shear-
 thinning appears can be rather small for some technologically important fluids, or rather high
 for other lubricants. The fluid properties under consideration will be specified in Section 1.3
 in more detail.


Once the dependence of the viscosity on the pressure is taken into account, several other
 attributes of the above procedure have to be reconsidered as well. We will stick to the as-
 sumption that the fluid is incompressible, which can be justified even under extreme pressures,
 since the density of the liquids under consideration varies only slightly. However, an inter-
 esting question concerning the derivation of the governing equations from the principles of
 continuum mechanics appears: whether the viscosity of an incompressible fluid can depend on
 the pressure; in Section 1.2, we merely refer to a recent discussion by M´alek and Rajagopal
 on this topic.


Having formulated a consistent constitutive relation, the subsequent important question is
 concerned with the mathematical self-consistency of the resulting system of equations and
 with suitable choices of boundary conditions. The existence of weak solutions for certain
 subclass of the considered fluids has been established only recently. For steady flows, which
 we will be concerned with, the first existence result has been formulated by Franta et al. (2005)
 for the case of homogeneous Dirichlet boundary conditions. The main results of our study,
 presented in Chapter 2, incorporate the boundary conditions applicable to lubrication flow
 problems (see Section 1.4). In this text we neglect the inertia of the fluid, such that we can
 focus more on the issues related to the constitutive relation; however, the results presented
 has been achieved with the convective term included, see Lanzend¨orfer (2009); Lanzend¨orfer
 and Stebel (2011a,b).


There is one particular distinction of piezoviscous models that is related to the level of pressure



(11)pressure is given. As long as the viscosity is independent of the pressure, only the gradient
 of pressure is present in the governing equations and the pressure field is determined up to
 a constant: one can shift the pressure solution arbitrarily without otherwise affecting the
 solution. However, once the viscosity depends on the pressure, the pressure level affects the
 whole solution and has to be determined by an additional constraint (see Section 1.4 and
 Chapter 2). We will showbthat the boundary conditions allowing for free inflow and outflow
 while prescribing the traction determine the pressure level.


While in the case of a Newtonian fluid the assumption of the flow being in a thin film between
 almost parallel surfaces (together with neglecting the body and inertial forces) has led to the
 conclusion that the pressure can be treated as being constant across the film and allowed to
 derive the Reynolds equation, one has to be careful once the viscosity depends on the pressure.


Rajagopal and Szeri (2003) have pointed out that the pressure dependence of viscosity in the
 derivation of the governing equations for EHL cannot be only recognized a posteriori, i.e.,
 after the Reynolds equation has been stated under the assumption of constant viscosity. If,
 instead, the equation is derived consistently by taking into account the pressure dependence of
 the viscosity from the outset, then one has to involve additional simplifying assumptions and
 derives a modified Reynolds equation with an additional term present. In particular, once the
 viscosity varies rapidly with the pressure, it is no more obvious during the process whether the
 assumption of the pressure being constant across the field remains valid. Presumably, the full
 numerical simulation of such flows could shed some light upon this uncertainty. In general, full
 numerical simulations of lubrication flow, using accurate constitutive relations, may be of great
 aid to the validation of the (modified) Reynolds equations when non-Newtonian lubricants are
 involved.


In Chapters 3 and 4, we will employ a numerical approach based on the finite element dis-
 cretization (in two space dimensions) successfully used for flow problems with different kinds
 of generalized Navier–Stokes models (and for other problems). It will allow us to illustrate
 the basic features of some steady flows, including the flow between converging surfaces or in
 the journal bearing. In particular, the possible sensitivity of the major characteristics on the
 pressure level (and on the related boundary conditions) will be demonstrated. The significant
 departures of the flow features when compared to the Newtonian fluid will be apparent.


We emphasize that the currently available theoretical framework allows to establish the math-
 ematical well-posedness only for certain subclass of fluids under consideration. Strictly speak-
 ing, the current theory does not cover the constitutive relations of pressure-thickening fluids
 within the entire range of pressures where the experimental data from physical measurements
 are available. Once the derivative of the viscous stress tensor with respect to the pressure
 exceeds a certain bound, the governing equations loose their elliptic structure and there have
 been no theoretical results beyond that limit so far. One of the aims of the thesis is to examine
 the behavior of the numerical simulations in this respect. The observations are summarized in
 Chapter 3. No change in the behavior of the numerical solutions or of the numerical method
 has been found, which could be related directly to the theoretical assumptions of Chapter 2.


However, (as expected) once the variations of the viscosity with pressure are large enough,
 the numerical method fails. A reasonably tight relation of the failure to a condition on the
 derivative of the viscous stress with respect to pressure has been identified. The condition
 found by numerical experiments seems identical to the assumption required for the pressure
 field to be uniquely determined by the velocity field.


bThe result concerning the existence and uniqueness of a weak solution subject to such boundary conditions
has been a joint work with J. Stebel.



(12)Qualitatively, the limitations of the mathematical theory with respect to the real-world rela-
 tions between the viscosity and the pressure have been obvious by the very establishment of
 the first results. Examples of the viscosity formulae fulfilling the theoretical assumptions have
 been provided, showing that the realistic lubricants can be approximated in some range of
 pressures and shear rates. It has not been clear quantitatively, however, how large the ranges
 of parameters in question can be. We do not provide a systematic study on this matter; in
 Chapter 5 we examine only the three reference lubricants presented by Bair (2006) and we
 specify the ranges of pressures and shear rates where the well-posedness has been proved, and
 the ranges (somewhat larger), where successfull numerical solution might be expected (based
 on our experience).


Note that the results presented in the thesis concern the flow of an incompressible homogeneous
 pressure-thickening and shear-thinning fluid in general, and they are not restricted to the
 lubrication problems only. Such fluid models may be applied also in other scientific areas, for
 example in the modeling of the Earth’s mantle, glaciers or avalanches.



1.1.1 Journal bearings


Among the many mechanisms based on hydrodynamic lubrication, we will illustrate the pre-
 sented ideas on a simple model of the flow in a journal bearing. We will not discuss any details
 or particular engineering aspects, our goal is merely to motivate the more general issues by
 a practical example. Note that we will stay far from the full complexity of the journal bearing
 lubrication problem; see the next subsection for a list of the most important features excluded
 from our consideration.


