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A hybrid spectral and finite element method for coseismic and postseismic deformation
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Abstract


We investigate the elastic and viscoelastic responses of the Earth to a sudden slip along a fault. Firstly, equations describing the
 Earth’s infinitesimal deformations for elastic and viscoelastic rheological models are introduced within the weak formulation and
 the theorems of existence and uniqueness of solutions are demonstrated. Three-dimensional numerical method, which combines the
 2D finite element method in a plane perpendicular to the fault with application of the Fourier transform in the direction along the
 fault, is described. We then discuss several numerical benchmarks. At the end, the coseismic deformation and the Coulomb stress
 for the August 14, 2003 earthquake on the Lefkada island in Greece are computed incorporating also the influence of topography.


We demonstrate that the results are sensitive to both source interpretations and the epicenter area topography.


© 2007 Elsevier B.V. All rights reserved.


Keywords:Weak formulation; Finite element method; Spectral decomposition; Seismic source; Coulomb stress; Topography effect


1. Introduction


Various computational methods have been proposed for postseismic viscoelastic relaxation modelling. The simplest
 models consisting, for example, of an elastic layer over a homogeneous viscoelastic medium can be solved analytically
 or semi-analytically for both Cartesian and spherical geometries (e.g.,Singh and Rani, 1993, 1994; Yu et al., 1996;


Sun and Okubo, 2002; Sun, 2004; Singh and Singh, 2004; Hetland and Hager, 2005). Multilayered Maxwellian models
 are usually studied by means of the normal mode technique, which was originally developed for postglacial rebound
 modelling(Pollitz, 1992, 1997, 2003; Piersanti et al., 1995, 1997; Sabadini and Vermeersen, 1997; Soldati et al., 1998,
 2001; Boschi et al., 2000; Cesca et al., 2000; Nostro et al., 2001; Melini et al., 2004). In the case of fully 3D rheology
 or complicated geometrical structures, a local numerical method is needed. The most popular is the 3D finite element
 method (FEM), which was employed in various models(Yoshioka and Tokunaga, 1998; Yoshioka and Suzuki, 1999;


Suito and Hirahara, 1999; Suito et al., 2002; Hu et al., 2004; Cianetti et al., 2005)is, in general, also suitable for contact
 problems of complex fault system (e.g.,Xing and Mora, 2006; Xing et al., 2006).


However, in many common geological situations, variations of the rheological structures in the horizontal direction
 along a fault are negligible (or unknown). The aim of this study is to demonstrate that in such cases 2D finite elements
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(2)in the vertical plane perpendicular to the faults can be successfully combined with spectral decomposition in the
 remaining horizontal direction. We will first deal with an elastic coseismic response to a 2D general slip along a fault
 and then we will study postseismic relaxation of Maxwellian rheological models.


In order to obtain reliable numerical method we start with the weak formulation of the corresponding system of
 partial differential equations including also the proofs of existence and uniqueness of the solution. Our effort is then
 concentrated to the numerical implementation of 2D linear finite elements combined with the 1D Fourier transform;


results of several benchmarks are demonstrated. At the end we also present computations of the Coulomb stress
 distribution for selected Greek earthquakes including topographical effects.


The description of the problems including equations and formulations are presented in Sections2 and 3, the weak
 formulation is mentioned in Section4and the detailed proofs are explained inAppendix A. In Section5, the theoretical
 approach of spectral decomposition is introduced. Section 6 describes the employed slip function and numerical
 methods and the results are demonstrated in Section7.


2. Fundamental equations
 2.1. Equation of motion


The linearized equation of motion for a solid, which can be found, e.g., inDahlen and Tromp (1998), is given by


∇ ·τ−ρ0[∇ϕ1+2ω×∂tu+∂ttu−(∇ ·u)g0er+ ∇(g0u·er)]=0, (2.1)
 whereudenotes displacement,τthe incremental Cauchy stress tensor andϕ1stands for changes of the gravitational
 potential due to deformation. The coefficientρ0is a reference density of the Earth,g0its gravitational acceleration,ω
 the angular frequency of rotation of the Earth, the vectoreris a radial unit vector pointing from center of the Earth and


∂tu(∂ttu) denotes first (second) partial derivatives with respect to time.


