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Abstract. The starting point of the analysis in this paper is the following situation: “In
 a bounded domain inÊ2, let a ﬁnite set of points be given. A triangulation of that domain
 has to be found, whose vertices are the given points and which is ‘suitable’ for the linear
 conforming Finite Element Method (FEM).” The result of this paper is that for the discrete
 Poisson equation and under some weak additional assumptions, only the use of Delaunay
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1. Introduction


Finite Element Methods (FEM) are often used in numerical solution algorithms
 for partial diﬀerential equations.


In this paper we consider the Poisson equation and only such conforming methods
 which use triangulations of the domain and where the degrees of freedom are function
 values. For the major part of the article, the linear conforming FEM is discussed.


The starting point of the analysis in this paper is the following situation:


“In a bounded domain in Ê2, which is not necessarily convex, let a ﬁnite set of
points be given. A triangulation of that domain has to be found, whose vertices
are the given points and which is ‘suitable’ for the linear conforming Finite Element
Method (FEM).”



(3)Obviously, in general there exist diﬀerent triangulations with the property that
 the set of vertices is equal to that of the given points.


It is known (see Section 3) that a Delaunay triangulation implies advantageous
 properties for the linear conforming FEM. If an additional condition denoted by (V2)
 is satisﬁed near the boundary, then the oﬀ-diagonal elements of the coeﬃcient matrix
 of the FEM are not positive, which is suﬃcient for a discrete maximum principle.


In this paper it is proved conversely that, if the matrix has this property, then the
 triangulation has to be a Delaunay one and the condition (V2) has to be satisﬁed.


Additionally, a new discrete maximum principle is presented which transfers the
 property of the continuous problem to the discrete one in a natural way. Starting
 from this, it is easy to prove that the above property of the matrix is also necessary
 for this discrete maximum principle.


The last two results are true not only for the linear conforming FEM, but for the
 FEM with the Mini element, too.


2. Finite element method and Delaunay triangulation


2.1. The boundary value problem.


Let us assume that Ω⊂Ê2 is an open, simply connected and bounded polygonal
 domain, not necessarily convex, with the boundary Γ =∂Ω. Further, let Γ1∩Γ2=∅,
 Γ1∪Γ2= Γ, Γ1being closed and the measure of Γ1 being greater than zero.


Consider the boundary value problem


−div gradu=f in Ω,
 u= 0 on Γ1,
 (BVP)


nTgradu= 0 on Γ2.
 The vectorndenotes the unit outer normal on Γ.


2.2. Triangulation and notation.


Let a triangulationT ={t}of Ω be given with the usual properties (cf. [2], [5]).


Especially, the intersection of diﬀerent triangles t1, t2 ∈ T may only contain one
common edge or vertex. Boundaries like that in Fig. 1 are allowed, too. In that case,
the location of points and the triangulation represented in Fig. 1 are permitted,
because the points and triangles on both sides of the boundary are independent of
each other.
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Figure 1. Triangulation of a domain Ω with a crack (detail).


We introduce the following notation:


C(T) ={P ∈Ω : P is a vertex of a trianglet∈T},
 Ci(T) =C(T)∩Ω,


Cb(T) =C(T)∩Γ,


CI(T) =Ci(T)∪ {P∈Cb(T) : P ∈Γ2},
 CB(T) ={P ∈Cb(T) : P ∈Γ1},


N E(P) ={Q∈Cb(T) : P andQare neighbours on Γ} forP ∈Cb(T).
 As in Fig. 1, two points inC(T) may have an equal geometric location (as e.g.R1


andR2).


2.3. FEM solution with linear conforming finite elements.


A weak formulation of the boundary value problem (BVP) reads:


Find u∈V :={v∈H1(Ω) : vΓ


1 = 0}such that
 a(u, v) :=


Ω


(gradu)TgradvdΩ =
 


Ω


f vdΩ =:d(f, v) ∀v∈V.


Using linear conforming ﬁnite elements the corresponding FEM is determined as
 follows:


Find uGh ∈ Vh(T) := {v ∈ C0(Ω) : vt


∈T ∈ P1(Ê2) andv(Q) = 0 forQ ∈CB(T)}
 such that


(2.1) a(uGh, vh) =d(f, vh) ∀vh∈Vh(T)
 withP1(Ê2) := span{1, x, y}.


In the deﬁnition ofVh(T) and in some later notation, the indexhhints at a change
from a continuous to a discrete problem.



(5)Now, using a nodal basis in Vh(T) with functions ΦP for all P ∈ CI(T) and
 denoting the vector of the function values of the solutionuGh of the FEM (2.1) at the
 pointsP ∈CI(T) by uF E a linear system of equations arises, which has the form


(2.2) LF EuF E =bF E.


