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David Natroshvili, Tilo Arens, and Simon N. Chandler-Wilde


UNIQUENESS, EXISTENCE, AND INTEGRAL
 EQUATION FORMULATIONS FOR


INTERFACE SCATTERING PROBLEMS



(2)Helmholtz equations with different wave numbers hold in adjacent non-
 locally perturbed half-planes having a common boundary which is an infi-
 nite, one-dimensional, rough interface line. First a uniqueness theorem for
 the interface problem is proved provided that the scatterer is a lossy ob-
 stacle. Afterwards, by potential methods, the non-homogeneous interface
 problem is reduced to a system of integral equations and existence results
 are established.


2000 Mathematics Subject Classification. 35B40, 35L05.


Key words and phrases: Interface problems, scattering, integral equa-
 tions.
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(3)1. Introduction


We consider a two-dimensional transmission problem for the Helmholtz
 equations (reduced wave equations) in non-locally perturbed half-planes Ω1


and Ω2 having a common infinite boundary which is assumed to be the
 graph of a bounded smooth function. These type of mathematical problems
 model time-harmonic electromagnetic and acoustic scattering by a pene-
 trable unbounded obstacle in an inhomogeneous (piecewise homogeneous)
 medium. In both domains we look for scattered waves corresponding to dif-
 ferent wave numbers and satisfying certain transmission conditions on the
 interface. In addition, the scattered waves satisfy the so-calledupwardand
 downward propagating radiation conditions(UPRC and DPRC) along with
 some growth conditions in the x2 direction, suggested by Chandler-Wilde


& Zhang [9], which generalize both theSommerfeld radiation conditionand
 theRayleigh expansion conditionfor diffraction gratings (see also [24], [4]).


In [8], with the help of the appropriate integral equation formulation, it
 is shown that the Dirichlet problem for a non-locally perturbed half-plane
 has exactly one solution satisfying the UPRC, provided that the boundary
 datum is a bounded and continuous function. This result is valid for all
 wave numbers and holds without any constraints imposed on the maximum
 boundary amplitude or slope.


An important corollary of these results in the scattering theory is that for
 a variety of incident fields including the incident plane wave, the Dirichlet
 boundary-value problem for scattered field has a unique solution (for detail
 information concerning the history of the problem see, e.g., [8] and references
 therein.)


In this paper we first prove the uniqueness theorem for the interface prob-
 lem provided that an obstacle Ω1 represents a lossy medium, which means
 that the corresponding wave number is complex. Afterwards we apply the
 potential method to reduce the non-homogeneous interface problem to the
 corresponding system of integral equations and establish existence results
 on the basis of the theory developed in [11] and [1] for a class of systems of
 second kind integral equations on unbounded domains.


2. Formulation of the Interface Problem. Preliminary
 Material


2.1. Here we introduce some notation used throughout.


For h∈R, define Γh = {x = (x1, x2)∈ R2 | x2 =h} and Uh+ ={x ∈
 R2|x2> h}, Uh−={x∈R2|x2< h}.


ForV ⊂Rn(n= 1,2) we denote byBC(V) the set of functions bounded
 and continuous onV, a Banach space under the normk · k∞,V, defined by
 kψk∞,V := sup


x∈V|ψ(x)|. We abbreviatek · k∞,Rbyk · k∞.


For 0 < α≤1, we denote by BC0,α(V) the Banach space of functions
ϕ∈BC(V), which are uniformly H¨older continuous with exponentα, with



(4)normk · k0,α,V defined by


kϕk0,α,V :=kϕk∞,V + sup


x,y∈V,x6=y


|ϕ(x)−ϕ(y)|


|x−y|α
 


.


Givenv∈L∞(V) denote by∂jv, j= 1,2,the (distributional) derivative


∂v(x)


∂xj


;∇v= (∂1v, ∂2v).


We denote byBC1(V) the Banach space


BC1(V) :={ϕ∈BC(V)|∂jϕ∈BC(V), j= 1,2}
 under the norm


kϕk1,V :=kϕk∞,V +k∂1ϕk∞,V +k∂2ϕk∞,V.
 Further, let


BC1,α(V) :={ϕ∈BC1(V)|∂jϕ∈BC0,α(V), j= 1,2}
 denote a Banach space under the norm


kϕk1,α,V :=kϕk∞,V +k∂1ϕk0,α,V +k∂2ϕk0,α,V.
 2.2. Given f ∈BC1,α(R), 0< α≤1, with f− := inf


x1∈Rf(x1)> 0 and
 f+ := sup


x1∈R


f(x1) < +∞, define the adjacent two-dimensional regions Ω1


and Ω2 by


Ω1={x= (x1, x2)∈R2|x2< f(x1)},
 Ω2={x= (x1, x2)∈R2|x2> f(x1)},
 so that the interface Γ is


∂Ω1=∂Ω2= Γ :={(x1, f(x1))|x1∈R}.


Whenever we wish to denote explicitly the dependence of the regions and
 interface on the function f we will write Ωj,f or Ωfj for Ωj (j = 1,2) and
 Γf or Γf for Γ.


Further, letn(x) = (n1(x), n2(x)) stand for the unit normal vector to Γ at
 the pointx∈Γ directed out of Ω1, and∂n(x)=∂/∂n(x) =n1(x)∂1+n2(x)∂2


and ∂τ(x) = ∂/∂τ(x) = n2(x)∂1−n1(x)∂2 denote the usual normal and
 tangent derivatives with respect to Γ.


