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Chapter 1 Introduction


The entropy of black holes is a fascinating phenomena. Since 1973, when Bekenstein
 [1] proposed that the entropy of a black hole is proportional to its horizon area,
 there have been many attempts to explain this relation and to find the microscopic
 degrees of freedom of the black hole.


In the string theory, the black holes can be described as a weakly coupled system
 of strings and D-branes (for example [2], [3], [4]) and the entropy is explained by
 the degeneracy of the states of this system. Despite the name of our work, we
 decided to concentrate on a related, but different approach based on a holographic
 duality between a quantum gravity and a quantum field theory in fewer dimensions.


These dualities work very well with string theory [5]. Our approach does not require
 connection to string theory, it works both in the classical general relativity and in
 supergravity theories. In this approach the Bekenstein-Hawking entropy is explained
 as an entropy of a conformal field theory (CFT) ”living” near the horizon, which is
 dual to quantum gravity on the Kerr background.


The possibility, that the charge algebra of asymptotic symmetries can have a
 nontrivial central extension, was first realized by Brown and Henneaux [6] in the
 case of AdS3. This work inspired many of the black hole applications, because they
 often contain AdS-like region. For example the first explanation of black hole entropy
 was done for the BTZ black hole [7] that is embedded in AdS3. Our starting point
 is an article on the Kerr/CFT correspondence [8], which was also motivated by
 the resemblance of the near horizon extreme Kerr geometry to AdS. This article
 describes the entropy of a realistic (although extremal) black hole. It was followed
 by many generalizations (for example [9], [10], [11], [12]).


In our work we try to extend the applications of this approach. First we reformu-
late the Kerr CFT correspondence in context of the whole Kerr spacetime, not just
in the near horizon geometry. This can be done by defining the boundary conditions
and the conformal field theory on the horizon. Then we use this method to compute
the right central charge of the extremal Kerr and we even propose a way how to
compute the entropy of a general non-extremal rotating black hole.



(7)This work is organized as follows. In chapter 2 we introduce the concept of the
 black hole entropy and we discuss the second law of thermodynamics.


In chapter 3 we review the formalism of asymptotic charges and the construction
 of a holographic conformal field theory. Then we use this formalism to find the
 asymptotic charges in general relativity.


Chapter 4 reviews the properties of a non-extremal and extremal Kerr solution,
 because we use the Kerr black hole as a basic example in our work. We review the
 calculation of the extremal Kerr entropy following [8] in chapter 5.


In chapter 6 we rederive the entropy of the extremal Kerr using our new method
 based on the definition of particular boundary conditions on the horizon. Then we
 compare these two approaches and discuss the possible localization of the holo-
 graphic screen. We generalize the results of the previous two chapters to a much
 broader class of black holes in chapter 7.


In chapter 8 we show that there is a second Virasoro algebra on the Kerr back-
 ground and we use it to compute the entropy of the near extremal Kerr. Finally in
 chapter 9 we propose a way how to derive the entropy of non-extremal black holes.


Chapter 10 contains the summary of our results and ideas for future research.


Finally we shall introduce our unit conventions. We set c = G = kB = 1 to
simplify the equations but we keep the value of ~to allow the dimensional analysis
and to stress the quantum effects.
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Chapter 2



Basic Facts about the Black Hole Entropy and Thermodynamics


The entropy of the black holes and the concept of information itself in their presence
 have always been a mystery. The black holes are the simplest macroscopical objects
 we know, they are uniquely determined by their mass, angular momentum and
 charge1. The information about anything that falls into the black hole seems to be
 lost. We cannot say of what kind of particles the black hole consists, if it is made
 of matter or antimatter etc. Actually we have no idea what happens to the matter
 inside the event horizon of the black hole. The equations of motion tell us that it
 falls in the centre, but there is a singularity in the centre of the black hole, where
 the curvature of the spacetime usually diverges. We cannot say if the singularity
 is physical, because when the density of matter becomes comparable to the Planck
 density the quantum gravity has to be applied. In string theory there are certain
 kinds of black holes that can be describes by D-branes and strings wrapped over the
 compact dimensions, so it is possible that the in-falling particles join this system.


But this can be only effective description and the string theory is not proved.


At the first look it seem that the holes break the second law of thermodynamics,
 that the entropy of any thermodynamical system never decreases, because their
 entropy seems to be very small. But when we take a closer look, we can see that
 it is exactly the other way. By the statistical definition the entropy describes the
 number of microstates (more precisely the logarithm of) of an object, that look
 macroscopically the same. As mentioned above the black holes have only several
 macroscopic characteristics, so the matter inside the event horizon can do virtually


1This is not true for higher dimensional black holes. In five dimensions there are black rings,
black saturns, black dirings and other solutions with more parameters. These black holes are
characterized by their charges and rod structure (see for example [13]). In [14] there are derived
new types of black holes in arbitrary dimensions, so the number of characteristics rises with the
dimension of the spacetime. However it seems that the number of parameters of black holes is
much lower that of any other object.



(9)anything and the black hole still looks the same from outside, so the number of
 microstates is extremely high. The entropy of black hole is actually the largest of
 all objects of comparable volume and mass.


The entropy in the classical thermodynamics (for example of an ideal gas) is
 usually proportional to the volume. But there is no well defined volume of the black
 holes, because on a slice of constant time the radial direction becomes timelike
 inside the horizon. The closest analogy of volume is the area of horizon, which is a
 well-defined quantity. The idea that the entropy of black hole is proportional to its
 area was first proposed by Bekenstein in [1]. During the research of black holes it
 was found that the area of black holes never decreases. This is true for all classical
 processes like absorption of particles, extraction of energy and collision of black
 holes. This reminds the second law of thermodynamics, so the entropy should be a
 function of area. By a simple experiment involving absorbtion of particle Bekenstein
 showed that the minimal increase of black hole area is 8π~, which he compared to
 1 bit of information. His result was that the entropy of black hole is SBec = 2πA


~ln 2.
 Now we know that the entropy is slightly different [15]


S = A
 4π~


. (2.1)


More information can be read from another useful relation. The quantities of
 black hole satisfy


dM = κdA


8π + ΩHdJ, (2.2)


where M, J are the mass and the angular momentum, κ is a surface gravity and
 ΩH is an angular velocity of horizon (see section 7.1 for precise definitions). This
 formula can be proven generally and it does not depend on the details of the black
 hole.2 It is remarkably reminding the first law of thermodynamics


dU =T dS+pdV. (2.3)


We can identify the mass of the black hole with its energy and if the area is pro-
 portional to entropy, the surface gravity should be proportional to temperature,
 namely


TH = ~κ


2π. (2.4)


Any object at a finite temperature has to radiate black body radiation to be in
 thermal equilibrium with its surroundings. So at first this concept seemed to be
 ridiculous. The black holes are famous for the fact that nothing that falls in can go
 out. But this is true only on classical level, in [15] Hawking found that the black holes


2This is actually a form for vacuum solutions in four dimensions, because there can be other
terms in presence of charges or more angular momenta in higher dimensions. Nevertheless the
terms above are always present.