The journal bearing, in the simple form we are going to look at, consists of two cylinders of
 parallel eccentric axes, the outer cylinder (the bearing) being held steady while the inner (the
 journal) rotates about its own axis. The lubricant is introduced into the gap between the
 surfaces and is driven by the journal rotation and the viscous drag to a shearing flow. Since
 the distance between the surfaces is (due to the eccentricity) not uniform, a pressure profile
 is induced and a reaction force is generated, allowing the rotating journal to sustain certain
 load while the solid surfaces are separated by the fluid film.


A three-dimensional setting is illustrated in Figure 1.1a. The bearing can be immersed in
 a lubricant pool or exposed to open air, for example. One usually assumes that the lubricant
 is subject to an ambient pressure at the bearing ends; note in particular that some inflow and
 outflow of the lubricant may occur. Various techniques are used to supply the lubricant in
 between the surfaces and avoid draining of the bearing, supply channels in the bearing body
 being one example, as indicated in Figure 1.1b. The body of the bearing and/or the journal
 can also be made of a porous material (see Figure 1.1c), which leads to a complex flow problem
 involving the lubrication flow, the flow in the porous media and at their interface. Note that in
 all the above mentioned settings, the inflow/outflow through (a part of) the domain boundary
 is naturally present in the problem, see Subsection 1.4.3 for further discussion of the boundary
 conditions.


Steady flow. In this thesis, we confine ourselves to studying steady flows in a fixed geometry;
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Figure 1.1: Three examples of the journal bearing problem setting.


lubricant, being actuated by the resultant of applied load and of the forces due to the lubricant
 flow. Assuming that the motion of the journal axis is slow compared to the rotation speed, one
 can interpret the steady flow problem as a quasi-steady approximation to the unsteady flow at
 certain time and position of the journal axis. In particular, if the applied load is constant in
 time, the journal axis can eventually reach a steady state, where the applied load is in balance
 with the force exerted by the fluid. Note that such a stable equilibrium may or may not be
 reached; for example, it is well-documented in the literature (e.g., see Brindley et al., 1983;


Li et al., 2000b) that under the assumptions of full-film and constant viscosity lubricant, the
 journal exhibits a half-speed whirl: the trajectory of the journal spirals towards the bearing
 while the angular velocity of its path approachesω/2, whereω denotes the angular velocity of
 the journal rotation. On the other hand, steady equilibria can be reached if cavitation and/or
 pressure-dependent viscosity is present in the model (see Gwynllyw et al., 1996b). We will
 not address questions of the dynamical behavior of the journal bearing system in this thesis.


Planar flow. If the bearing is “infinitely” long, there is no pressure relief in the axial direction.


Axial flow is therefore absent and changes in shear flow must be balanced by changes in
 circumferential pressure flow alone. The same conditions apply in first approximation to
 finite bearings of sufficient length, leading to thelong-bearingapproximation (see Szeri, 1998),
 usually applied if the length/diameter ratio L/D > 2. We remark that the aspect ratio of
 industrial bearings is customarily in the range 0.25< L/D <1.5, neither the short-bearing (see
 ibidem) nor the long-bearing approximation being applicable to such bearings. The numerical
 examples in Chapter 4 will follow the long-bearing assumption and we will be concerned with
 the planar flow in an eccentric annulus, see Figure 1.1b. Note that the full three-dimensional
 setting would substantially increase the CPU and memory demands, or in other words, it
 would decrease the accuracy (in the sense of the size of mesh elements) accessible in our
 numerical experiments.


By taking the long-bearing approximation, one immediately loses the information about the
level of pressure (unless there is a supply channel modelled in the bearing body or the solid
walls are modelled as being porous, etc.) hitherto present in the finite-length bearing due to
the open ends. Indeed, if the flow between infinite cylinders is considered then the level of
pressure can be arbitrary. As mentioned already, this does not deserve any special treatment
as long as the viscosity does not depend on the pressure (or, similarly, as long as cavitation of
the lubricant is not considered); while in the case with a piezoviscous lubricant an additional



(14)requirement on the pressure level has to be included into the model. In the literature concerned
 with the numerical simulations this deficiency of the long-bearing approximation is not always
 emphasized. Either the mean value of the pressure over the entire domain is usually prescribed
 (which is not justified by the application), or the ambient pressure is prescribed at the point
 of the largest gap. In Subsection 4.3.4 (see the references therein), we will illustrate on
 a few numerical experiments that the particular appearance of this requirement can affect the
 solution of the problem considerably.



1.1.2 Features neglected


Let us emphasize the most blatant simplifications (some of them having been mentioned
 already) which are not justifiable, but we take them nevertheless, merely for the sake of easier
 explanation. See Szeri (1998) for more details concerning each of the following points.


• Isothermal flows will be considered (at elevated temperature, possibly). In the majority
 of journal bearings, in particular in the regimes where the viscosity considerably depends
 on pressure, this is not a valid assumption. Note that all the energy lost by viscous forces
 is dissipated into heat, which implies a significant heat production within the flow. The
 viscosity depends strongly on temperature. In fact, its dependence on temperature may
 affect the solution more than its dependence on pressure.


• The entire domain is considered to be filled by the lubricant (thefull-filmconditions) and
 no cavitation nor free boundary is involved; the incompressible fluid sustains arbitrary
 negative pressures. This assumption is not realistic either; the real liquids can withstand
 some tensile stresses, but below certain pressure either gaseous or vapor cavitation oc-
 curs. “Under normal operating conditions a lubricant film . . . is expected to cavitate
 within the diverging part of the clearance, where, on the assumption of a continuous
 lubricant film, theory predicts negative pressures. This much is clear. Still, the subject
 of considerable discussion, however, are (1) the exact position of the film-cavity interface
 and (2) the boundary conditions that apply at that interface.” (Szeri, 1998, page 98).


• The inertial forces will be neglected in this text. Concerning results on the mathematical
 well-posedness see Lanzend¨orfer (2009); Lanzend¨orfer and Stebel (2011a,b), where the
 convective term is included in the governing equations. Some of the numerical simu-
 lations presented in Section 4.3 would not differ significantly, were the inertial forces
 included in the model. Note, however, that in some journal bearing applications their
 inclusion can have substantial effect.