2.3. Now we formulate the interface problem which models the scattering
of acoustic (or electromagnetic) waves by the penetrable unbounded obstacle
Ω1. The incident plane waveuinc(x) =eik2(x·d),x∈R2, withd= (d1, d2)∈
Σ1:={(ξ1, ξ2)∈R2|ξ12+ξ22= 1}the propagation direction, will produce
a scattered waveu2in Ω2 and a transmitted waveu1 in Ω1. Note that one
could also consider other types of incident waves, e.g., the so-called point-
source waves, rather then plane waves. The wavesu1andu2are annihilated



(5)by the Helmholtz operators (reduced wave operators) ∆ +k12 and ∆ +k22,
 respectively, i.e.,


(∆ +k21)u1(x) = 0, x∈Ω1, (2.1)
 (∆ +k22)u2(x) = 0, x∈Ω2, (2.2)
 and satisfy the so-called conductive interface (transmission) conditions on
 Γ (cf. [13], [14], [18], [16], [17], [21])


u2(x) +uinc(x) =u1(x), x∈Γ, (2.3)
 µ∗2


k2


∂n(x)[u2(x) +uinc(x)] = µ∗1
 k1


∂n(x)u1(x), x∈Γ, (2.4)
 where ∆ is the two-dimensional Laplacian and we assume that


µ∗1, µ∗2, k2∈R+:= (0,+∞), k1=λ1+iλ2,


λ1= Rek1>0, λ2= Imk1>0. (2.5)
 We set


µ:=µ∗1
 µ∗2


k2


k1


= µ∗1k2


µ∗2|k1|2(λ1−iλ2) =µ1+iµ2,
 µ1= µ∗1k2λ1


µ∗2|k1|2 >0, µ2=−µ∗1k2λ2


µ∗2|k1|2 <0.


(2.6)


The functionsu1andu2have to satisfy additional restrictions at infinity
 which guarantee the uniqueness. To formulate these conditions we introduce
 some notations and definitions.


Denote by


Φk(x, y) := i


4H0(1)(k|x−y|), (x, y)∈R2, x6=y, (2.7)
 the free-space Green’s function (fundamental solution) for the Helmholtz
 operator ∆ +k2; hereHm(1) is the Hankel function of the first kind of order
 m.


Definition 2.1. Given a domain G⊂ R2, call v ∈ C2(G)∩L∞(G) a
 radiating solution of the Helmholtz equation inGif ∆v+k2v= 0 inGand


v(x) =O(r−1/2), ∂v(x)


∂r −ikv(x) =o(r−1/2), r=|x|, (2.8)
 asr=|x| →+∞, uniformly in x/|x|.


The conditions (2.8) are the classical Sommerfeld radiation conditions. A
 set of radiating functions corresponding to the domainGand the parameter
 kwe denote by Som(G, k).


Definition 2.2 ([9]). Given a domain G⊂R2, say that v :G→ C, a
solution of the Helmholtz equation ∆v+k2v= 0 inG, satisfies the upward



(6)(downward) propagating radiation condition – UPRC (DPRC) inGif, for
 someh∈Randϕ∈L∞(Γh), it holds thatUh+⊂G(Uh− ⊂G) and


v(x) = 2θ
 Z


Γh


∂Φk(x, y)


∂y2


ϕ(y)dsy, x∈Uh+ (x∈Uh−), (2.9)
 whereθ= 1 for the UPRC andθ=−1 for the DPRC.


We denote the set of functions satisfying the UPRC [DPRC] inG with
 the parameterkby UPRC(G;k) [DPRC(G, k)].


Note that the existence of the integral (2.9) for arbitraryϕ∈L∞(Γh) is
 assured by the bound which follows from the asymptotic behaviour of the
 Hankel function for small and large real argument





∂Φk(x, y)


∂y2





≤C|x2−y2|


|x−y|−2+|x−y|−3/2


, x, y ∈R2, x6=y,
 which holds for someC >0 depending only onk.


From now on, along with equations (2.1)–(2.4) we assume that


u1∈DPRC(Ω1, k1), u2∈UPRC(Ω2, k2), (2.10)
 sup


Ωj


|x2|β|uj(x)|<∞, j = 1,2, (2.11)
 for someβ∈R. Thus, the interface problem we intend to investigate reads
 as follows.


Problem(P). Givenf1∈BC1,α(Γ) andf2∈BC0,α(Γ) findu1∈C2(Ω1)∩
 BC1(Ω1\Uh−1) (h1 < f−) and u2 ∈ C2(Ω2)∩BC1(Ω2\Uh+2) (h2 > f+),
 solutions of the Helmholtz equations (2.1) and (2.2), such that (2.10) and
 (2.11) are fulfilled and


[u1(x)]−−[u2(x)]+ =f1(x)


µ[∂n(x)u1(x)]−−[∂n(x)u2(x)]+=f2(x)





 on Γ.


The symbols [·]+ and [·]− denote the limits on Γ from Ω2 and Ω1, respec-
 tively.


The following result states properties of the upward (downward) propa-
 gating radiation condition needed later and shows that any radiating solu-
 tion satisfies the UPRC (DPRC).