(10)can radiate by quantum effects. The black hole emits radiation with temperature
 precisely equal to (2.4), so the temperature and the first law of thermodynamics
 fixes the ratio of the entropy and the area to 4π1


~.


The Hawking radiation can be interpreted in several ways. There is one of the
 classical explanations. Due to quantum fluctuations pairs of virtual particles appear
 near the horizon, one of them has positive energy and the other one negative energy.


Normally the negative energy particle if forbidden, so the particles have to annihilate
 again. However near the horizon the negative energy particle can tunnel inside the
 horizon, where it can exist because of the switch of roles of the time and radial
 direction. So this particle falls into the black hole and decreases its mass, while the
 positive energy particle radiates away.


In the quantum field theory the Hawking radiation is seen in a different way.


There are two different vacua: a vacuum of an observer at the asymptotic infinity
 and a vacuum of an observer freely falling through the horizon, which is associated
 with the black hole. Due to the inaccessibility of the interior of the black hole the
 vacuum state on the horizon is interpreted at infinity as a thermal bath of particles
 that form the Hawking radiation.


The radiation does not break the second law of thermodynamics although the
 entropy of the black hole decreases, because the sum of the entropy of the black hole
 and of the Hawking radiation increases. This way the black hole can in principle
 radiate away all its mass and disappear. In reality it is highly improbable that we
 will ever see such an event. The Hawking temperature and the surface gravity, which
 represents the ”force” that tears the virtual particles apart, decrease with the mass
 of the black hole. In Newtonian gravity the gravitational force is proportional to


M


r2 and the horizon radius of black hole is of order of M, so we can expect that
the temperature is proportional to M1. In four dimensions this relation turns out
to be correct and as a consequence the evaporation time is proportional to M3. A
black hole with a mass comparable to the Sun will evaporate approximately in 1067
years. The temperature of stelar black holes is so small that it is smaller then the
temperature of the relict radiation, so the black holes will not start to evaporate
until this temperature becomes sufficiently small.
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Chapter 3



The Asymptotic Charges and



Construction of Holographic Field Theory


In this chapter we will review the formalism of asymptotic charges and use it to
 predict a holographic field theory.


There are many approaches to the problem of the conserved charges in general
 relativity. There is the classical Hamiltonian formalism [16], [6], the covariant for-
 malism of Barnich, Brandt and Comp`ere [17], [18], [19], the Noether charge approach
 [20], [21], the quasilocal formalism of Brown and York [22] and others.


Is the next section we review the formalism based on Noether charges [20], [21],
 which is summarized in [11] and [23], because we consider it the easiest to under-
 stand, however we mostly use results of [18] and [19].



3.1 Formalism of Conserved Charges


We shall consider a system with action S
 S =


Z


M


L, L=L√


−gdDx=L ∗1, (3.1)


where L is a Lagrangian, L is a Lagrangian density and D is the dimension of the
 spacetime. We denote differential forms by bold letters and ∗ is a Hodge dual. It is
 defined as


(∗w)µ1...µk = 1


(D−k)!µ1...µkν1...νD−kwν1...νD−k (3.2)
 with || = √


−g. So ∗1 is a volume form. The Lagrangian density is considered to
be depending on fields Φa and their derivativesL =L(Φa, ∂µΦa, ∂µ∂νΦa, . . .).



(12)The system has a symmetry if a variation of the action with respect to a generator
 of this symmetry is zero. We shall denote the generator ξ. This means that the
 Lagrangian L has to be invariant up to a total derivative.


δξL=dMξ, ⇒ δξS =
 Z


M


dMξ=
 I


∂M


Mξ = 0 (3.3)


The variation of the Lagrangian can be decomposed as


δξL=EaδξΦa∗1+dΘ(Φa, δξ), (3.4)
 where we recognize the Euler-Lagrange equations of motion Ea= 0. All derivatives
 of δξΦa have been absorbed in the outer derivative of the D−1 form Θ. For every
 symmetry there is a related Noether current Jξ


Jξ=Θ(Φa, δξ)−Mξ. (3.5)


We can see that the Noether current is conserved when the equations of motion are
 satisfied, because


dJξ =dΘ(Φa, δξ)−dMξ=−EaδξΦa∗1= 0. (3.6)
 So the Noether current can be written (at least locally) as Jξ = dQξ, where Qξ is
 a D −2 form. Using the Noether current we can define a conserved charge on a
 spacelike hypersurface Σ as


Qξ =
 Z


Σ


Jξ =
 Z


Σ


dQξ =
 I


∂Σ


Qξ. (3.7)


We can see that the charge can be also defined even on the boundary of Σ usingQξ.
 The consistency requires appropriate boundary conditions to ensure that the charge
 is finite.


We will be mainly interested in symmetries generated by vectors fields ξ. The
 action of ξ on the fields is the Lie derivative δξΦa = £ξΦa. The variation of the
 Lagrangian is


δξL=Ea£ξΦa∗1+dΘ(Φa,£ξ)


=£ξL=d(iξL)−iξdL=d(iξL). (3.8)
 The corresponding Noether current (3.5) is


Jξ =Θ(Φa,£ξ)−iξL. (3.9)
 We can define an analog of the symplectic form Ωab in the classical Hamiltonian
 mechanics by


Ω(Φa, δ, δξ) =
 Z


Σ


w(Φa, δ, δξ), (3.10)



(13)where


w(Φa;δ, δξ) =δΘ(Φa, δξ)−δξΘ(Φa, δ). (3.11)
 If dw(Φa, δ, δξ) = 0 the perturbations of the fields must satisfy the linearized equa-
 tions of motion, because


0 = (δδξ−δξδ)L= (δEaδξΦa−δξEaδΦa)∗1+dw(Φa, δδξ), (3.12)
 so


dw(Φa, δ, δξ) = 0⇒δEaδξΦa=δξEaδΦa = 0. (3.13)
 If these conditions are satisfied then the quantity Ω(Φa, δ, δξ) is conserved, so the
 form w(Φa, δ, δξ) is analogous to the Noether currents (3.5) and Ω(Φa, δ, δξ) to the
 Noether charge (3.7). We shall denote this chargeδQξ. Its meaning is an infinitesimal
 charge associated with the first symmetry computed on a variation of the fields Φa
 caused by the other symmetry.