• No effects of surface roughness are considered; we consider the solid surfaces as being
 perfectly smooth. Moreover, in Chapter 4, we will assume that the fluid adhers to the
 boundary, i.e., we will prescribe the Dirichlet boundary conditions. The theoretical
 results in Chapter 2 include also Navier’s slip boundary conditions.


• The solid parts are considered to be rigid (the rigid–piezoviscous regime is assumed).


This may be a valid assumption if the pressures are not too large (while the elastic
moduli of the solid parts are large enough), but this condition is never verified in the
thesis.



(15)elasticity or the normal stress differences effects, to name two. These are out of the
 scope of the thesis, however.


• The fluid is taken as incompressible; see Subsection 1.3.1.



1.2 Governing equations


The mathematical description of the flow is based on the following considerations. LetI⊂R
 be a time interval and Ω ⊂Rd be a spatial domain occupied by the fluid. The principle of
 mass conservation may be expressed in the form


d
 dt


ˆ


B


ρdxxx+
 ˆ


∂B


ρvvv·nnndxxx= 0 (1.1)
 for any bounded subsetBof Ω with the boundary∂Bsufficiently smooth so that the outward
 normal vector nnn may be defined. Here the time t ∈ I and the spatial position xxx ∈ Ω are
 independent variables, and the densityρ=ρ(t, xxx) and the velocityvvv=vvv(t, xxx) of the fluid are
 state functions. The balance oflinear momentum leads to


d
 dt


ˆ


B


ρvvvdxxx+
 ˆ


∂B


ρvvv(vvv·nnn)−TTnnndxxx=
 ˆ


B


ρfff˜˜˜dxxx, (1.2)
 where ˜fff˜˜= ˜fff˜˜(t, xxx) is the density of an external force and T = T(t, xxx) is the Cauchy stress
 tensor,T=TT due to the balance ofangular momentum(assuming that there are no internal
 couples).


If all the quantities are sufficiently smooth, one can apply Green’s theorem to (1.1)–(1.2) and
 obtain


∂tρ+ div(ρvvv) = 0


∂t(ρvvv) + div(ρvvv⊗vvv)−divT =ρfff˜˜˜











inI×Ω,


where (uuu⊗uuu)ij =uiuj and (divT)i=Pd


j=1∂xjTij.


We confine ourselves to isothermal flows only; therefore, we do not mention the balance of
 energy. In what follows, all parameters or variables are considered at a given temperature,
 though this is not denoted explicitly.


Forincompressible fluid we require in addition that


divvvv= 0 in I×Ω. (1.3)


If the fluid is also homogeneous then the density is a positive constantρ≡ρ0 >0 and (1.3)
 replaces (1.1).


We shall consider only steady flows of incompressible homogeneous fluids in the thesis and,
 for simplicity, we will neglect the inertial forces. Therefore, we rewrite (1.2) as


−
 ˆ


∂B


Tnnndxxx=
 ˆ


B


fffdxxx, (1.4)



(16)wherefff =ρ0fff˜˜˜. Provided thatTandfff are smooth enough, we write
 divvvv = 0


−divT =fff











in Ω. (1.5)


However, instead of (1.5) which involves the derivatives ofT, we will later consider rather the
 weak solutions of the problem, that will be properly defined in Subsection 2.1.3. Note that
 the notion of a weak solution derives directly from the integral formulation (1.4), as has been
 proposedc already by Oseen (1927), see also Feireisl (2004, 2007).



1.3 Constitutive equations


For theNewtonian fluids, a linear relation between the stress and the symmetric part of the
 velocity gradientD= 12(∇vvv+∇vvvT) is required, which yields (note that trD= divvvv)


T=−pI+ 2µD, trD= 0, (1.6)


in the case of homogeneous incompressible fluid, and


T= −p(ρ)I+λ(ρ)(trD)I+ 2µ(ρ)Dδ, Dδ :=D−(13trD)I


in the case of homogeneous compressible fluid. Hereλ andµare the bulk and shear moduli
 of viscosity. The corresponding equations of motion for Newtonian fluids are referred to as
 the Navier–Stokes equations. Fluids, however, display a variety of relations between the
 stress and the other state variables. For a brief overview of the most frequentnon-Newtonian
 phenomena and the corresponding fluid models see, e.g., M´alek and Rajagopal (2006, 2007)
 and the references given there.


In this thesis, we will be concerned with the generalization of (1.6), where the viscosity depends
 on the pressure and the shear rate, in particular with the pressure-thickening and shear-
 thinning fluids. Namely, we will consider a class of incompressible fluids whose Cauchy stress
 is given by


T=−pI+ 2η(p,|D|)D, trD= 0, (1.7)


where |Q|2 = Pd


i,j=1Q2ij. To avoid confusion in what follows, we will denote the above
 generalized viscosity of an incompressible fluid byη=η(p,|D|). Note that the above class of
 fluids excludes some phenomena that may appear in applications and will not be considered,
 such as the normal stress differences or viscoelastic behavior.


Note thatpis the mean normal stress here,p=−13trT, the reaction force due to the constraint
 that the fluid is incompressible. For the derivation of the above and other constitutive relations
 and for the related thermodynamic considerations see M´alek and Rajagopal (2006, 2007). We
 mention that (1.7) may be viewed as an implicit constitutive equation,


T−13(trT)I−2η(−13trT,|D|)D= 0,



(17)see ibidem and Rajagopal (2006) for a detailed discussion.


The counterpart of (1.7) in the case of a compressible fluid would be
 T=−p(ρ)I+λ(ρ,trD,|Dδ|)(trD)I+ 2µ(ρ,trD,|Dδ|)Dδ,


(see M´alek and Rajagopal, 2010). In this case p 6= −13trT; but pis the thermodynamical
 pressure related to ρby the equation of state. If this relation is invertible then the viscosity
 naturally depends on the thermodynamical pressure:


T=−p(ρ)I+λ(ρ(p),trD,|Dδ|)(trD)I+ 2µ(ρ(p),trD,|Dδ|)Dδ.