Lemma 2.3 ([10]). Given H ∈ R and v : UH+ → C, the following
 statements are equivalent:


(i)v ∈C2(UH+), v∈L∞(UH+\Ua+)for all a > H, ∆v+k2v = 0in UH+,
 andv satisfiesUPRCin UH+;


(ii)there exists a sequence(vn)of radiating solutions such thatvn(x)→
 v(x)uniformly on compact subsets of UH+ and


sup


x∈UH+\Ua+,n∈N


|vn(x)|<+∞
for alla > H;



(7)(iii)v satisfies(2.9)forh=H and someϕ∈L∞(ΓH);


(iv) v ∈ L∞(UH+\Ua+) for some a > H and v satisfies (2.9) for each
 h > H withϕ=v|Γh;


(v) v ∈ C2(UH+), v ∈ L∞(UH+\Ua+) for all a > H, ∆v+k2v = 0 in
 UH+, and, for every h > H and radiating solution in UH+, w, such that the
 restriction of wand∂2wtoΓh are inL1(Γh), it holds that


Z


Γh



 v∂w


∂n −w∂v


∂n
 


ds= 0.


2.4. Let


x, y∈Ua±, a∈R, y0= (y1,2a−y2),


wherey0 is a mirror image ofy= (y1, y2)∈R2with respect to the straight
 line Γa.


Denote byG±(D)k (x, y;a) andG±(I)k (x, y;a) the Dirichlet Green’s function
 and the impedance Green’s function for the Helmholtz operator ∆ +k2 in
 the half-planesUa±. It is well-know that (see, e.g., [9], [8])


G±(D)k (x, y;a) = Φk(x, y)−Φk(x, y0), x, y∈Ua±,


G±(I)k (x, y;a) = Φk(x, y) + Φk(x, y0) +Pk(±)(x−y0), x, y∈Ua±, (2.12)
 where


Pk(±)(z) : =−ik
 2π


+∞Z


−∞


exp{i[z1t±z2


√k2−t2]}


√k2−t2[√


k2−t2+k] dt=


=|z|eik|z|


π
 Z∞
 0


t−1/2e−k|z|t[|z| ±z2(1 +it)]


√t−2i[|z|t−i(|z| ±z2)]2 dt, z∈U0±.


Here and throughout all square roots are taken with non-negative real and
 imaginary parts.


The functionsG±(D)k (x, y) are radiating inUa± and
 G±(D)k (x, y;a) = 0 for x∈Γa,
 whileG±(I)k (x, y) are radiating functions in Ua± and


∂


∂x2


G±(I)k (x, y;a)±ik G±(I)k (x, y;a) = 0 for x∈Γa. (2.13)



(8)Moreover, for G(x, y) ∈ {G±(D)k (x, y;a), G±(I)k (x, y;a)} there hold the fol-
 lowing inequalities


|G(x, y)|, |∇xG(x, y)|, |∇yG(x, y)| ≤


≤C(1 +|x2|)(1 +|y2|)


|x−y|3/2 for |x−y| ≥1,


|G(x, y)| ≤C(1 +|log|x−y| |) for 0<|x−y| ≤1,


|∇xG(x, y)|, |∇yG(x, y)| ≤C|x−y|−1 for 0<|x−y| ≤1,


|G(x, y)|,|∇xG(x, y)|,|∇yG(x, y)|,|∇x∂n(y)G(x, y)| ≤


≤C1[1 +|x1−y1|]−3/2for|x2−y2| ≥δ >0, |x2|=H, y∈Γ,
 (2.14)


withC > 0 depending only ona andk, andC1>0 depending only on a,
 k,δ, Γ, andH (for details see [6], [9], [8]).


Denote byG(j)(x, y),j= 1,2,the generalized Dirichlet Green’s functions
 for the domains Ωj:


G(1)(x, y) =G−(D)k1 (x, y;h2)−V(1)(x, y), y, x∈Ω1,
 G(2)(x, y) =G+(D)k2 (x, y;h1)−V(2)(x, y), y, x∈Ω2,


where V(1)(·, y) [V(2)(·, y)] is a solution to the Helmholtz equation (2.1)
 [(2.2)] satisfying the DPRC [UPRC] and the boundary condition


V(1)(x, y) =G−(D)k1 (x, y;h2), y∈Ω1, x∈Γ,
 hV(2)(x, y) =G+(D)k2 (x, y;h1), y∈Ω2, x∈Γi


. (2.15)
 Due to the results obtained in [9], [8], and [2] the functionsV(j)(x, y) and
 G(j)(x, y) are determined uniquely, are radiating and admit some bounds
 similar to (2.14) (see [23])


|G(j)(x, y)|, |∇xG(j)(x, y)|, |∇yG(j)(x, y)| ≤


≤Cj∗(1 +|x2|)(1 +|y2|)


|x−y|3/2 for |x−y| ≥1,


|G(j)(x, y)| ≤Cj∗(1 +|log|x−y| |) for 0<|x−y| ≤1,


|∇xG(j)(x, y)|, |∇yG(j)(x, y)|< Cj∗|x−y|−1 for 0<|x−y| ≤1,


|G(j)(x, y)|, |∇xG(j)(x, y)|, |∇yG(j)(x, y)|, |∇x∂n(y)G(j)(x, y)| ≤


≤Cj∗∗[1 +|x1−y1|]−3/2 for x2=aj, y∈Γ,
 a1< f−< f+< a2,


(2.16)


withCj∗>0 depending only onhj,kj, and Γ, andCj∗∗ >0 depending only
onhj,kj,aj and Γ.