Here, the stiﬀness matrix LF E, the vector uF E and the right-hand side bF E are
 deﬁned by


(2.3) LF Ekl =a(ΦP,ΦQ), uF Ek =uGh(P) and bF Ek =d(f,ΦP) k, l= 1, . . . , m
 with m = dimVh(T) = |CI(T)|, whereby we assume 0 < m < ∞. Further, the
 pointP belongs to the indexkand the pointQto the indexl.


 1. With the last sentence a duality in notation is introduced. So, in
 the sequel we will use e.g. for the same matrix element the notationLF Ekl as well as
 LF EP Q .


2.4. Delaunay triangulation and condition (V2).


Delaunay triangulations can be deﬁned in diﬀerent ways. Here we will use, as
 in [7]:


Definition 1. A triangulation T is called a Delaunay one iﬀ for any triangle
 t∈T there exists no pointP ∈C(T) in the interior of its circumcircle.


For nonconvex domains it is necessary to modify this deﬁnition (cf. [4]). Therefore,
 for a trianglet∈T we introduce the following notation (see Fig. 2):


Kt= interior of the circumcircle of the trianglet,
 Kt(Ω) =Kt∩Ω,


Kt(Ω, t) = the largest simply connected set inKt(Ω)
 which includes the interior oft.


Definition 1. A triangulation T is called a Delaunay one iﬀ for any triangle
 t∈T the setC(T)∩Kt(Ω, t) is empty.


2. For convex domains Deﬁnitions 1 and 1 are equivalent.


From [9], we recall the following condition for convex domains:


For any two pointsP1, P2∈Cb(T) withP2∈N E(P1) we have forP= 12(P1+P2):


(V2’) Pi−P2Q−P2 for allQ∈C(T) withQ=Pi, i= 1,2.
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Figure 2. Trianglet=P QRand the corresponding setsKt(Ω) andKt(Ω, t) (detail).


For nonconvex domains it is necessary to modify this condition. Therefore, for
 any two points P, Q∈Cb(T) withQ∈N E(P) we deﬁne the half-plane H(P, Q; Ω).


It is bounded byg(P, Q), which denotes the line through the points P andQ, and
 lies along the straight line P Q in the direction to the domain Ω (i.e. in Fig. 1:


H(Q1, R1; Ω) belowQ1R1 andH(Q2, R2; Ω) aboveQ2R2).


The modiﬁed condition (V2’) reads:


For any two pointsP1, P2∈Cb(T) withP2∈N E(P1) we have forP= 12(P1+P2):


(V2) Pi−P2Q−P2 for allQ∈C(T)∩H(P1, P2; Ω) withQ=Pi, i= 1,2.


3. For convex domains the conditions (V2) and (V2’) are equivalent.


3. Some known results


3.1. About the FEM (2.1) and Delaunay triangulations.


For arbitrary triangulations T of Ω and the FEM (2.1) the following is true
 (cf. [2], [8]):


Proposition 1. Lett=P RQbe an arbitrary triangle ofT with P  ∈Γ. Then
 LF EP Q is a sum of two addends, where the one which originated from integration over
 the triangleP RQ, is given by


llP Q(R) :=−1


2cot[ (P RQ)].



(7)Conclusion 1. LetP  ∈Γ1and let P R1QandP R2Qwith R1 =R2 be two
 triangles of the triangulationT which have the common edgeP Q. Then we have


LF EP Q=llP Q(R1) +llP Q(R2) =−1
 2


sin[ (P R1Q) + (P R2Q)]


sin[ (P R1Q)] sin[ (P R2Q)].


Proposition 2. We have


a) LF EP P >0for allP∈CI(T), and
 b) LF EP P =− 


Q=P


LF EP Q ifQ∈CI(T)holds for allQ∈C(T)withLF EP Q= 0.


For Delaunay triangulations and the FEM (2.1) the following is true (cf. [9]).


Proposition 3. If the triangulation is a Delaunay one and(V2)is satisﬁed, then
 we have


a) LF EP Q0forQ=P, and


b) LF EP P








=− 


Q=P


LF EP Q>0 ifQ∈CI(T)holds for allQ∈C(T)withLF EP Q<0,


>− 


Q=P


LF EP Q0 otherwise.


3.2. About maximum principles.


For the Poisson equation the following continuous maximum principle is true
 (cf. e.g. [2]):


Proposition 4 [continuous maximum principle]. For an arbitrary function
 u∈C2(Ω)∩C0(Ω)let


−div gradu0 in Ω.


Then the maximum of u lies on the boundary of Ω. Moreover, if u has a (local)
 maximum inΩ, thenuis constant onΩ.