If one considers a simple shear flow (e.g., between infinite parallel plates), then the (compress-
 ible) fluid undergoes an isochoric motion, both the pressure and density are constant within
 the flow,p(ρ) =−13trT, and one observes (cf. (1.7))


T=−pI+ 2µ(ρ(p),|D|)D. (1.8)


A natural question arises, whether it is reasonable to consider the viscosity to depend on the
 pressure, while considering an incompressible fluid. The answer advocated in this thesis is
 twofold:


First, as will be documented in this section for liquids such as lubricants, when the fluid is
 subject to a sufficiently large range of pressures, while the density may vary by a few percent,
 the viscosity can vary by several orders of magnitude. Moreover, the relative density variations
 with pressure decrease with the increasing pressure; on the contrary, the relative changes of
 viscosity due to the pressure are larger at larger pressures. Therefore, it is well justified to
 suppose the liquid to be incompressible while at the same moment to consider its viscosity to
 be pressure dependent.


Second, although this thesis considers the incompressible fluids only, we remark that an inves-
 tigation of compressible models related to liquid lubricants is of importance as well. In order
 to provide a reliable comparison of the two (compressible and incompressible) models in the
 context of the real-world applications, a natural prerequisite is to be able to provide reliable
 predictions of the flow for either of them. The theoretical results for incompressible fluids
 (presented in Chapter 2) as well as our numerical experiments (see Chapter 3) suffer from
 certain limitations and are applicable to real-world liquids only in a limited range of pressures
 (this will be documented in Chapter 5). Whether these limitations are due to insufficiency of
 the current theoretical approach only, or whether they are inherent with the assumption of
 incompressibility, is not clear. Note, however, as far as concerns the rigorous analysis, that so
 far there has been no results for compressible liquids analogous to those presented in Chapter 2
 for incompressible models (e.g., see Novotn´y and Straˇskraba, 2004).



1.3.1 On the (in)compressibility


Many experimental works on the variation of the density of liquids subject to a wide range of
pressures are reported in the 1931 book by Bridgman. We mention an empirical expression
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Figure 1.2: The relative densityρ(p)/ρ(0) for SQL atθ= 40◦C.


(see Dowson and Higginson, 1966)
 ρ(p)


ρ(0) = 1 + c1p


1 +c2p, c1, c2>0,


whereρ(0) is the density in the liquid at ambient pressure. Throughout the text, ambient pres-
 sure will be taken as zero; note that the atmospheric pressure is 0.1 MPa while the pressures
 involved will be of the order of 100 MPa. Three reference liquids are accurately characterized
 in (Bair, 2006), using the following two popular equations of state. The Tait equation (see the
 references in Dymond and Malhotra, 1988) writes


ρθ(0)


ρθ(p) = 1− 1
 1 +K00 ln


1 + 1 +K00
 K00exp(−βKθ)p





=:ωθ(p), (1.9)
 whereθ denotes the temperature, and whereK00,K00, andβK are given material parameters
 (see Subsection 1.3.4). The Murnaghan equation (see Murnaghan, 1944) is written as


ρθ(0)
 ρθ(p) = 


1 + K00


K00exp(−βKθ)p
 −1/K00


.


For illustration, we report the density (Tait equation, full line; Murnaghan equation, dotted)
 for squalane (SQL, see Subsection 1.3.4) in Figure 1.2. The models due to Bair (2006) are
 accurate with the experimental data up top= 400 MPa.


What we would like to point out, is that while all liquids are essentially compressible, the
 density of the liquids (such as water or common lubricants) varies slightly, say up to around
 10 per cent, even when subject to very high pressures, say up to 3 GPa. Since we will report
 that the viscosity can change at the same conditions by several orders of magnitude, it seems
 reasonable to model such fluids as incompressible fluids with the pressure dependent viscosity.



1.3.2 On the viscosity dependence on pressure


There has been an amount of experimental work concerning the viscosity at high pressures,
and we are not going to review the particular observations and models. The vast majority of
engineering literature in elastohydrodynamic lubrication, see e.g. (Szeri, 1998), relies on the
exponential pressure–viscosity relation by Barus (1893)
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Figure 1.3: The low shear viscosityµ(p) for SQL atθ= 40◦C.


Other formulae can be found in the literature, which better fit experimental results; they


“invariably involve an exponential relationship of sorts” (see M´alek and Rajagopal, 2007,
 for the references). Let us remark that at the pressures involved in elastohydrodynamic
 lubrication, say up to 3 GPa, the viscosity may be up to 108of its value at ambient pressure;


the fluid gets close to undergoing glass transition, and the viscosity increases more rapidly
 than exponentially (see Bair and Kottke, 2003).


In a recent paper by Bair (2006), three reference materials are accurately characterized for the
 purposes of quantitative elastohydrodynamic lubrication considerations. In Subsection 1.3.4
 we will present these liquids, and we will use them as reference examples through the thesis
 (in particular, see Chapter 5). According to Bair, “the free volume viscosity model has been
 used almost exclusively” for the accurate description of pressure dependence at high pressures;


the viscosity at small shear rates


µ=µ0aθ(p)


is described by the Doolittle equation (see Doolittle, 1951) which we write including the linear
 corrections due to temperature as follows:


aθ(p) = exp





BR0








1
 ωθ(p)1+a1+εV(θ−θR)


V(θ−θR)−R0


− 1


1−R0











, (1.10)


whereθR= 40◦C is a reference temperature,B,R0,aV, andεV given parameters, andωθ(p)
 is defined by (1.9). Note thatωθ(p) has the physical meaning of the relative volume change due
 to the pressure, and that the above equation is in fact the density–viscosity relation for a com-
 pressible fluid. However, while we will assume (approximate) that the fluid is incompressible
 and its density is constant, we will consider the couple (1.9), (1.10) as a pressure–viscosity
 relation, cf. (1.8).


We again illustrate in Figure 1.3 the observed relation for squalane (SQL, see Subsection 1.3.4)
at θ= 40◦C. The two figures differ in the range of pressures, the displayed curves being the
same. The dotted lines represent for comparison the exponential (Barus) relation, fitted to
the reference model once at lower and once at higher pressures. The reference model describes
measured viscosities up top= 1200 MPa accurately (see Bair, 2006).
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Figure 1.4: The viscosityη(|D|) for SRM 2490 atθ= 25◦C.



1.3.3 On the viscosity dependence on shear rate


We do not attept to list the many empirical models for the relation between the viscosity and
 the shear rate. The behavior of shear-thinning and shear-thickening liquids typically obeys
 thepower-law relation (for large shear rates)


∂ln|µD|


∂ln|D| =n


where the power-law exponent n > 0 is a material parameter. Obviously, n > 1 for shear-
 thickening andn <1 for shear-thinning fluids. The simple power-law model


µ=m|D|n−1, m >0,


is frequently considered, one of its advantages being that it allowed to find analytical solutions
 to a variety of flow problems. However, it should be noted (see Bird et al., 1987) that it does
 not realistically describe the viscosity of liquids at very small shear rates.