(9)Lemma 2.4. Letuj ∈ C2(Ωj)∩C1(Ωj) be a solution to the equation
 (∆ +kj2)uj(x) = 0 inΩj satisfying theUPRCfor j= 2and the DPRCfor
 j= 1. Then


uj(x) = (−1)j
 Z


Γ


∂G(j)(x, y)


∂n(y) [uj(y)]Γds, x∈Ωj,


wheren(x) is a unit normal vector at the pointx∈Γpointing out ofΩ1,
 [uj(y)]Γ= lim


Ωj3x→y∈Γuj(x).


Proof. For definiteness letj = 2. On the one hand, by standard arguments
 we easily derive (cf. [9], [2])


u2(x) = −
 Z


Γ


n


[G+(D)k2 (x, y;h1)]Γ[∂n(y)u2(y)]Γ−


−[∂n(y)G+(D)k2 (x, y;h1)]Γ[u2(y)]Γ


o


ds, x∈Ω2.
 On the other hand,


0 =
 Z


Γ


{[V(2)(x, y)]Γ[∂n(y)u2(y)]Γ−[∂n(y)V(2)(x, y)]Γ[u2(y)]Γ}ds, x∈Ω2,
 since u2∈ UPRC(Ω2, k2) and V(2)(x,·)∈Som(Ω2, k2), and [V(2)(x,·)]Γh,
 [∂y2V(2)(x,·)]Γh ∈L1(Γh) forh > x2 (see Lemma 2.3).


Now, in view of (2.15) and summing these two equations, the proof is
 complete.


The casej= 1 can be treated quite similarly. 


2.5. Here we introduce some definitions which we will employ later, in
 Section 4 (for details see [12], [8], [1]).


For a sequence{ϕn} ⊂BC(R) andϕ∈ BC(R) we say that {ϕn}con-
 verges strictly to ϕ and write ϕn


→s ϕ ifϕn converges to ϕ in the Buck’s
 strict topology(s-topology) ([3]) which is equivalent to the following: {ϕn}
 is bounded in BC(R) and ϕn →ϕuniformly on every compact subsets of
 R.


A setX⊂BC(R) is said to besequentially compact in the strict topology
 if any sequence in X has a subsequence that is convergent in the strict
 topology with limit inX.


Further, let k(·,·) be measurable, k(s,·) ∈ L1(R) and Kkψ(·) :=


R


R


k(·, t)ψ(t)dt∈L∞(R) for everyψ∈L∞(R). Assume that
 k|kk|:= ess sup


s∈R


Z


R


|k(s, t)|dt= ess sup


s∈R kk(s,·)kL1(R)<∞.


Identifyk(·,·) :R2→Cwith the mappings7→k(s,·) inZ:=L∞(R, L1(R)),
which is measurable and essentially bounded with normk|kk|. LetKdenote



(10)the set of those functionsk∈Z having the propertyKkψ∈C(R) for every
 ψ∈L∞(R). Clearly,Z is a Banach space with the normk| · k| andK is a
 closed subset ofZ. Moreover,


k|kk|= sup


s∈Rkk(s,·)kL1(R) for k∈K.


Note that Kk : L∞(R) → C(R) and is bounded iff k ∈ K. In this case
 kKkk=k|kk|.


For a sequence{kn} ∈K and k∈ K we say that{kn}is σ-convergent
 (converges in theσ-topology) tokand writekn


→σ kif sup


n∈Nk|knk|<∞and,
 for allψ∈L∞(R), Kknψ(s)→ Kkψ(s), i.e.,


Z


R


kn(s, t)ψ(t)dt→
 Z


R


k(s, t)ψ(t)dt as n→+∞,
 uniformly on every compact subsets ofRwith respect tos.


A subsetK1 ⊂K is said to be σ-sequentially compactif each sequence
 inK1 has aσ-convergent subsequence with limit inK1.


A linear operator K is said to be sequentially compact with respect to
 σ-topologyif for any bounded setX⊂BC(R), the setK(X) is sequentially
 compact in the strict topology.


A family Q of linear operators on BC(R) is said to be collectively se-
 quentially compact with respect to the σ-topology if for any bounded set
 X ⊂BC(R) the set∪K∈QK(X) is sequentially compact in the strict topol-
 ogy.


Finally, for a sequence of linear operators {Kn} and K on BC(R) we
 writeKn


→ Kσ ifKnϕn


→ Ks ϕfor everyϕn


→s ϕ.


3. The Uniqueness Result


Here we show that the homogeneous version of the above formulated
 interface problem possesses only the trivial solution.


First we introduce some notations which are used in the remaining part
 of the paper. ForA >0, h1< f− andh2> f+ define


Ωj(A) :={x∈Ωj| −A < x1< A}, j= 1,2,
 Γh(A) :={x∈Γh| −A < x1< A},


Γ(A) :={x∈Γ| −A < x1< A},
 Ω1,h1 := Ω1\Uh−1=Uh+1\Ω2,
 Ω2,h2 := Ω2\Uh+2=Uh−2\Ω1,


Ωj,hj(A) :={x∈Ωj,hj | −A < x1< A}, j= 1,2,
 γj(±A) ={x∈Ωj,hj(A)|x1=±A}, j= 1,2.