This continuous maximum principle is not only a mathematical property of the
 solution for the Poisson equation with nonpositive right-hand side. It reﬂects also
 a property of problems modeled by the Poisson equation. That’s why it is of interest
 whether or not a numerical method preserves this maximum principle (cf. also [2],
 [6], [8], [10]).


To get a discrete maximum principle and to deduce it only from properties of
matrices, we have to enlarge the m×mmatrixLF E deﬁned by (2.3) in such a way



(8)that we include the inﬂuence of the whole boundary in the matrix. That’s why we
 introduce them×mˆ matrixL= (LF ELˆF E) with ˆm=|C(T)|and


Lkl =


LF Ekl fork, l= 1,2, . . . , m


LˆF Ekl fork= 1,2, . . . , m and l=m+ 1, m+ 2, . . . ,m,ˆ
 where the elements of them×( ˆm−m) matrix ˆLF E are deﬁned by


LˆF Ekl =a(ΦP,ΦQ) fork= 1,2, . . . , m and l=m+ 1, m+ 2, . . . ,m.ˆ
 Here ΦQ is the nodal basis function in ˆVh(T) ={vh∈C0(Ω) : vh


t


∈T ∈P1(Ê2)}
 for the pointQ.


Further, them-dimensional vectoruF E is enlarged to an ˆm-dimensional vectorU.
 Proposition 5 [a discrete maximum principle]. Let the function f in (BVP)
 satisfyf 0and letuF E ∈Rmbe the corresponding solution of(2.2). If the above
 matrixL= (LF ELˆF E)has the propertyLP Q0 forQ=P, then


(MAX) uF EP = max


Q∈IIP


UQ withP ∈CI(T)results inUQ=constfor allQ∈IIP.


Here IIP :={Q∈C(T) : LP Q= 0}.


 cf. also Section I.3 in [2]). At the beginning, let us point out the fact
 that the statement is also true in the case of nonhomogeneous boundary conditions
 on Γ1, therefore we give the proof in that case.


The following systems of linear equations are equivalent:


LF EuF E =B ⇐⇒ LU =bF E,
 wherebF E is deﬁned by (2.3) andB by


BP =bF EP −


Q∈CI(T)


LˆF EP QUQ ∀P ∈CI(T).


First, because of Proposition 2 we haveLP P =LF EP P >0.


Further, it can be shown thatLP P =− 


Q=P


LP Q.


Now, let us assume that there exists a pointP ∈CI(T) and a pointR∈IIP with
 UR< uF EP = max


Q∈IIP


UQ.



(9)Therefore, becausef 0 results in bF EP 0, we obtain
 0bF EP =BP+


Q∈CI(T)


LˆF EP QUQ=


Q∈CI(T)


LF EP QuF EQ +


Q∈CI(T)


LˆF EP QUQ


=


Q∈IIP


LP QUQLP RUR+uF EP


Q∈IIP,Q=R


LP Q> uF EP


Q∈IIP


LP Q= 0,


which is a contradiction, so that the statement follows. 


By Proposition 3 we get


Conclusion 2. Let the function f in (BVP)satisfyf 0. If the triangulation
 is a Delaunay one and(V2) is satisﬁed, then for the corresponding solutionuF E of
 (2.2)the discrete maximum principle(MAX)is true.


4. Necessary conditions for the nonpositivity of
 the off-diagonal entries of the matrix L


Whereas Proposition 3 gives suﬃcient conditions for the property LP Q  0 for
 Q = P, we prove now that these conditions are also necessary under some weak
 additional assumptions (to get an idea of these additional assumptions (A) and (B)
 see also Fig. 4).


Theorem 1. Let a triangulationTof Ωbe given such that for anyt=P1P2P3∈
 T we have


(A) Pi∈CI(T)fori= 1,i= 2ori= 3and


(B) Pi, Pj∈CB(T)withi=j andi, j∈ {1,2,3}impliesPi∈N E(Pj).


If the matrixLdeﬁned in Section3.2has the propertyLP Q0forQ=P, then the
 triangulation is a Delaunay one.


. First, for P1 = P2 and P3  ∈ g(P1, P2) we deﬁne the half-plane
 Hˆ(P1, P2;P3). It is bounded by the lineg(P1, P2) and contains the pointP3.


Suppose that the assumptions of the theorem are satisﬁed, but the triangulation
 is not a Delaunay one, i.e. by Deﬁnition 1 there exist a trianglet=P QR∈T and
 a corresponding pointS withS∈C(T)∩Kt(Ω, t).


Further, let us assume, without loss of generality, that S  ∈ Hˆ(P, Q;R), which
 yields in P Q ⊂Γ (this is possible because of assumption (A)).


Because of assumption (B) we get P ∈ CI(T) or Q ∈ CI(T). Let us assume
P ∈ CI(T), which implies, that LP Q exists, i.e. in the linear system of equations
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