In numerical simulations it is more standard to fit the experimental shear rate–viscosity curves
 to theCarreau–Yasuda model (Carreau, 1968, 1972; Yasuda, 1979)


µ=µ∞+ (µ0−µ∞) (1 + (|D|/G)a)(n−1)/a, µ∞≥0, µ0, G, a >0 (1.11)
 or its variants. If µ∞ > 0 then it corresponds to the second Newtonian plateau, apparent
 with some important liquids such as some multigrade motor oils, see e.g. Bird et al. (1987).


For illustration see Figure 1.4, where we depict the Cross model (i.e., the above equation
 with a= 1−n) for the NIST non-Newtonian Standard Reference Material, SRM 2490 The
 viscosity dependence on shear rate and is drawn in a logarithmic scale. For p= 0 (full line)
 and p= 200 MPa (dash) the model fits to experimental data for shear rates up to 105s−1,
 where the second Newtonian plateau is displayed (see Bair and Gordon, 2006). The dotted
 curves show the models withµ∞= 0, for comparison.


In order to obtain the correct shear dependence of viscosity at arbitrary temperature and
pressure, a shifting rule for G is taken in the equation (see the time-temperature-pressure
or themethod of reduced variables, e.g. in Bair et al., 2002; Bird et al., 1987). The



(21)models by Bair presented in what follows are described by the Carreau equation (i.e. (1.11)
 with a = 2), perhaps the most frequently used shear-thinning model. Since the reference
 liquids do not display the second Newtonian plateau, µ∞ = 0. We denote the equation as
 follows,


ηθ(p,|D(vvv)|) =µ0aθ(p) 1 + (bθ(p)|D(vvv)|)2r−22


, (1.12)


wherer=n+1, andaθ(p) describes the viscosity variation due to pressure (and temperature)
 at small shear rates, whilebθ(p) represents a shifting rule for temperature and pressure. Here
 µ0=ηθR(0,0) is the Newtonian viscosity at reference temperature. We will usually omit the
 subscriptθ for the viscosity, writing onlyη(p,|D(vvv)|).


Bair (2006) employs two formulae for the shifting rule bθ(p) in the paper, written in our
 notation as


bθ(p) = µ0aθ(p)
 GR


θRρθR(0)
 θρθ(p)


√2 =
 µ0


GR


θR


θ (1 +aV(θ−θR))


aθ(p)ωθ(p)√


2 (1.13)
 bθ(p) = µ0


GR


aθ(p)1−m√


2, (1.14)


the former labeled as a “standard (Ferry) shifting rule” (see also Bair et al., 2002; Ferry, 1980),



1.3.4 Three reference lubricants characterization


The presented thesis is motivated by the problem of hydrodynamic lubrication. The recent
 work by Bair (2006) gives accurate material characterizations and constitutive models for
 three reference liquid lubricants, selected to represent the viscosity dependence on tempera-
 ture, pressure and shear rate that may be observed in elastohydrodynamic lubrication. The
 considered range of parameters, chosen to be relevant for elastohydrodynamic simulations, is
 more than sufficient for our purposes (note certain limitations presented in Chapter 5). The
 liquids considered are


SQL, squalane; a low-molecular-weight branched alkane, 2,6,10,15,19,23-hexamethyltetracosane;


selected to represent the character of a low viscosity paraffinic mineral oil or polyal-
 phaolefin, it “should be Newtonian throughout the EHL inlet zone. . . ”—it does not
 exhibit shear-thinning up to shear rate of 109s−1for ambient pressure; see Figure 5.5;


PGLY, a high-molecular-weight polyglycol, poly(ethylene glycol-ran-propylen glycol); chosen
 to represent high-molecular-weight base oils such as polyglycols, viscous polyalphaolefins,
 perfluorinated polyalkylethers, and silicones; it manifests apparent shear-thinning; see
 Figure 5.6;


SQL+PIP, a solution of 15% by weight cis-polyisoprene in squalane; selected as a represen-
 tative of the polymer blended multigrade gear oils and engine oils; see Figure 5.7.


All three reference models are pressure-thickening and shear-thinning and are described by
the Carreau equation (1.12), and by the Doolittle-Tait equation (1.10) and (1.9). The shear-
thinning does not display a second Newtonian plateau. The shifting rule (1.13) is used for
SQL, while for PGLY and SQL+PIP (1.14) is applied. The resulting models were fitted to
experimental data for |D(vvv)| up to 105s−1 and pressures up to (at least) 300 MPa, see the
data provided in Bair (2006); Bair et al. (2002). Note that the high shear measurements were



(22)provided only forθaround 20 or at most 40◦C, while we will useθ= 40 and 100◦C in what
 follows (because higher temperatures can occure in lubrication problems); but it appears from
 both papers that such extrapolation can be trusted.


The material parameters for the above models of SQL, PGLY and SQL+PIP provided by Bair
 (2006) are summarized in Table 1.1. The viscosities depending on shear rate are presented
 in Figures 5.5–5.7 (a,c) by black lines: full line for p= 0, dashed line forp= 200 MPa and
 dotted line for p= 400 MPa.


SQL PGLY SQL+PIP


µ0 /Pa s 0.0157 16.3 0.0711


K00 11.74 10.80 11.29


K00 /GPa 8.658 19.49 8.375


βK /10−3K−1 6.332 7.64 6.765


B 4.710 3.661 4.200


R0 0.6568 0.6813 0.6580


aV /10−3K−1 0.836 0.775 0.752
 εV /10−3K−1 -0.7871 -1.157 -0.9599


GR /MPa 6.94 0.256 0.010


m – 0.10 0


r 1.463 1.33 1.80


Table 1.1: Material parameters for three reference liquids,
 (1.12)–(1.14),θR= 40◦C.


We shall employ the above three accurately characterized reference liquids particularly in
 Chapter 5, where we will discuss (and specify quantitatively) the limitations of the current
 theoretical results and of the presented numerical method. The above models will be also used
 in the numerical experiments of Chapter 4.