When dw(Φa, δ, δξ) = 0 we can write w as


w(Φa, δ, δξ) = dkξ(Φa, δ), (3.14)
 wherekξ(Φa, δ) is aD−2 form. So it is possible to expressδQξ as a surface integral


δQξ=
 I


∂Σ


kξ(Φa, δ). (3.15)


The on-shell variation of the Noether current (3.9) is


δJξ =δΘ(Φa,£ξ)−iξδL=δΘ(Φa,£ξ)−£ξΘ(Φa, δ) +d(iξΘ(Φa, δ)). (3.16)
 So we are able to express (3.11) as a total derivative


w(Φa;δ, δξ) = δΘ(Φa, δξ)−δξΘ(Φa, δ) = δΘ(Φa, δξ)−£ξΘ(Φa, δ)


=δJξ−d(iξΘ(Φa, δ)) = dδQξ−d(iξΘ(Φa, δ)). (3.17)
 We read off that theD−2 form kis given by


kξ(Φa, δ) = δQξ−iξΘ(Φa, δ). (3.18)
 If we want the charge (3.15) in a finite form, we have to fix its value for some
 background ¯Φa. The usual choice is Qξ( ¯Φa) = 0. For a different value of fields the
 charge is


Qξ(Φ) =
 Z Φ


Φ¯


Qξ(Φ) =
 Z Φ


Φ¯


I


∂Σ


kξ(Φ, δ). (3.19)


The integral over Φ means that we choose a path in phase space from ¯Φ to the final
value Φ and we integrate over this path. The value of charges is independent on the
choice of path if certain technical assumption are satisfied, see[19].



(14)The symmetries usually form an algebra of the form


[δa, δb] =fabcδc, (3.20)
 wherefabcare structure constants. We want to generalize this algebra to the charges,
 so we define Poisson bracket in analogy with classical Hamiltonian mechanics by


{Qξ, Qζ}P B = Ω(Φa,£ξ,£ζ) =
 Z


∂Σ


kξ(Φa,£ζ). (3.21)
 It can be shown that the Poisson bracket is equal to


{Qξ, Qζ}P B =Q[ξ,ζ]+K[ξ, ζ], (3.22)
 where K[ξ, ζ] is a central term. If the charges of the background are zero, this term
 is equal to


K[ξ, ζ] ={Qξ, Qζ}P B =
 Z


∂Σ


kξ(Φa,£ζ). (3.23)
 The nontrivial part of K[ξ, ζ] is not affected by a constant shift of the charges, so
 we can use (3.23) generally.



3.2 Construction of Holographic Field Theory and Central Charge


This formalism can be used even for analysis of perturbations of the fields and
 asymptotic symmetries. Suppose that we have general fields Φa that asymptotically
 approach background fields ¯Φain the sense that the deviation φa = Φa−Φ¯a is small
 compared to the background. We require that the perturbationsφasatisfy boundary
 conditions that say precisely how big the perturbations can be


φa →O(χa), (3.24)


where χa are some functions of the coordinates. The perturbations φa do not have
 to go to zero, but the usual requirement is Φφ¯aa → 0. By asymptotic symmetries we
 mean transformations that are not exact symmetries but that preserve the boundary
 conditions


δξΦa →O(χa). (3.25)


We can define asymptotic charges associated with the asymptotic symmetries using
(3.15) and (3.19). These charges are asymptotically conserved (∂tQ → 0 near the
boundary) and they satisfy Poisson bracket algebra (3.22). There is a lot of technical
requirements on the generators and the boundary conditions in order to the charges
are well-defined, see for example [19].



(15)The algebra (3.22) has a representation in a form of a D−1 dimensional holo-
 graphic quantum field theory on the boundary and this theory is dual to the pertur-
 bation theory. The canonical quantization is done by replacements of the charges by
 operators ~Qξ →Lξ and the Poisson brackets by commutators{., .}P B → −i


~[., .].


In the rest of our article we will be mostly interested in vectors satisfying algebra
 i[ξm, ξn] = (m−n)ξm+n. (3.26)
 This algebra is called Witt algebra in mathematics, but we will use a different name
 because it is a centerless Virasoro algebra. The charge algebra is a representation of
 the Virasoro algebra with central charge


{Qm, Qn}P B = (m−n)Qm+n+ 1


12¯c(m3+ ¯Bm)δm+n,0, (3.27)
 and after quantization it becomes


[Lm, Ln] = (m−n)Lm+n+ 1


12c(m3+Bm)δm+n,0, (3.28)
 where ¯c = ~c and ¯B = ~B. The constant B is not important because it can be
 absorbed in a shift of L0. The nontrivial information in carried by the constant c,
 which is called central charge. The central term (3.23) is equal to


Z


kξm(Φ, ξn) = −i


12~c(m3+ ¯Bm)δm+n,0, (3.29)
 so the exact prescription for the central charge is


c= 1
 6∂m3


12i


~
 Z


kξm(Φ, ξ−m)
 


. (3.30)



3.3 Application to Gravitational Action


To get the prescription for charges in general relativity, we shall apply this formalism
 to the Hilbert action with cosmological constant


S = 1
 16π


Z


(R−2Λ)√


−gdDx. (3.31)


We do no consider any matter fields. The variation of the Lagrangian is
 δL = 1


16π
 


Rµν− 1


2gµν + Λgµν− ∇µ∇ν +gµν∇ρ∇ρ
 


δgµν∗1. (3.32)



(16)We shall denote δgµν as hµν and h = gµνhµν. Using (3.4) we recognize Einstein’s
 equations in the first part


Rµν− 1


2gµν+ Λgµν = 0. (3.33)


The second part is a total derivative and it gives us the form Θ(gµν, δ)
 Θ(gµν, δ) = 1