(3.1)



(11)Theorem 3.1. Let


(i)for h1< f− andh2> f+


uj: Ωj→C, j = 1,2, u1∈C2(Ω1)∩BC1(Ω1\Uh−1),
 u2∈C2(Ω2)∩BC1(Ω2\Uh+2);


(ii)u1 andu2 solve the equations(2.1) and(2.2), respectively, and
 [u1(x)]− = [u2(x)]+ on Γ, (3.2)
 µ[∂n(x)u1(x)]−= [∂n(x)u2(x)]+ on Γ, (3.3)
 wherek1, k2,andµ are determined by(2.5)and(2.6);


(iii)u1∈ DPRC (Ω1, k1)andu2∈ UPRC (Ω2, k2);


(iv)u1 andu2 meet the conditions
 sup


Ωj


|x2|β|uj(x)|<∞, j= 1,2,
 for some β∈R.


Then uj= 0in Ωj, j= 1,2.


Proof. We prove the theorem in several steps.


Step1. Apply Green’s first theorem touj and its complex conjugateuj


in Ωj,hj(A) to obtain
 Z


Ω1,h1(A)


{|∇u1|2−k12|u1|2}dx=
 Z


Γ(A)


∂u1


∂n u1ds−
 Z


Γh1(A)


∂u1


∂x2


u1ds+


+
  Z


γ1(A)


−
 Z


γ1(−A)


∂u1


∂x1 u1ds, (3.4)


−
 Z


Ω2,h2(A)


{|∇u2|2−k22|u2|2}dx=
 Z


Γ(A)


∂u2


∂n u2ds−
 Z


Γh2(A)


∂u2


∂x2


u2ds−


−
  Z


γ2(A)


−
 Z


γ2(−A)


∂u2


∂x1 u2ds. (3.5)
 Multiply (3.4) by−µ, add to (3.5), take into consideration the interface
 conditions (3.2) and (3.3), and take the imaginary part of the equation
 obtained


2−Imµ
 Z


Ω1,h1(A)


|∇u1|2dx+ Im(µk12)
 Z


Ω1,h1(A)


|u1|2dx=


= Im
 (


µ
 Z


Γh1(A)


∂u1


∂x2


u1ds−
 Z


Γh2(A)


∂u2


∂x2


u2ds−µR1(A)− R2(A)
 )


, (3.6)



(12)where


Rj(A) :=


  Z


γj(A)


−
 Z


γj(−A)


!∂uj


∂x1


ujds, j= 1,2. (3.7)


Note that


−Imµ=−µ2=µ∗1k2λ2


µ∗2|k1|2 >0, Im(µk12) = µ∗1


µ∗2k2λ2>0, (3.8)
 due to (2.5) and (2.6).


Step2. Here we derive the inequality
 f−−h1


√1 +L2
 Z


Γ(A)


|u1(x)|2ds≤2
 Z


Ω1,h1(A)


|u1(x)|2dx+


+2(f+−h1)(f−−h1)
 Z


Ω1,h1(A)


|∂2u1(x)|2dx, (3.9)


whereL= sup


x1∈R|f0(x1)|<∞.
 In fact, from the equality


u1(x1, f(x1)) =u1(x1, b) +


f(xZ 1)
 b


∂2u1(x1, x2)dx2, h1≤b≤f−,


using the Cauchy-Schwarz inequality we get


|u1(x1, f(x1))|2≤2|u1(x1, b)|2+2[f(x1)−b]


f(xZ 1)
 b


|∂2u1(x1, x2)|2dx2≤


≤2|u1(x1, b)|2+ 2(f+−h1)


f(xZ 1)
 h1


|∂2u1(x1, x2)|2dx2.


Integrating over the interval (−A, A) with respect tox1 gives
 ZA


−A


|u1(x1, f(x1))|2dx1≤2
 ZA


−A


|u1(x1, b)|2dx1+


+ 2(f+−h1)
 Z


Ω1,h1(A)


|∂2u1(x1, x2)|2dx.



(13)Note thatds=p


1 + [f0(x1)]2dx1≤√


1 +L2dx1. Therefore, we have


√ 1
 1 +L2


Z


Γ(A)


|u1(x)|2ds≤


≤2
 ZA


−A


|u1(x1, b)|2dx1+ 2(f+−h1)
 Z


Ω1,h1(A)


|∂2u1(x)|2dx.


Now, integration fromh1 tof− with respect tobleads to the inequality
 (3.9). Note that the coefficients in (3.9) do not depend onA.


Now, by virtue of (3.9) it follows from (3.6) that
 2δ0


Z


Γ(A)


|u1(x)|2ds≤Im
 (


µ
 Z


Γh1(A)


∂2u1u1ds
 )


−


−Im
 Z


Γh2(A)


∂2u2u2ds−Im{µR1(A)} −ImR2(A) (3.10)


withδ0>0 independent ofA (see (3.8))
 δ0=µ∗1k2λ2


µ∗2


f−−h1


√1 +L2
 δ1


δ2


>0,


δ1= min{1,|k1|−2}, δ2= max{2,2(f+−h1)(f−−h1)}.
 Step3. Due to condition (3.2)


[u1(x)]Γ= [u2(x)]Γ=:E(x), x∈Γ, and let ˜E(x1) :=E(x1, f(x1)). (3.11)
 By Lemma 2.4 we can then representu1 andu2in the form


u1(x) =−
 Z


Γ


∂G(1)(x, y)