Let us mention the series of papers by Davies, Gwynllyw, Li and Phillips (see the bibliogra-
 phy) concerned with numerical simulations in a realistic journal bearing, where the authors
 consistently use another set of models fitted to the experimentally measured viscosities of
 selected lubricants. Namely, the shear-thinning is described by the Cross model (eq. (1.12)
 with a = 1−n) with a second Newtonian plateau (µ∞ > 0), and both a(p) and b(p) are
 exponentials of pressure. Note, however, that these models had been fitted to measurements
 in considerably smaller ranges of parameters (see Hutton et al., 1983) than the above models
 provided by Bair; the ranges sufficient for the purposes of journal bearing lubrication flow
 simulations, but unsuited for the purposes of Chapter 5.



1.4 Boundary conditions



1.4.1 The fluid–solid interface


On the interface of the viscous fluid with the impermeable solid surface one usually assumes



(23)that of the solid; one prescribes the Dirichlet boundary conditions,


vvv=vvvD on some Γ⊂∂Ω, (1.15)


where vvvD denotes the velocity of the solid surface. In our numerical simulations we will
 accept this condition, for simplicity. Since we will consider only problems in a fixed geometry,
 vvvD·nnn= 0 (wherennndenotes the unit outward normal vector on∂Ω).


Alternatively, one can allow for the fluid to slip at the solid boundary, for example by pre-
 scribing the following Navier’s slip boundary condition


vvv·nnn= 0 and −(Tnnn)τττ=α(vvv−vvvD), α≥0 on some Γ⊂∂Ω (1.16)
 whereuuuτττ :=uuu−(uuu·nnn)nnnis the projection of a vectoruuuto the tangent plane, andvvvD is again
 the velocity of the solid surface. The parameterαcharacterizes the fluid–solid interface; note
 thatα= 0 corresponds to the so-calledfree slip boundary condition, while the limitα%+∞
 formally leads (multiplying (1.16) by 1/αfirst) to the Dirichlet boundary condition. Various
 more sophisticated relations between the shear stress and the slip velocity


vvv·nnn= 0 and −(Tnnn)τττ= (bbb(vvv−vvvD))τττ, on some Γ⊂∂Ω, (1.17)
 can be found in literature, but we will not discuss them in detail. The assumption of slip
 or no-slip at solid boundary is a complex issue in the modeling of viscous fluids and the
 precise circumstances determining the validity of these assumptions are subject to an unceasing
 concern (e.g., see Granick et al., 2003; Neto et al., 2005).



1.4.2 The requirement to determine the level of pressure


As mentioned already in Subsection 1.1, there is a particular distinction of the piezoviscous
 fluid models that is related to the level of the pressure in the flow. If some of the conditions
 (1.15)–(1.17) is prescribed on the entire boundary (namely, if the normal part of the velocity,
 vvv·nnn, is prescribed on the entire boundary) then the flow of an incompressible Newtonian fluid
 subject to such boundary conditions is not determined uniquely; the same apply for the non-
 Newtonian models of the class (1.7) considered in the thesis. As long as the viscosity does not
 vary with the pressure, it is well known that the ambiguity appears in the pressure field only,
 namely that the pressure is defined up to a constant. Indeed, since only the pressure gradient
 is present in the governing equations, the addition of an arbitrary constant to the pressure
 field has no other effect on the solution. This kind of non-uniqueness does not deserve any
 particular attention and is usually treated formally, by restricting the functional space where
 the pressure is sought by prescribing


ˆ


Ω


pdxxx= 0. (1.18)


For piezoviscous fluids this non-uniqueness has no such structure, both the pressure and the
 velocity fields are undetermined and the additional constraint on the pressure level becomes
 an important part of the model. Regrettably, the constraint (1.18) or, in general,


ˆ


Ω0


pdxxx=P0, Ω0⊂Ω, P0∈R (1.19)



(24)is not always practical from the point of view of applications; the modeller often has no hint
 on how to choose Ω0 and P0. One example where this issue appears has been mentioned in
 Subsection 1.1.1: in the standard long-bearing approximation of the journal bearing lubri-
 cation flow the information about the level of pressure is not present in the model; see also
 Section 4.3.


The above difficulty of the pressure level being not determined seems to be a natural conse-
 quence of the incompressibility assumption, in conjunction with the fluid being mechanically
 isolated in a sense. A natural question arises, whether a unique solution is provided by the
 boundary conditions allowing for free inflow/outflow through the boundary; see the next sub-
 section.



1.4.3 Permeable interfaces, artificial boundaries


There are basically two circumstances where a flow through the boundary occurs. Either the
 boundary describes an interface of the fluid with a permeable media (porous media, permeable
 membrane) or there is no physical interface involved and an artificial boundary is introduced
 in order to reduce the size of the considered (computational) domain. In both cases, the
 boundary condition allowing for inflow and outflow involves the influence of the (usually
 unknown) motion of the fluid beyond the boundary. As such, they are not concluded from
 the physical principles only, but they result from the model reduction considerations and
 can represent substantial simplification. The choice of the boundary condition at artificial
 boundaries is not a simple question even for a Newtonian fluid, see also the discussion in
 Heywood et al. (1996). Quite often the intention of the modeler is merely to ensure that


“nothing (disturbing) happens” at the boundary, while it is not clear how to express this
 requirement mathematically.


For the sake of completeness, note that the Dirichlet boundary condition (1.15) is frequently
 used to prescribe the inflow in simple geometries; usually based on the expectation that the
 possible disturbances to the velocity field will occur only downstream, and the assumption
 that the velocity profile on the inlet is that of a simple unidirectional steady flow (e.g., the
 parabolic velocity profile in the Poiseuille flow of a Newtonian fluid) and is therefore explicitly
 known. However, the precise information on the velocity profile is often not at hand, the above
 assumption does not apply for outflow conditions, and in particular, such boundary conditions
 do not determine the level of pressure in the solution, as discussed in the previous subsection.


We will consider the boundary conditions that involve the traction on the boundary, namely,


−Tnnn=bbb(xxx, vvv) on some Γ⊂∂Ω, (1.20)
 wherebbb is the prescribed traction, which may optionally depend on the velocity. The above
 condition with bbb≡000 is usually referred to as thedo nothing condition. It will be shown in
 Chapter 2 that (1.20) allows for the existence of a weak solution and, importantly, it suffices
 to determine the solution uniquely.