In this section we introduce the equations that are used to describe the deformation of the elastic and viscoelastic
 inhomogeneous Earth. The Earth is considered to be a deformed body with pre-stress caused by hydrostatic pressure
 and self-gravitation. However, we will not deal with wave phenomena in this study and thus both the inertial force
 ρ0∂ttuand the Coriolis force−ρ02ω×∂tuwill be omitted. Moreover, in regional studies the self-gravitation, which
 is described by the term−ρ0∇ϕ1, can be also neglected.


2.2. Rheological models


To complete the description of the Earth behavior, we consider two alternative rheological models. One of them is
 the elastic rheology given by Hooke’s law


τ−λ(∇ ·u)I−2με(u)=0, (2.2)


whereλandμrepresent the elastic Lam´e coefficients,Ithe identity tensor andεis the small strain tensor.


The second relation is for the Maxwell viscoelastic rheology given by the formula


∂


∂tτ− ∂


∂t[λ(∇ ·u)I+2με(u)]+μ


η[τ−K(∇ ·u)I]=0, (2.3)


whereηdenotes the dynamic viscosity.


The small strain tensorε(u) is defined as


ε(u)=12(∇u+(∇u)T). (2.4)


The bulk modulusKcan be expressed as the linear combination of Lam´e coefficients


K=λ+23μ. (2.5)


3. Formulation of the problem in cartesian geometry


We are dealing with elastic and viscoelastic response of the Earth to a slip along a fault. Even for large earthquakes
the fault extent is not larger than tens of kilometers and thus the curvature of the area, which is used for our numerical
computations, can be neglected.



(3)Fig. 1. Vertical cross-section of a 3D domainΩ. BoundaryΓ1denotes the surface of the Earth,Γ2are the boundaries of the area under the Earth’s
 surface and the fault is denoted byΓ.


3.1. Elastic problem


We aim to solve the system of equations


∇ ·τ+ρ0[(∇ ·u)g0ez− ∇(g0ez·u)]=0, inΩ, (3.1a)


τ−λ(∇ ·u)I−2με(u)=0, inΩ, (3.1b)


for the unknown incremental displacementu=u(x) and the incremental stressτ=τ(x). DomainΩ⊂R3is bounded
 and has a Lipschitz boundary. The vectorezis a unit vector pointing upward in the direction of thez-coordinate. The
 coefficientsρ0,g0are assumed to depend only onz.


As it is shown inFig. 1, the external boundary of the domainΩis divided into partsΓ1andΓ2. The equations are
 then followed by the boundary conditions


τ(x)·n=0, onΓ1, (3.2a)


u(x)=0, onΓ2, (3.2b)


where the vectornis the outward unit normal to∂Ωand the setsΓ1andΓ2are non-empty and open with respect to


∂Ω. The first condition describes a free-surface. The second condition corresponds to the fact that for sufficiently huge
 computational domainΩthe displacement is very small on the subterranean boundaries ofΩ.


The slip is introduced by means of the inner boundary condition


[u(x)·n]+−=0, onΓ, (3.3a)


[u(x)−(u(x)·n)n]+−=fΓ(ξ), onΓ, (3.3b)


[τ(x)·n]+−=0, onΓ, (3.3c)


whereξdenotes a coordinate vector in the fault plane and the vectornis the unit normal to the faultΓ.


We then require the continuity of the normal component of displacement and of all components of the fraction,
 whereasfΓ describes the slip along the fault.


3.2. Viscoelastic problem


The second problem is time-dependent for the case when the Earth behaves like a Maxwell viscoelastic body. We
 have thus the following system of equations


∇ ·τ+ρ0[(∇ ·u)g0ez− ∇(g0ez·u)]=0, inΩ×I, (3.4a)


∂tτ−∂t[λ(∇ ·u)I+2με(u)]+μ


η[τ−K(∇ ·u)I]=0, inΩ×I, (3.4b)



(4)where the unknownsu=u(x, t) andτ=τ(x, t) are now time-dependent.I =[0, T], T >0,is the considered time
 interval. All the coefficientsρ0,g0,λ,μ,Kandηare considered to be time independent.