∂n(y) E(y)ds, x∈Ω1, (3.12)
 u2(x) =


Z


Γ


∂G(2)(x, y)


∂n(y) E(y)ds, x∈Ω2. (3.13)
 Let us consider the functions


v1(x;A) =−
 Z


Γ(A)


∂G(1)(x, y)


∂n(y) E(y)ds, x∈Ω1, (3.14)
 v2(x;A) =


Z


Γ(A)


∂G(2)(x, y)


∂n(y) E(y)ds, x∈Ω2. (3.15)
It is evident thatv1 is radiating in Ω1and v2 is radiating in Ω2(due to
the compactness of Γ(A)). Due to the bounds (2.16) (cf. [10], Lemma 6.1),



(14)forp≥1


v1(x;A)|Γh1, ∂1v1(x;A)|Γh1, ∂2v1(x;A)|Γh1 ∈Lp(Γh1)∩BC(Γh1),
 v2(x;A)|Γh2, ∂1v2(x;A)|Γh2, ∂2v2(x;A)|Γh2 ∈Lp(Γh2)∩BC(Γh2).


Therefore, due to Lemma 2.3, v1 and v2 are representable in the form of
 double layer potentials


v1(x;A) =−2
 Z


Γh1


∂Φk1(x, y)


∂y2


[v1(y;A)]Γh1ds, x2< h1,


v2(x;A) = 2
 Z


Γh2


∂Φk2(x, y)


∂y2


[v2(y;A)]Γh2ds, x2> h2.


In turn, these representations imply (see [10], Remark 2.15)
 v1(x;A) = 1


2π
 Z+∞


−∞


exp
 


ix1ξ1−ix2


q
 k12−ξ12





g1(ξ1)dξ1, x2< h1,


v2(x;A) = 1
 2π


Z+∞


−∞


exp
 


ix1ξ1+ix2


q
 k22−ξ12





g2(ξ1)dξ1, x2> h2,
 where


g1(ξ1) =Fx1→ξ1[ϕ1(x1)] exp
 


ih1


q
 k21−ξ21





=


= ˆϕ1(ξ1) exp
 


ih1


q
 k12−ξ12



 ,
 g2(ξ1) =Fx1→ξ1[ϕ2(x1)] exp





−ih2


q
 k22−ξ12





=


= ˆϕ2(ξ1) exp
 


−ih2


q
 k22−ξ21



 ,
 Im


q


k12−ξ12>0, Re
 q


k12−ξ12>0,
 q


k22−ξ21=i
 q


ξ21−k22 for ξ12> k22,
 ϕ1(x1) := [v1(x)]Γh1, ϕ2(x1) := [v2(x)]Γh2,


F±1denote the Fourier (direct and inverse) transforms
 ˆ


ϕ(ξ1) =Fx1→ξ1[ϕ(x1)] :=


+∞Z


−∞


ϕ(x1)e−ix1ξ1dx1,


Fξ−11→x1[ψ(ξ1)] := 1
 2π


+∞Z


−∞


ψ(ξ1)eix1ξ1dξ1.



(15)Applying these relations we derive (cf. [10], Lemma 6.1)
 Z


Γh1


∂v1


∂x2


v1ds= 1
 2π


+∞Z


−∞


∂v\1


∂x2



 


Γh1


v\1|Γh1dξ1=


=− i
 2π


+∞Z


−∞


q


k12−ξ21|g1(ξ1)|2dξ1,
 Z


Γh2


∂v2


∂x2


v2ds= 1
 2π


+∞Z


−∞


∂v\2


∂x2



 


Γh2


v\2|Γh2dξ1=


= i
 2π


+∞Z


−∞


q


k22−ξ12|g2(ξ1)|2dξ1,


Im
 Z


Γh1


∂v1


∂x2v1ds≤0, Re
 Z


Γh1


∂v1


∂x2v1ds≥0, (3.16)
 Im


Z


Γh2


∂v2


∂x2


v2ds≥0, Re
 Z


Γh2


∂v2


∂x2


v2ds≤0. (3.17)


In view of (3.16) and (2.6) we see that
 Im


(
 µ


Z


Γh1


∂v1


∂x2


v1ds
 )


=µ2Re
 Z


Γh1


∂v1


∂x2


v1ds+µ1Im
 Z


Γh1


∂v1


∂x2


v1ds≤0. (3.18)


Step4. Let (cf. (3.11))


w(x1) :=u1(x1, f(x1)) =u1(x)|Γ=E(x) = ˜E(x1). (3.19)
 It is evident thatw∈BC(R) and


ZA


−A


|w(x1)|2dx1≤
 Z


Γ(A)


|u(x1)|2ds≤(1 +L2)1/2
 ZA


−A


|w(x1)|2dx1 (3.20)


with the sameLas in (3.9).