It is worth emphasizing that the explicit knowledge of the traction on the artificial boundary
may by as unavailable as the knowledge of the velocity profile (required in the case of Dirichlet
boundary conditions). This is well illustrated by the example of Poiseuille flow discussed in



(25)the flow, then while the normal part of the traction equals the pressure, and thus it is constant
 along the boundary, the tangential part of the traction is not constant and, in particular, it
 depends on the velocity profile. In such situation, it is more convenient to prescribe


vvvτττ = 000


−Tnnn·nnn =bbb(xxx, vvv)·nnn











on Γ⊂∂Ω. (1.21)


The dependence ofbbbon the velocity may be important when the inertial forces are included
 (we will not discuss this case, see Lanzend¨orfer and Stebel 2011a,b) or in case of the interface
 with some permeable media. For example,


−Tnnn·nnn=h+c1uuu·nnn, c1>0


can be found in literature as the filtration boundary condition, with the parametershandc1


describing the ambient pressure and the resistance to the flow. Similarly, for the flow in the
 direction along the interface one may consider


−(Tnnn)τττ =c2vvvτττ c2>0,


which corresponds to the Beavers–Joseph(–Saffman–Jones) condition for flows past porous
media, based on experimental observations (see Beavers and Joseph, 1967; Jones, 1973; Nield,
2009; Saffman, 1971).
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Chapter 2



Well-posedness of the mathematical problem
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2.1 Definition of the problem


We briefly recall the governing equations introduced in the previous chapter. We shall in-
 vestigate the steady flow of an incompressible homogeneous viscous fluid in a bounded fixed
 domain Ω⊂Rd,d= 2 or 3, governed by the following system of PDEs:


divvvv = 0


−divT=fff











in Ω, (2.1)


wherevvv,fff,Trepresent the velocity, the body force and the Cauchy stress tensor, respectively.


We consider


T=−pI+S, where S≡S(p,D(vvv)) = 2η(p,|D(vvv)|)D(vvv), (2.2)
 with p the pressure, η(p,|D(vvv)|) the generalized viscosity and D(vvv) = 12(∇vvv+∇vvvT) the
 symmetric part of the velocity gradient. Note that S = ST and that (due to divvvv = 0)
 trS= 0 such that−13trT=p. The theory we are going to expose is based on the assumption
 that η is shear-thinning, while additional dependence of the viscosity on pressure is allowed
 at the same time, see below. Note that in (2.1)2 the inertial forces are neglected, which
 allows us to focus on the structure of Twhile avoiding the mathematical difficulties due to
 the convective terma.


The domain boundary is fixed, it is Lipschitz and consists of three Lipschitz partsb ∂Ω =
 ΓD∪ΓN ∪ΓP on which we prescribe


vvv=vvvD on ΓD, (2.3a)


vvv·nnn=vvvD·nnn


−(Tnnn)τττ=(bbb(vvv−vvvD))τττ
 


on ΓN, (2.3b)


−Tnnn=bbb(vvv−vvvD) on ΓP, (2.3c)


where nnn is the unit outward normal vector on ∂Ω. For any vector ωωω, we denote ωωωτττ :=


ωω


ω−(ωωω·nnn)nnn its tangential part. Here,vvvD is the given velocity on the boundary (velocity of
 the wall; typically, vvvD ≡000 on ΓN ∪ΓP). The functionbbb≡bbb(xxx, vvv−vvvD) prescribes the force
 on the boundary. In principal,bbbneed not depend on the velocity, i.e.bbb≡bbb(xxx) is allowedc(see
 also Lemma 1). Whether to write ˜bbb(vvv) instead ofbbb(vvv−vvvD) is a matter of personal preference
 only.


If |ΓP| = 0 such that (2.3c) does not take effect, an additional constraint has to be posed in
 order to fix the level of pressure; this is achieved by setting (cf. Bul´ıˇcek and Fiˇserov´a, 2009;


a The reader is, however, encouraged to see e.g. Bul´ıˇcek and Fiˇserov´a (2009); Lanzend¨orfer (2009);


Lanzend¨orfer and Stebel (2011a,b).


bThe fourth combination


−Tnnn·nnn =bbb(vvv−vvvD)·nnn
 vvvτττ = (vvvD)τττ,


)


is mentioned in Subections 1.4.3 and 4.1. We shall omit this case for better readability; the mathematical
 analysis would not encounter additional difficulties, provided that the Korn inequality was ensured.


c This is in contrast to the generalized Navier–Stokes case, where a suitable form ofbbb(vvv) is needed for the
existence of solution, in order to balance the kinetic energy due to the inflow, cf. Lanzend¨orfer and Stebel
(2011a,b).
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Ω0


pdxxx=P0 (2.4)


with P0 ∈R and Ω0 being a subset of Ω (e.g., Ω0 ≡Ω). Without loss of generality, we set
 P0= 0. For technical reasons, we shall always assume |Ω0|>0; however, the condition (2.4)
 is imposed if and only if|ΓP|= 0. One our aim is to show that, instead of imposing (2.4), the
 pressure level is fixed by the boundary condition (2.3c) as soon as|ΓP|>0.


In the following, the structural assumptions on S(p,D(vvv)) and the assumptions onbbb(·) and
 vvvD are specified and the weak formulation of the problem is defined. The basic a priori
 estimates are derived in the next section, the important relation of the inf–sup inequality to
 the boundary condition (2.3c) or to the constraint (2.4) is discussed and the Galerkin discrete
 problem is formulated. After giving the references to the preceeding studies, the existence of
 solution to the discrete problem, its convergence to the solution of the original problem, and
 the uniqueness of both are established in Section 2.3.



2.1.1 Structural assumptions (A1)–(A4)


See the basic notation on page ii. We assume that the mapping S belongs to C1(R×
 Rd×dsym;Rd×dsym), is of the form (2.2), and has the following properties:


(A1) For a given r ∈ (1,2), there are positive constants C1, C2 and ε such that for all B,
 D∈Rd×dsym and allp∈R:


C1(ε2+|D|2)r−22 |B|2≤ ∂S(p,D)


∂D ·(B⊗B)≤C2(ε2+|D|2)r−22 |B|2,
 where(B⊗B)ijkl=BijBkl.