16π(dD−1x)µ(∇νhµν− ∇µh) (3.34)
 where


(dD−kx)µ1...µk = 1


k!(D−k)!µ1...µkν1...νD−kdxν1 ∧. . .∧dxνD−k. (3.35)
 After inserting ξ it becomes


iξΘ(gµν, δ) = 1


16π(dD−2x)µν2ξν(∇νhµν− ∇µh). (3.36)
 The Noether current (3.9) is


Jξ = 16π1 (dD−1x)µ(∇νhµν− ∇µh−(R−2Λ)ξµ)


= 16π1 (dD−1x)µ∇ν(∇µξν − ∇νξµ), (3.37)
 where we have used hµν =£ξgµν =∇µξν +∇νξµ and the Einstein’s equations. The
 formQξ and its variations are


Qξ = 1


16π(dD−2x)µν(∇µξν − ∇νξµ) (3.38)
 δQξ = 16π1 (dD−2x)µν h2(∇µξν − ∇νξµ) (3.39)
 +hµρ∇ρξµ−hνρ∇ρξµ−(∇µhνρ− ∇νhµρ)ξρ).


And finally from (3.18) we get formkξ(gµν, hµν)


kξ(gµν, hµν) = 16π1 (dD−2x)µνkξµν (3.40)
 kµν =ξν∇µh+ξµ∇ρhρν+ξρ∇νhρµ+ 12h∇νξµ+hµρ∇ρξν −(µ↔ν).


We will use a slightly different expression obtained in the formalism of [18] where
 kξµν =ξν∇µh+ξµ∇ρhρν+ξρ∇νhρµ+ 1


2h∇νξµ+
 +hµρ∇ρξν +1


2hνρ(∇µξρ+∇ρξµ)−(µ↔ν). (3.41)
These two formulas differ by a term 12hνρ(∇µξρ+∇ρξµ). This term is zero for exact
Killing vectors, but it plays a role for the asymptotic ones.
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Chapter 4



Review of Kerr Spacetime



4.1 General Kerr Black Hole


The Kerr metric describes rotating black hole in four dimensions. It is the most gen-
 eral stationary solution of vacuum Einstein’s equations. The metric was discovered
 by Roy P. Kerr in 1963 [24].


The Kerr metric in Boyer-Lindquist coordinates reads
 ds2 =−∆


ρ2 dt−asin2θdϕ2


+sin2θ


ρ2 (r2+a2)dϕ−adt2


+ ρ2


∆dr2+ρ2dθ2, (4.1)
 where


∆ =r2−2M r+a2, ρ2 =r2+a2cos2θ. (4.2)
 The metric is described by four coordinates. The coordinate t corresponds to a
 proper time of a static observer at spatial infinity. The distance from the black hole
 is described by the radial coordinate r. The coordinates θ and ϕ are angles on a
 sphere of constant time and radius. θ is a polar angle and ϕ is angle around the
 rotational axis. The standard order of the coordinates will be (t, r, θ, ϕ).


The metric has two free parameters M and a. They have a close connection
 to the charges of the black hole. The spacetime is stationary and the metric does
 not depend on two coordinates: t and ϕ. So it has a time-translation and rotation
 symmetries generated by two Killing vectors ∂t∂ and ∂ϕ∂ 1. The Komar integrals or
 the ADM computation give us that the mass of the black hole is precisely equal to
 M in our unit conventions. The angular momentum of Kerr black hole is J =aM,
 so the parameter a is connected to its rotation.


The Kerr black hole has usually two horizons that are located at the radii where


∆(r) =r2−2M r+a2 = 0. This condition gives us
 r± =M±√


M2−a2. (4.3)


1There are actually no other Killing vectors, but the metric has one Killing-Yano tensor, however
this tensor is not relevant for our work.



(18)We can see that the horizon radii become complex if |a| > M. In this case there
 would be no horizons and the spacetime would contain a naked singularity. Such
 spacetimes are considered unphysical, so the value of a is bounded by


−M ≤a ≤M. (4.4)


The Kerr spacetime contains a frame-dragging effect. It can be imagined as if
 the black hole drags the nearby space along, so everything has to move with it.


Any physical observer has to move on a timelike worldline, so consider a stationary
 observer with four-velocity uµ=N(1,0,0,Ω). The four-velocity is normalized as


uµuµ=−1 =N2(gtt+ 2gtϕΩ +gϕϕΩ2). (4.5)
 The normalization constant N is real, so the expression in brackets has to negative.


This condition gives us
 ω−


r


ω2− gtt


gϕϕ ≤Ω≤ω+
 r


ω2− gtt


gϕϕ, (4.6)


where we definedω= ggtϕ


ϕϕ. The expression inside the square root is proportional to ∆,
 so as the observer approaches the horizon the interval of possible angular velocities
 gets narrower and the observer begins to be dragged by the rotating space. On the
 horizon he is forced to move with angular velocity


ΩH = a
 2M r+


. (4.7)


This quantity is called horizon angular velocity. It is a constant, so the entire horizon
 moves as a one solid object. The motionless observer with respect to the black hole
 is not the static one with Ω = 0, but the one that has angular velocity Ω =ω. This
 observer is called zero angular momentum observer (ZAMO).


Another property of the horizon is a surface gravity. It express the acceleration of
 an observer freely falling through the horizon, which is redshifted to spatial infinity.


The redshift in necessary to define this quantity, because the acceleration itself is
 infinite. The surface gravity κ is defined by equation


ξµξν;µ


r=r+ =κξν, (4.8)


where ξ is Killing vector


ξ = ∂


∂t + ΩH ∂


∂ϕ. (4.9)


The surface gravity of Kerr black hole is


κ= r+−M


2M r+ (4.10)



(19)and the associated Hawking temperature (2.4) is
 TH = ~κ


2π = ~(r+−M)


4πM r+ . (4.11)


The final important properties of the horizon we mention are its area
 A=


Z √


gθθgϕϕ


r=r+dθdϕ= 8πM r+ (4.12)
 and the corresponding entropy


S = A


4~ = 2πM r+


~ . (4.13)



4.2 Extremal Kerr


The Kerr black hole becomes extremal if both of the horizons are at the same radius,
 which is equivalent to a condition that the surface gravity is zero. Equation (4.3)
 implies that Kerr black hole is extremal if


M =a ⇔ J =M2 =a2. (4.14)