The Eqs.(3.4a) and (3.4b)are solved for the initial conditions


u(x,0)=0, inΩ, (3.5a)


τ(x,0)=0, inΩ, (3.5b)


the boundary conditions(3.2a) and (3.2b)and the slip conditions(3.3a)–(3.3c)which now holds for allt∈[0, T].


4. Weak formulation of the problems and existence and uniqueness theorems
 4.1. Elastic problem


Because of the discontinuity of the solution inside the areaΩit is reasonable to split a functionuto two parts
 u≡


u¯ +f, inΩf,


u¯, inΩCf =Ω\Ω¯f, (4.1)


whereΩf ⊂Ω¯f ⊂Ωis a domain of non-zero measure, which is located on the one side to the fault and particular
 shape of this domain is arbitrary. Letfbe a function, which fulfill these conditions


TΓf =fΓ and T∂Ωf\Γf =0, (4.2)


whereTdenotes the trace operator.


Deﬁnition 4.1. Let


V ≡ {v∈[W1,2(Ω)]3;v|Γ2 =0}. (4.3)


where W1,2(Ω) denotes the Sobolev space.1 We say that function u=u¯ +f is a weak solution of the problem
 (3.1)–(3.3) if


u¯∈V, f∈[W1,2(Ωf)]3satisfies the conditions (4.2) and (4.4a)





Ω


[2με( ¯u) :ε(U)+λ(∇ ·u)(∇ ·¯ U)] dx+
 


Ω


ρ0[∇(g0ez·u)¯ −(∇ ·u)g¯ 0ez]·Udx


=−





Ωf


2με(f) :ε(U) dx−
 


Ωf


λ(∇ ·f)(∇ ·U) dx−
 


Ωf


ρ0


∇(g0ez·f)−(∇ ·f)g0ez


·Udx, ∀U∈V
 (4.4b)
 Theorem 4.2(Existence and uniqueness of the elastic problem). Let the space V be deﬁned by(4.3)and furthermore,
 let


P ≡ {A∈[L2(Ω)]3×3;A=AT}. (4.5)


Let the following conditions hold2,3:


• μ, λ, ρ0∈L∞(Ω),g0∈W1,∞(Ω),f∈[W1,2(Ωf)]3satisﬁes(4.2)


• 0≤λ(x), 0< μ0≤μ(x)almost everywhere(a.e.)inΩ


• 0< Cab:=2μ0CK−(1+√


3)||ρ0||∞||g0||1,∞


1Sobolev spaceW1,2(Ω) stand for square integrable vector functions with square integrable derivatives and the scalar product (u,v)=


Ω(uv+


∇u:∇v) dx, where : denotes the total scalar product of tensors.


2CKis a constant which occurs in Korn’s inequality.


3The spaceL∞(Ω) contains just all measurable functions onΩandW1,∞(Ω) is the space of function fromL∞(Ω) with measurable derivatives.



(5)Then the problem(4.3)and (4.4)has a solutionu¯∈V which depends on the functionf.For one particular slipfΓ


we have a unique solutionτ∈P andu≡u¯ +f.
 Proof. SeeAppendix A. 


4.2. Viscoelastic problem


For the viscoelastic problem we have the following weak formulation:


Deﬁnition 4.3. We say that the functionsu=u¯+fandτ=σ+λ(∇ ·u)I+2με(u) represent a weak solution of
 the viscoelastic problem (3.3)–(3.5) if


u¯∈W1,2((0, T);V),


σ∈L2((0, T);P), ∂tσ∈L2((0, T);P),
 f∈[W1,2(Ωf)]3


whereW1,2((0, T);V) andL2((0, T);P) denotes Bochner spaces.4Further the functions ¯uandσsatisfy the equations
 