(A2) There isγ0≥0 such that for all D∈Rd×dsym and for allp∈R:
 



 
 


∂S(p,D)


∂p
 
 
 


≤γ0(ε2+|D|2)r−24 ≤γ0εr−22 .
 (A3) For a given 0< β≤1 there holds


γ0εr−22
 


1 + C2


C1





< β .
 Note that various values ofβ will be specified.


We will later (in particular in Section 2.3.2 and in Chapter 5) discuss a weaker assumption
 (A4) For a given 0≤γ00 < β≤1 and for all D∈Rd×dsym andp∈R:



 
 
 


∂S(p,D)


∂p



≤γ00.




    
  




      
      
        
      


            
    
        Odkazy

        
            	
                        
                    



            
                View            
        

    


      
        
          

                    Stáhnout nyní ( PDF - 100 Stránka - 5.04 MB )
            

      


              
          
            Outline

            
              
              
              
              
              
                              
    Features neglected
                              
    Constitutive equations
                              
    Boundary conditions
                              
    Permeable interfaces, artificial boundaries
                              
    Central features and discrete approximation
                              
    Well-posedness results
                              
    Auxiliary tools
                              
    Condition (A4) seems to determine the numerical stability
                              
    Planar steady flow in journal bearing
              
              
            

          

        

      
      
        
  Související dokumenty

  
    
      
          
        
            CompactAerometricProbe DIPLOMATHESIS CzechTechnicalUniversityinPragueFacultyofElectricalEngineering
        
      

        The tube contains two types of openings, which transfer the total pressure and the static pressure into the pressure transducer: a total pressure opening, which runs in parallel

    
      
          
        
            PANM 13
        
      

        The finite element method equipped with stabilization has proven to be a powerful tool for solving flows of incompressible fluids with high Reynolds numbers.. But applying

    
      
          
        
            HŘEBEČ TUNNEL – LONG-TERM MONITORING OF STABILISED  HŘEBEČ TUNNEL – LONG-TERM MONITORING OF STABILISED 
        
      

        meters, pressure cells for measuring the stress at the contact of  the stabilisation body with bedrock and a system of trigonometric  points for comprehensive monitoring of

    
      
          
        
            Vestibular Control of Intermediate- and Long-Term Cardiovascular Responses to Experimental Orthostasis
        
      

        To compare arterial blood pressure and heart rate  responses of intact rats maintained in a static head- up tilt position for 2 hours with those having  bilateral lesions of

    
      
          
        
            Restoration of Guyton´s Diagram for Regulation of the Circulation as a Basis for Quantitative Physiological Model Development
        
      

        As the body  adapted, extracellular fluid volume and blood volume  increased to compensate for the fistula with the result that  after a few days arterial pressure, heart rate

    
      
          
        
            Martin Lanzend�orfer
        
      

        Keywords: weak solution for nonlinear PDEs, non-Newtonian uids, shear dependent viscosity, pressure dependent viscosity, non-homogeneous Dirichlet boundary condition,

    
      
          
        
            Investigation of Flow and Agitation of non- Newtonian Fluids 
        
      

        For the purely  viscous  non-Newtonian fluids, the Rabinowitsch-Mooney equation is a very convenient  and simple method in order to find out a relationship between pressure drop

    
      
          
        
            BACHELOR’S THESIS Adam Janeˇcka Flows of ﬂuids with pressure and temperature dependent viscosity in the channel
        
      

        Abstract: In the present work we study steady flows of heat-conducting, homo- geneous, isotropic, incompressible fluid with viscosity depending on the pressure, the temperature and

      



      

    

    
            
                        
             Nahrajte své studijní materiály ke stažení všech dokumentů.

            
              

                        
  

                
            
            
        
        Nahrát
                

            Váš dokument bude obohacen, sdílen na 9PDF CZ, aby vám pomohl při studiu.

          

                    
      
  Související dokumenty

  
          
        
    
        
    
    
        
            Fast pressure prediction along the NACA airfoil using the convolution neural network
        
        
            
                
                    
                    4
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            The opinion of the opponent of the master thesis
        
        
            
                
                    
                    2
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            Electrorheological FluidsIntelligent
        
        
            
                
                    
                    65
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            ATMOSPHERIC ARGON FREE BURNING ARCS WITH A SIMPLIFIED UNIFIED MODEL
        
        
            
                
                    
                    4
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            NON-REFLECTIVE BOUNDARY CONDITIONS FOR FREE-SURFACE FLOWS
        
        
            
                
                    
                    50
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            CFD Modelling of Horizontal Water Film Evaporation
        
        
            
                
                    
                    79
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            CZECH TECHNICAL UNIVERSITY IN PRAGUE
        
        
            
                
                    
                    82
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            High-pressure ﬂ ank cooling and chip morphology in turning Alloy 718 CIRP Journal of Manufacturing Science and Technology
        
        
            
                
                    
                    16
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

      


              
          
            
          

        

          

  




  
  
  
    
      
        Společnost

        	
             O nás
          
	
            Sitemap

          


      

      
        Kontakt  &  Pomoc

        	
             Kontaktujte Nás
          
	
             Feedback
          


      

      
        Legal

        	
             Podmínky Použití 
          
	
             Zásady Ochrany Osobních Údajů
          


      

      
        Social

        	
            
              
                
              
              Linkedin
            

          
	
            
              
                
              
              Facebook
            

          
	
            
              
                
              
              Twitter
            

          
	
            
              
                
              
              Pinterest
            

          


      

      
        Získejte naše bezplatné aplikace

        	
              
                
              
            


      

    

    
      
        
          Školy
          
            
          
          Témy
                  

        
          
                        Jazyk:
            
              Čeština
              
                
              
            
          

          Copyright 9pdf.info © 2024

        

      

    

  




    



  
        
        
        
          


        
    
  
  
  




     
     

    
        
            
                

            

            
                                 
            

        

    




    
        
            
                
                    
                        
                            
  

                            

                        
                            
  

                            

                        
                            
  

                            

                        
                            
  

                            

                        
                            
  

                            

                    

                    
                        

                        

                        

                        
                            
                                
                                
                                    
                                

                            

                        
                    

                    
                        
                            
                                
  

                                
                        

                        
                            
                                
  

                                
                        

                    

                

                                    
                        
                    

                            

        

    