Both horizon radii become r+ =r− = a (generally we shall use notation r0 for the
 radius of the doubled horizon) and the metric simplifies to


ds2ext=−r2+a(r−a)2cos22θ dt−asin2θdϕ2


+ r2+asin22cosθ2θ((r2 +a2)dϕ−adt)2


+r2+a(r−a)2cos22θdr2+ (r2+a2cos2θ)dθ2. (4.15)
 As mentioned before the Hawking temperature has to be zero


THext = 0. (4.16)


Finally the angular velocity of the horizon and the entropy become
 ΩextH = 1


2a, (4.17)


Sext= 2πa2


~ . (4.18)


The key differences between extremal and non-extremal Kerr is the behavior of


∆ = r2−2M r+a2 near the horizon. This function becomes ∆ = (r−a)2 in the
extremal case, so it goes to zero much faster close to the horizon. This behavior



(20)actually causes that the Hawking temperature vanishes. Another important con-
 sequence is that the proper distance from the horizon to some finite radius R is
 infinite, because the expression


∆s=
 Z R


r0


√grrdr ∼
 Z R


r0


1


r−r0dr= ln(R−r0)−ln 0 (4.19)
 is logarithmically divergent. But a test particle still falls into the black hole in finite
 proper time even though in has to travel infinite distance because of the infinite
 time dilation given by gtt.


The extremal black holes have many useful properties but they probably cannot
exist in the universe, because they cannot be obtained by a finite number of steps
(like an absorbtion of particle) in a finite time. However a black hole can approach
arbitrarily close to the extremality.
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Chapter 5



Extremal Kerr/CFT Review


This chapter contains a review of the article [8]. Our developments are summarized
 in the chapter 6.


The process of the computation of the entropy of extreme Kerr begins by zooming
 to a close neighborhood of the outer horizon. To obtain this near horizon geometry
 we take the metric (4.15), we apply a coordinate transformation


¯t= λ


2at, r¯= r−a


aλ , φ=ϕ− t


2a (5.1)


and then we take the limitλ→0. The shift inϕ”cancels” the frame dragging effect
 near the horizon and transforms the metric into a corotating coordinate system
 (meaning that a particle near the horizon can move with zero angular velocity in
 the new coordinates, the frame-dragging effect with respect to the spatial infinity of
 course remains). The rescaling of the time and radius zooms ”infinitely close” to the
 horizon (in sense of the value of the original coordinates because the proper length
 to the horizon is infinite). The successive limit λ → 0 cuts off the outer parts of
 the spacetime. The result of this procedure is so called near horizon extreme Kerr
 (NHEK) geometry


ds2N HEK = 2a2Ω2(θ)
 


−¯r2dt¯2+d¯r2


¯


r2 +dθ¯2+ Λ2(θ)(dφ+ ¯rd¯t)2
 


, (5.2)
 where


Ω2(θ) = 1 + cos2θ


2 , Λ(θ) = 2 sinθ


1 + cos2θ. (5.3)


This metric was found in [25], where it is studied in detail.


For simplicity we will omit the bars over the coordinates ¯r and ¯t when there is
 no risk of confusion. The slices of constant θ remind AdS3 metric. The space is not
 geodetically complete, so it is possible to do one more coordinate transformation to
 global coordinates


r= ˜r+ cosτ√


1 + ˜r2, (5.4)



(22)t= sinτ


√
 1+˜r2


r , (5.5)


φ= ˜φ+ ln


cosτ+˜rsinτ
 1+sinτ√


1+˜r2





. (5.6)


This transformation is analogous to AdS coordinate transformation between Poincar´e
 and global coordinates. In the global coordinates the metric reads


ds2N H = 2a2Ω(θ)
 


−(1 + ˜r2)dτ2+ d˜r2


1 + ˜r2 +dθ2+ Λ2(θ)( ˜φ+ ˜rdτ)2
 


. (5.7)
 We want to compute the entropy using conformal field theory, so we have to
 define a holographic theory in the NHEK spacetime. First we need to find a proper
 holographic screen. The choice is not obvious. We can use boundary at r = ∞ in
 (5.2) or ˜r = ∞ in the extended space (5.7), in the chapter 6 we consider other
 possibilities. In [8] they decide to work in the global extension, but for example [9]


uses the non-extended spacetime. We choose the NHEK space in form (5.2), but
 both of the metrics (5.2) and (5.7) have the same asymptotic behavior (in their own
 r), so the following calculations are valid in both cases. See chapter 6 for further
 discussion.


Once we have chosen the holographic screen, we begin to study the perturba-
 tions and asymptotic symmetries of the NHEK metric. The choice of consistent
 boundary conditions is also quite problematic, because the asymptotic behavior of
 the metric is different from conventional spacetimes like the Minkowski or AdS. The
 boundary condition must be chosen in such a way that the charges (3.15) related
 to the generators of the symmetry transformations are finite. On the other hand we
 are interested only in such transformations that at least some of the corresponding
 charges are nonzero. This usually leaves only a narrow class of boundary condi-
 tions, however it is sometimes possible to choose which components of the boundary
 conditions will allows symmetries with nontrivial charges and which will not. The
 freedom is mainly in the off-diagonal components (in the standard coordinates). It
 seems that the boundary conditions can be chosen differently for different purposes.


For the NHEK spacetime we choose boundary conditions following [8]


h=














O(r2) O(r−2) O(r−1) O(1)
 O(r−2) O(r−3) O(r−2) O(r−1)
 O(r−1) O(r−2) O(r−1) O(r−1)
 O(1) O(r−1) O(r−1) O(1)














. (5.8)


The boundary conditions should be usually subleading to the metric, which is not
 true in this case, however they still guarantee finiteness of the charges.


The generators of the symmetry transformations of the metric are vectors fields
 ξ. Their action on the metric is given by the Lie derivative, which is defined as


hµν =£ξgµν =gµν,ρξρ+gµρξρ,ν+gνρξρ,µ =ξµ;ν +ξν;µ. (5.9)



(23)We shall call these vector fields asymptotic Killing vector fields, although sometimes
 they will be defined near a boundary, which is not an asymptotic infinity.


The most general vector that preserves these boundary conditions is in the form
 ξF = (C+O(r−3))∂t∂ + (−rF0(φ) +O(1))∂r∂


+O(r−1)∂θ∂ + (F(φ) +O(r−2))∂φ∂ , (5.10)
 where F(φ) is an arbitrary 2π-periodic function. The subleading terms correspond
 to diffeomorphisms with trivial charges. So the nontrivial asymptotic symmetries
 are


ξF =−rF0(φ) ∂


∂r +F(φ) ∂


∂φ. (5.11)


These vectors generate conformal group on the circle. If we define ξm =ξFm, where
 Fm(φ) =−e−imφ, as a basis, the vectors satisfy Virasoro algebra


i[ξm, ξn] = (m−n)ξm+n. (5.12)
 The ξ0 generator is equal to the Killing vector ∂φ∂ generating rotation, so these
 symmetries are extension of the U(1) symmetry.