Ω


[2με( ¯u) :ε(U)+λ(∇ ·u¯)(∇ ·U)] dx+
 


Ω


ρ0[∇(g0ez·u¯)−(∇ ·u¯)g0ez]·Udx+
 


Ωσ:ε(U) dx


= −
 


Ωf


2με(f) :ε(U) dx−
 


Ωf


λ(∇ ·f)(∇ ·U) dx−
 


Ωf


ρ0[∇(g0ez·f)−(∇ ·f)g0ez]·Udx, ∀U∈V
 (4.6a)
 


Ω


∂tσ:Sdx+
 


Ω


μ


ησ:Sdx+
 


Ω


2μ2


η ε( ¯u) :Sdx−
 


Ω


2
 3


μ2


η (∇ ·u)Tr¯ Sdx


= −
 


Ωf


2μ2


η ε(f) :Sdx+
 


Ωf


2
 3


μ2


η (∇ ·f)TrSdx, ∀S∈P (4.6b)


for a.e.t∈(0, T)
 with the initial condition


σ(x,0)=0, inΩ. (4.7)


Theorem 4.4(Existence and uniqueness of the viscoelastic problem). Assume that the same conditions as in the case
 of the elastic problem are satisﬁed and furthermore let


∃η0: 0< η0≤η(x), a.e. inΩ. (4.8)


Then the problem(4.6) and(4.7)has a solutionu¯ which depends on functionf and for one particular slipfΓ we
 have a unique solutionu,τandσ.Moreover,


u¯∈C([0, T];V), τ∈C([0, T];P), σ∈C([0, T];P).


Proof. SeeAppendix A. 


4 Given a measure space (T,F, μ), a Banach space (X,|| · ||X) and 1≤p≤ +∞, the Bochner spaceLp(T;X) is defined to be the space of all
 measurable functionsu:T →Xsuch that the corresponding norm is finite:


uLp(T;X):=





T


u(t)pXdμ(t)


1/p


<+∞, for 1≤p <∞.


The Bochner spaceWp,q(T;X) can be defined similarly way.



(6)5. Spectral decomposition of the 3D problem


Now we are going to explain a hybrid method, which we have used for numerical computations. We split 3D domain
 Ωto a 2D vertical domain (x, z) perpendicular to the fault and the remaining 1D horizontal dimension along the fault
 plane marked byy.


A finite element method in the 2D area and a Fourier transform decomposition in the third dimension are used. We
 can use the Fourier transform with respect to the coordinateybecause the material parameter depend only on depth
 and moreover, there is no discontinuity in this horizontal direction.


5.1. Fourier transform


We cannot use a Fourier decomposition in the depth dimensionz, because of depth-dependance of material param-
 eters. In horizontal directionx, perpendicular to the fault, the discontinuity of displacement will appear. Thus, for the
 decomposition we choose the direction along the fault plane, which is denoted byy.


v(x, kˆ y, z) 1


√2π
  ∞


−∞v(x, y, z) e−ikyydy. (5.1)


We are transforming the real 3D problem into the problem of searching for Fourier images in the 2D domain. Afterwards
 we find this images for different coefficientsky, we will use the inverse Fourier transform to obtain 3D functions.


v(x, y, z)= 1


√2π
  ∞


−∞v(x, kˆ y, z) eikyydky (5.2)


5.2. Elastic problem


We transform now the Eq. (3.1) to their Fourier image and then derive the weak formulation. We substitute forτto
 this equation of motion from Hooke’s law.


∇ ·[λ(∇ ·u)I+2με(u)]+ρ0[(∇ ·u)g0ez− ∇(g0ez·u)]=0, inΩ. (5.3)
 In the Fourier domain we get


∂x[λ(∂xuˆx+ikyuˆy+∂zuˆz)+μ∂xuˆx]+μ(iky∂xuˆy−k2yuˆx)+∂z[μ(∂xuˆz+∂zuˆx)]−ρ0g0∂xuˆz=0 (5.4)
 λ(iky∂xuˆx−k2yuˆy+iky∂zuˆz)−2μky2uˆy+∂x[μ(ikyuˆx+∂xuˆy)]+∂z[μ(ikyuˆz+∂zuˆy)]−ρ0g0ikyuˆz=0 (5.5)