Further, we define
 WA(x1) =


ZA


−A


(1 +|x1−y1|)−3/2|w(y1)|dy1. (3.21)
 From (3.14) and (3.15) with the help of (2.16) we easily get


|vj(x;A)|,|∇xvj(x;A)|≤cj(1 +L2)1/2WA(x1) forx∈Γhj, j= 1,2. (3.22)



(16)Forx∈Γhj we have


|uj(x)| ≤cj(1 +L2)1/2


+∞Z


−∞


[1 +|x1−y1|−3/2]|w(y1)|dy1=


=cj(1 +L2)1/2W∞(x1), (3.23)


|uj(x)−vj(x)|, |∇uj(x)− ∇vj(x)| ≤


≤cj(1 +L2)1/2
 Z


R\[−A,A]


[1 +|x1−y1|−3/2]|w(y1)|dy1=


=cj(1 +L2)1/2[W∞(x1)−WA(x1)]. (3.24)
 Using the relations (3.17), (3.21), (3.22), (3.23), and (3.24) we derive


−Im
 Z


Γh2(A)


∂u2


∂x2


u2ds=−Im
 Z


Γh2(A)


∂u2


∂x2


u2− ∂v2


∂x2


v2



 ds−


−Im


" Z


Γh2(A)


∂v2


∂x2v2ds−
 Z


Γh2


∂v2


∂x2v2ds


#


−Im
 Z


Γh2


∂v2


∂x2v2ds≤


≤−Im
 Z


Γh2(A)


∂u2


∂x2


u2− ∂v2


∂x2


v2



 ds−


−Im


" Z


Γh2(A)


∂v2


∂x2v2ds−
 Z


Γh2


∂v2


∂x2v2ds


#


≤


≤
 Z


Γh2(A)



 ∂u2


∂x2


u2−∂v2


∂x2


v2



 ds+


Z


Γh2\Γh2(A)



 ∂v2


∂x2


v2



 ds≤


≤
 Z


Γh2(A)


∂u2


∂x2 −∂v2


∂x2



 |u2|+



 ∂v2


∂x2





|u2−v2|
 


ds+


+
 Z


Γh2\Γh2(A)



 ∂v2


∂x2


v2



 ds≤


≤2c22(1 +L2)
 ZA


−A


[W∞(x1)−WA(x1)]W∞(x1)dx1+


+c22(1 +L2)
 Z


R\[−A,A]


|WA(x1)|2dx1, (3.25)


with somec2>0 independent ofA.



(17)By quite the same arguments we obtain
 Im


(
 µ


Z


Γh1(A)


∂u1


∂x2


u1ds
 )


=µ2Re
 Z


Γh1(A)


∂u1


∂x2


u1ds+µ1Im
 Z


Γh1(A)


∂u1


∂x2


u1ds≤


≤4c21(1 +L2)|µ|
 ZA


−A


[W∞(x1)−WA(x1)]W∞(x1)dx1+


+ 2c21(1 +L2)|µ|
 Z


R\[−A,A]


|WA(x1)|2dx1 (3.26)


with some c1 > 0 independent of A, due to (3.16), (3.18), (3.21), (3.22),
 (3.23), and (3.24).


Now, from (3.10), (3.20), (3.25), and (3.26) it follows that
 ZA


−A


|w(x1)|2dx1≤c∗


(ZA


−A


[W∞(x1)−WA(x1)]W∞(x1)dx1+


+
 Z


R\[−A,A]


|WA(x1)|2dx1


)


+M(A0), A0< A≤+∞, (3.27)
 M(A0) = sup


A>A0


{|µ| |R1(A)|+|R2(A)|}, (3.28)
 c∗= max{2c22(1 +L2),4c21(1 +L2)};


hereA0>0 is an arbitrarily fixed number.


Applying Lemma A in [9] (see also Lemma 6.2 in [10]) from (3.27) we
 conclude thatw∈L2(R) and


Z


Γ


|w(x1)|2dx1≤M(A0).


By the item (i) of Theorem 3.1, (3.11) and (3.19) we then have


u1|Γ, u2|Γ ∈L2(Γ)∩BC1(Γ) (3.29)


and Z


Γ


|uj(x)|2ds≤(1 +L2)1/2M(A0), j= 1,2,


withM(A0) given by (3.28). In what follows we will show thatM(A0) tends
 to zero asA0→+∞.


Step 5. Sinceuj ∈BC1(Ωj,hj), j = 1,2 (see (3.1)) there exist positive
 numbersNj <+∞(depending onhj) such that


|uj(x)|, |∇uj(x)| ≤Nj for x∈Ωj,hj. (3.30)



(18)Therefore, forδj = ε1


8Nj2 >0 we have


f(xZ 1)
 f(x1)−δ1



 ∂u1


∂x1


u1





dx2≤N12δ1= ε1


8|µ|, x1∈R, (3.31)


f(xZ1)+δ2


f(x1)



 ∂u2


∂x1


u2





dx2≤N22δ2= ε1


8, x1∈R, (3.32)
 whereε1is a sufficiently small positive number such thath1< f(x1)±δj<


h2.Forδj>0 let


Ω∗1,h1(δ1) :={x∈Ω1,h1 |h1< x2< f(x1)−δ1},
 Ω∗2,h2(δ2) ={x∈Ω2,h2 |f(x1) +δ2< x2< h2}.
 It can be shown that


dist(Ω∗j,hj(δj); Γ) = inf


x∈Ω∗


j,hj(δj), y∈Γ|x−y| ≥ δj


√1 +L2 >0. (3.33)
 Step6. From (3.12) and (3.13)


|uj(x)|2 ≤2I1j(x;A1) + 2I2j(x;A1),
 where


I1j(x;A1) =


" Z


Γ(A1)


∂G(j)(x, y)


∂n(y) E(y)ds


#2


, (3.34)


I2j(x;A1) =


" Z


Γ\Γ(A1)


∂G(j)(x, y)


∂n(y) E(y)ds


#2


.