Using the metric (5.2) and vectors (5.11) we obtain the integral (3.29)
 Z


kξm[£ξng;g] =−ia2(m3+ 2m)δm+n,0 (5.13)
 and we can easily read off the central charge


cL= 12a2


~


= 12J


~


. (5.14)


We denoted this central charge cL, as left-moving, because the Kerr black hole has
 also a right central charge, which will be derived in chapter 8. The notation is just
 a matter of convention, the algebras have different origins.


Now we have to find a temperature of the field theory. We cannot use the Hawking
 temperature (4.16), because it corresponds to a different quantum field, so we have
 to find an effective temperature that describes the distribution of the gravitational
 perturbations created by (5.11).


To compute this temperature we first expand some quantum field Φ into eigen-
 modes of asymptotic energy ω and angular momentum m


Φ = X


ω,m,l


φω,m,le−iωt+imφfl(r, θ). (5.15)
 Then we rewrite the argument of the exponential into the near horizon coordinates
 (5.1)


−iωt+imϕ=−i


λ 2aω−ΩextH ¯t+imφ=−inR¯t+inLφ. (5.16)



(24)This equation defines new quantum numbers nR, nLj
 nL=m, nR = 1


λ(2aω−m). (5.17)


In the Frolov-Thorne vacuum the particles of Hawking radiation with quantum
 numbers ω and m are distributed with a Boltzmann factor [26]


e−~


ω−ΩH m


TH . (5.18)


If we use nL and nR, we can write this expression as
 e−~


ω−ΩH m


TH =e−nRTR−nLTL, (5.19)
 where TL and TR are new effective temperatures associated with quantum numbers
 nL and nR. These temperatures are equal to


TR= r+−M


2πλr+ , TL= r+−M


2π(r+−a). (5.20)


For the extremal Kerr the right temperature is


TR = 0. (5.21)


If we try to compute the left temperature of the extremal Kerr, we end up with
 expression 00. But we can use (5.20) and take a limitM →a. The limit is equal to


TL= 1


2π. (5.22)


We can expect that our field theory is in thermal equilibrium with the Hawking ra-
 diation, so we will use (5.22) as an effective temperature of the theory. A generalized
 formula for effective temperatures can be found in appendix A.


The entropy of an unitary conformal field theory with central charge cL and
 temperature TL is (for large TL) given by Cardy formula (see appendix B)


S = π2


3 cLTL. (5.23)


Now we insert the temperature (5.22) and the central charge (5.14) in the Cardy
 formula (5.23) and we get entropy


S = 2πa2


~


. (5.24)


We see that this value is equal to (4.18) so we have reproduced the Hawking-
 Bekenstein entropy.


This result is not entirely rigorous, because the Cardy formula is proved only for
TL cL, which is not obeyed for black holes larger then Planck scale. Nevertheless
the value (5.24) is correct.
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Chapter 6



Extremal Kerr/CFT without the Near Horizon Limit


The calculation of the entropy of extremal Kerr black hole summarized in the pre-
 vious chapter is based on performing the near horizon limit, which results into a
 new spacetime, which is somehow similar to AdS3. This procedure is repeated in
 most of the other articles about the entropy of extremal black holes (for example
 [27], [10], [11]). We have found that it is possible to repeat the calculations in the
 original spacetime without taking the near horizon limit by postulating boundary
 conditions on the horizon.


We begin with a look on the metric of extreme Kerr, which is given by (4.15)
 ds2E =−r2+a(r−a)2cos22θ dt−asin2θdϕ2


+ r2+asin22cosθ2θ ((r2+a2)dϕ−adt)2


+r2+a(r−a)2cos22θdr2+ (r2+a2cos2θ)dθ2. (6.1)
 As mentioned in section 4.2, the near horizon part of the spacetime has an infinite
 volume because of the behavior of grr. This makes possible to do the scaling limit
 described in chapter 5, which restricts the spacetime to a region ”close” to the
 horizon. If the volume was finite the zooming would cover a space of smaller and
 smaller volume and we would end up with infinitely thin strip of space.


This procedure is not necessary because we can restrict to the near horizon region
 just by considering r close to r0. Instead of (5.1) we make simply the following
 transformation into the coordinate system corotating with the horizon


φ=ϕ−ΩextH t. (6.2)


The metric changes to


ds2 =−r2+a(r−a)2cos22θ


1+cos2θ


2 dt−asin2θdφ2


(6.3)
 +(rr22+a+a22) sincos22θθ





dφ− 2a(rr2−a2+a22)dt2


+r2+a(r−a)2cos22θdr2+ (r2+a2cos2θ)dθ2.



(26)The first nontrivial order of the expansion of (6.4) in powers of (r−a) is exactly
 the same as the near horizon metric (5.2) (up to a shift inr and some rescaling), so
 we can see that the near horizon limit just cuts off the subleading terms.


We choose the following horizon boundary conditions on the horizon


h=














O((r−a)2) O(1) O(r−a) O((r−a)2)
 O(1) O((r−a)−1) O(1) O((r−a)−1)
 O(r−a) O(1) O(r−a) O(r−a)
 O((r−a)2) O((r−a)−1) O(r−a) O(1)














. (6.4)


Additionally we require that hφφ and hrφ are time independent in the first order.


These boundary conditions seem to by physically equivalent to (5.8) although they
 look different. The terms htt and hφφ are of the same order as gtt and gφφ in the
 metric (6.1), while hrr, hθθ and htφ are subleading. The relative behavior of the
 boundary conditions (6.4) with respect to the metric (6.1) is the same as (5.8) to
 (5.2).


These boundary conditions are preserved by vectors


ξF = (C+O(r−a))∂t∂ + (−(r−a)F0(φ) +O((r−a)3))∂r∂


+O(r−a)∂θ∂ + (F(φ) +O((r−a)2))∂φ∂ , (6.5)
 which also look like (5.10). The nontrivial part of this vector field is


ξ =−(r−a)F0(φ) ∂


∂r +F(φ) ∂


∂φ, (6.6)


where F(φ) is again an arbitrary periodic function, which we expand in Fm(φ) =


−e−imφ, and ξm =ξFm represent the basis of the generators.


The computation of the central charge and effective temperature can formally
 proceed in the same way as in chapter 5. The integral defining the central charge
 (3.29) with inserted metric (6.4) and vectors (6.6) is near the horizon equal to


12i
 Z


kξm[£ξng;g] = (12a2m3+ 24a2m)δm+n,0+O(r−a). (6.7)
 As we evaluate it on the horizon, the subleading term vanishes and we see that the
 central charge is equal to


cL= 12a2


~


= 12J


~


. (6.8)


This value is the same as (5.14).


The effective temperatures also come out identical as in the previous chapter,
because the transformation of ϕ in (5.1) is the same as (6.2). Only this coordinate
transformation is important in this calculation, because the change of r does not



(27)even appear and the rescaling of time matters only inTR, which is zero anyway. The
 equation (A.7) and coordinate transformation (6.2) give us values of the effective
 temperatures


TR = TH


~ →0, TL= 1


~


TH


ΩH −ΩextH → 1


2π. (6.9)


The temperature and the central charge are the same as before, so it is not
 surprising that we obtain the correct entropy once again


S = π2


3 cLTL = 2πa2


~


. (6.10)


So what is the difference between the approaches in this and the previous chap-
 ter? We will show that they describe the same physical situation and we just look
 from a different point of view. The main difference between our approach and the
 original Kerr/CFT is of course the fact that we define the boundary conditions on
 the horizon of the full Kerr spacetime instead of at asymptotic infinity of the NHEK
 space. But the whole NHEK geometry is actually contained in the neighborhood of
 r = a in the full spacetime. To specify this claim, only the metric (5.2) is part of
 Kerr solution but not the extension (5.7). The coordinate transformation between
 the two NHEK metrics is analogous to the same one in AdS. It was first used in [25]


and the motivation for it was the geodetical completeness of the spacetime. This
 is relevant for computation of charges in AdS, but we see no reason why the near
 horizon spacetime should be geodetically complete. The near horizon geometry is
 a segment of the Kerr spacetime close to the horizon. Any particle in the NHEK
 region can escape it if it falls through the horizon in the interior of the black hole
 or if it flies away to some finite radius r. The particle can do this in a finite proper
 time so this spacetime should not be geodetically complete. The global extension
 is certainly correct from the mathematical point of view, but we think that it is
 unphysical in this context.


In chapter 5 we defined boundary conditions at infinity of a space that is ”in-
 finitely close” to a horizon. So what sense can we make of this? The clash between
 the two infinities suggests that the boundary conditions are defined somewhere be-
 tween the end of the near horizon region and the ”finiter” region, but the distances
 there are infinite, so it is difficult to localize the boundary conditions from the global
 point of view.


So we shall take a different approach. When we use the NHEK metric (5.2) and
 the vectors (5.11) the integral (5.13) is equal to


Z


kξm[£ξng;g] =−ia2(m3+ 2m)δm+n,0. (6.11)
This is true even away from the boundary and there are no corrections, so the
integral gives us the correct central charge at any value of ¯r. We can actually demand



(28)certain behavior of the perturbations in the whole NHEK spacetime and we have
 still guaranteed that there are symmetries with finite and nonzero charges. So we
 can construct the CFT on a screen of any radius with the same characteristics and
 entropy. This agrees with the fact that (5.11) is the near horizon part of (6.6).


From the global point of view the metric (5.2) is just the leading order of the
 expansion of (6.1) as noted before. The two metrics can match only whenr−aa,
 so the whole NHEK geometry is contained in the infinitesimal neighborhood ofr=a.


The vector field (6.6) becomes (5.11) after the near horizon limit. So the integrals
 (6.11) and (6.7) differ only in a subleading term and this term vanishes when we
 evaluate the integral on the horizon or when we perform the near horizon limit. The
 left central charge computed in the whole space reduces to the one in the NHEK
 geometry. However this is not true for the right central charge, which is lost in the
 near horizon limit as we shall see in chapter 8.


There is a question if the boundary conditions on the horizon describe the right
 degrees of freedom. So let’s take some boundary conditions and evaluate charges
 (3.19) on the horizon. If the boundary conditions are too weak, the charges are
 divergent, which means that we have deformed the Kerr metric beyond the linearized
 theory. If the boundary conditions are too strong the charges are zero and do not
 create any states in the field theory. The remaining boundary conditions, that has
 finite charges, correspond to the degrees of freedom of the CFT. But are the degrees
 of freedom really located at horizon? Any perturbation can be expanded in (r−r+)
 and we can see that what matters is only the part that is of the same order as the
 allowed boundary conditions. When the perturbation is located far away from the
 black hole its near horizon part much smaller that our boundary conditions and it
 does not correspond to any state in the field theory. When the perturbation is of the
 same order as the boundary conditions, it can do anything far from the horizon (go
 to zero, constant or infinity) and it’s contribution will be still the same. So the CFT
 reflects only the near horizon degrees of freedom of the perturbations and ignores
 anything far away.


Finally we shall have a look at the advantages and disadvantages of both proce-
dures. They give us the same results in these calculations. The original procedure is
fully dependent on the existence of the scaling limit, so it cannot be generalized to
non-extremal black holes (at least we do not know how). It covers the near horizon
region in much more detail, so it may depict the near horizon behavior in more
detail, although we do not need it. Our procedure in the whole spacetime has the
advantage that it can be simply generalized to non-extremal black holes. It sim-
plifies the idea of computation of the black hole entropy, although the numerical
calculations are mostly quicker in the NHEK geometry.
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Chapter 7



CFT Duals for General Extremal Black Holes


In this chapter we generalize the results of the two previous chapters to general
 extremal black holes in arbitrary dimension. Our results are quite similar to [11],
 but we show that they can be computed in different way.



7.1 Some General Properties of Higher Dimen- sional Black Holes


We shall consider black holes inD dimensions withR×U(1)k isometry group. The
 number of rotational symmetries k is usually equal to D−1


2


, but it can be larger
 if we consider black holes of toroidal horizon topology (the explicit form of the
 near horizon geometries of such black holes were found in [28]). The symmetries are
 generated by Killing vector fields ∂t∂ and ∂ϕ∂i. We shall use the following coordinates:


the time coordinatet , radial coordinater with required property thatr is constant
 on the horizons, k angles ϕi and l=D−k−2 remaining polar anglesθa.