Assuming that


x∈Ω∗j,hj(δj), |x1|>2A1, (3.35)
 we have |x−y| ≥ |x1−y1| ≥ |x1|/2 for y ∈Γ(A1) and due to (2.16) and
 Cauchy inequality we get


I1j(x;A1)≤c0j


A1


Z


−A1


dy1


(1 +|x1−y1|)3
 Z


Γ(A1)


|E(y)|2ds≤


≤2A1c0j
 |x1|


2
 −3


kEk2L2(Γ)≤c0jkEk2L2(Γ)|x1|−2, (3.36)
wherec0j does not depend onA1 (note that it depends onδj).



(19)Further, under the conditions (3.35) (for definiteness letx1>2A1) with
 the help of (2.16) and (3.33) we derive


I2j(x;A1)≤(1+L2)














−AZ 1


−∞


+


xZ1−1
 A1


+


xZ1+1
 x1−1


+
 Z∞
 x1+1






 


∂G(j)(x, y)


∂n(y)
 


|E(y˜ 1)|dy1








2


≤


≤c2j(1+L2)














−AZ 1


−∞


+


xZ1−1
 A1


+
 Z∞
 x1+1





 |E(y˜ 1)|


(1 +|x1−y1|)3/2dy1+


+


xZ1+1
 x1−1


|E(y˜ 1)|


|x−y|dy1








2


≤


≤c2j(1 +L2)








+∞Z


−∞


dt
 1 +t3 +


√1 +L2
 δj








2 Z


R\[−A1,A1]


|E(y˜ 1)|2dy1≤


≤c00jkEk2L2(Γ\Γ(A1)), (3.37)


wherec00j >0 does not depend onA1 (note that it depends onδj).


In view of (3.34), (3.36), and (3.37) under the conditions (3.35) we have


|uj(x)|2≤c0jkEk2L2(Γ)|x1|−2+c00jkEk2L2(Γ\Γ(A1)), (3.38)
 wherec0j andc00j do not depend onA1. Therefore, due to (3.11), (3.29) and
 (3.38) we can chooseA1 such that


c0jkEk2L2(Γ)A−21 +c00jkEk2L2(Γ\Γ(A1))< ε1


4mj


and, consequently,


|uj(x)|2≤ ε1


4mj


for x∈Ω∗j,hj(δj), |x1|=A≥A1, (3.39)
 wheremj = 2|µ|Nj(h2−h1).


Step 7. Applying (3.7), (3.30), (3.31), (3.32), and (3.39) and taking
 A≥A1≥A0 we derive


|µ| |R1(A)|+|R2(A)| ≤


≤ |µ|











f(−A)−δZ 1


h1


+


f(−A)Z


f(−A)−δ1


+


f(A)−δZ 1


h1


+


fZ(A)
 f(A)−δ1









 
 


∂u1


∂x1





|u1|dx2+


+











f(−A)+δZ


f(−A)


+


h2


Z


f(−A)+δ


+


f(A)+δZ


f(A)


+


h2


Z


f(A)+δ









 
 ∂u2


∂x1





|u2|dx2≤


≤ |µ|
 


N1[f(−A)−h1] ε1


4m1 + ε1


8|µ|+N1[f(A)−h1] ε1


4m1 + ε1


8|µ|
 


+



(20)+
 ε1


8 +N2[h2−f(−A)] ε1


4m2 +ε1


8 +N2[h2−f(A)] ε1


4m2





≤


≤ε1


4 + 2|µ|N1(h2−h1) ε1


4m1


+ε1


4 + 2N2(h2−h1) ε1


4m2


=ε1.
 Sinceε1>0 is an arbitrary (sufficiently small) number it follows that


A→+∞lim M(A) = 0, (3.40)


whereM(A) is determined by (3.28).


In turn, (3.40) along with (3.29) implies: uj(x) = 0 forx ∈Γ, j = 1,2.


Now, applying the uniqueness results for the Dirichlet problem (see [9],
 Theorem 3.4, and [7], Theorem 3.1) we conclude: uj(x) = 0 in Ωj, j = 1,2.


The proof is complete. 


4. Existence of Solution


4.1. Potentials and integral operators. Let us look for a solution of
 Problem (P) in the form


u1(x) =µ−1W1(ϕ)(x) +µ−1V1(ψ)(x), x∈Ω1, (4.1)
 u2(x) =W2(ϕ)(x) +V2(ψ)(x), x∈Ω2, (4.2)
 where


W1(ϕ)(x) :=


Z


Γ


 ∂


∂n(y)G−(I)k1 (x, y;h2)
 


ϕ(y)ds,


V1(ψ)(x) :=


Z


Γ


G−(I)k1 (x, y;h2)ψ(y)ds,


W2(ϕ)(x) :=


Z


Γ


 ∂


∂n(y)G+(I)k2 (x, y;h1)
 


ϕ(y)ds,


V2(ψ)(x) :=


Z


Γ


G+(I)k2 (x, y;h1)ψ(y)ds;


hereG−(I)k1 (x, y;h2) andG+(I)k2 (x, y;h1) are the impedance Green’s functions
 introduced in Subsection 2.3 for the half-planesUh−2 andUh+1, respectively,
 withh1< f−< f+< h2 (see (2.12), (2.13)).


Recall thatn(x) denotes the unit normal vector to Γ at the pointx∈Γ
directed outward of Ω1. Throughout this section we assume that Γ∈C1,1
if not otherwise stated.
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