We assume that the metric of our black hole takes form


ds2 =−∆(r)A(r, θa)dt2+ C(r,θ∆(r)a)dr2+Dab(r, θa)dθadθb (7.1)
 +Bij(r, θa)(dϕi−(ΩiH++ (r−r+)ωi(r, θa))dt)(dϕj −(ΩjH++ (r−r+)ωj(r, θa)dt).


The zeros of the function ∆ determine the location of horizons. We will consider ∆
in the form ∆(r) = (r −r+)(r −r−), where r+, r− are radii of the horizons, any
furtherr-dependence can be absorbed inAandC. The functionsA(r, θa),Bij(r, θa),
C(r, θa) andDab(r, θa) are regular functions on the horizons. The combination ΩiH++
(r− r+)ωi(r, θa) (where ΩiH+ are constants and ωi(r, θa) are regular functions at
horizon) determines the angular velocity of the ZAMO observers. We have divided
this function in such a way that ΩiH+ is angular velocity of the outer horizon, but it




    
  




      
      
        
      


            
    
        Odkazy

        
            	
                        
                    



            
                View            
        

    


      
        
          

                    Stáhnout nyní ( PDF - 56 Stránka - 852.31 KB )
            

      


              
          
            Outline

            
              
              
              
              
              
                              
    Entropy of Near Extremal Black Holes
                              
    Comparison to Other Approaches
              
              
            

          

        

      
      
        
  Související dokumenty

  
    
      
          
        
            Foundations of Geometry
        
      

        By adopting the hypothesis we have, it is evident that we cannot demonstrate Pas- cal’s theorem, providing we regard our geometry of space as a part of a geometry of an arbitrary

    
      
          
        
            This process is de- scribed by non-linear reaction-diﬀusion equation with the speciﬁc initial-boundary conditions
        
      

        In our model we take into account only diﬀusion and velocity of chemical reaction near the surface of the crystal and suggest applying non-linear reaction-diﬀusion equation with

    
      
          
        
            Topic-Focus Articulation in PDT: Prosodic Characteristics of Contrastive Topic Kateřina Veselá, Nino Peterek and Eva Hajičová
        
      

        We focused our observation on details of the difference between the initial and the final value of the sector and we were interested the in number of occurrences of  segments

    
      
          
        
            Involvement of Membrane Fluidity in Endogenous Protective Processes Running on Subcellular Membrane Systems of the Rat Heart
        
      

        In our research, we have been oriented to  extension of knowledge about the regulatory role of  subcellular membranes for function of the heart in health  and disease. We

    
      
          
        
            Regular triangulation in 3D and its applications: technical report no. DCSE/TR-2009-03
        
      

        In the third part, we show the results of our research – we describe our method of computation of channels in dynamic proteins and a novel algorithm for point deletion in

    
      
          
        
            Characterizationoffunctionswithzerotracesviathedistancefunction HanaTurˇcinov´a MASTERTHESIS
        
      

        In this chapter we show the background of our problem of characterization of functions with zero traces from Sobolev spaces using the distance function from the boundary.. We

    
      
          
        
            GENERALIZED MEAN POROSITY AND DIMENSION
        
      

        In this paper, we define a generalized version of mean porosity and, by applying this concept, we will prove an essentially sharp dimension estimate for the boundary of a domain

    
      
          
        
            Genome reprogramming during the first cell cycle of embryonic development IRENA BARNETOVÁ
        
      

        In  our  previous  work  we  have  used  iICSI  for  mouse  interspecies  embryo  production  (Barnetova  et  al.,  2010)  and  we  observed  different  capabilities  of  ovulated

      



      

    

    
            
                        
             Nahrajte své studijní materiály ke stažení všech dokumentů.

            
              

                        
  

                
            
            
        
        Nahrát
                

            Váš dokument bude obohacen, sdílen na 9PDF CZ, aby vám pomohl při studiu.

          

                    
      
  Související dokumenty

  
          
        
    
        
    
    
        
            Holidays that we celebrate in the Czech Republic, the UK and the USA
        
        
            
                
                    
                    31
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            Commentationes Mathematicae Universitatis Carolinae
        
        
            
                
                    
                    18
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            MilanMarešAdditivitiesinfuzzycoalitiongameswithside-payments Kybernetika
        
        
            
                
                    
                    19
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            Veřejná příloha21871_nemj09.pdf, 794.7 kB
                
                
                  
                    Stáhnout
        
        
            
                
                    
                    23
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            Phishing detection using naturallanguageprocessing
        
        
            
                
                    
                    87
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            EﬃcientRenderingofEarthSurfaceforAirTraﬃcVisualization F3
        
        
            
                
                    
                    122
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            MaksymBotsuliak Musicvisualization Bachelor’sthesis
        
        
            
                
                    
                    71
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            PetrMarek IntelligentAlgorithmsforOptimalExplorationandExploitationinDynamicenvironments
        
        
            
                
                    
                    44
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

      


              
          
            
          

        

          

  




  
  
  
    
      
        Společnost

        	
             O nás
          
	
            Sitemap

          


      

      
        Kontakt  &  Pomoc

        	
             Kontaktujte Nás
          
	
             Feedback
          


      

      
        Legal

        	
             Podmínky Použití 
          
	
             Zásady Ochrany Osobních Údajů
          


      

      
        Social

        	
            
              
                
              
              Linkedin
            

          
	
            
              
                
              
              Facebook
            

          
	
            
              
                
              
              Twitter
            

          
	
            
              
                
              
              Pinterest
            

          


      

      
        Získejte naše bezplatné aplikace

        	
              
                
              
            


      

    

    
      
        
          Školy
          
            
          
          Témy
                  

        
          
                        Jazyk:
            
              Čeština
              
                
              
            
          

          Copyright 9pdf.info © 2024

        

      

    

  




    



  
        
        
        
          


        
    
  
  
  




     
     

    
        
            
                

            

            
                                 
            

        

    




    
        
            
                
                    
                        
                            
  

                            

                        
                            
  

                            

                        
                            
  

                            

                        
                            
  

                            

                        
                            
  

                            

                    

                    
                        

                        

                        

                        
                            
                                
                                
                                    
                                

                            

                        
                    

                    
                        
                            
                                
  

                                
                        

                        
                            
                                
  

                                
                        

                    

                

                                    
                        
                    

                            

        

    