∂z[λ(∂xuˆx+ikyuˆy+∂zuˆz)+μ∂zuˆz]+∂x[μ(∂zuˆx+∂xuˆz)]+μ(iky∂zuˆy−k2yuˆz)


+ρ0g0(∂xuˆx+ikyuˆy)−ρ0∂zg0uˆz=0. (5.6)


To derive the weak formulation of these equations, we multiply them by a test function, integrate over 2D domain
 and finally integrate by parts:


−
 


Ω2D


{[λ(∂xuˆx+ikyuˆy+∂zuˆz)+μ∂xuˆx]∂xUˆx+μ(∂xuˆz+∂zuˆx)∂zUˆx}dx
 +





Ω2D


[μ(iky∂xuˆy−ky2uˆx)−ρ0g0∂xuˆz] ˆUxdx=0 (5.7)


−
 


Ω2D


{μ(ikyuˆx+∂xuˆy)∂xUˆy+μ(ikyuˆz+∂zuˆy)∂zUˆy}dx+
 


Ω2D


[λ(iky∂xuˆx−ky2uˆy+iky∂zuˆz)−2μk2yuˆy


−ρ0g0ikyuˆz] ˆUydx=0 (5.8)


−
 


Ω2D


{μ(∂zuˆx+∂xuˆz)∂xUˆz+[λ(∂xuˆx+ikyuˆy+∂zuˆz)+μ∂zuˆz]∂zUˆz}dx+
 


Ω2D


[μ(iky∂zuˆy−ky2uˆz)
+ρ0g0(∂xuˆx+ikyuˆy)−ρ0∂zg0uˆz] ˆUzdx=0, (5.9)



(7)where ˆUi are test functions independent upon y. Now we have 2D problem, where ky appears only as a
 parameter.


The displacement will be split in same way as was shown in the previous section ˆu=uˆ¯ +f.ˆ
 5.3. Viscoelastic problem


For this problem it is possible to use the same Fourier transform as in the elastic case and except the number of
 unknowns the derivation is very similar.


6. Numerical method


Fig. 2shows a float chart which describes our numerical process.


6.1. Slip function


This section deals with numerical realization of the slip functionf, which will be used in our benchmarks and test
 cases. The function describe displacement on a fault and, simultaneously, it has to be defined to be continuous on some
 support domain with non-zero measure.


6.2. 2D case


First, we introduce a mapping which will transform domainΩf to plain-coordinate support of an afterward defined
 function. This mapping is supposed to contain an inclination under specific angle, resize of dimensions and also shift
 of zero coordinations.


The parameters of the mapping are (seeFig. 3)


• x0:x-coordinate of the center of the fault on domainΩ;


• z0: depth of the center of the fault from surface of Earth;


Fig. 2. Float chart of the numerical method.



(8)Fig. 3. MappingP: (x, z)→(p1, p2).


• d1: half of the length of the fault;


• d2: width of the domainΩf, where the functionfis defined;


• oa: size of the outside part of the slip functionfΓ, where the functionfis continuously changing its value from 0
 to 1;


• ob: the second size of outside part of the slip functionf;


• M: the amplitude of the slip function;


• α: angle of the fault inclination tox-coordination, i.e., the dip angle.


The mappingP : (x, z)→(p1, p2) is now defined as follows
 p1= 1


d1[+cosα(x−x0)−sinα(z−z0)]; p2= 1


d2[−sinα(x−x0)−cosα(z−z0)] (6.1)
 We have previously we introduced the main functionf, let us define the auxiliary function


o=oa+p2(ob−oa), (6.2)


which expresses the size of outside borders, where the slip will be smoothed by the function cos2.


Fig. 4. Scalar functionfon unit domain with coordinatesp1andp2.



(9)Fig. 5. Fault location is determined by these three angles.


The scalar function (seeFig. 4) describing the shape of the fault is defined as follows


f(x, z)≡


⎧⎪


⎪⎪


⎪⎪


⎨


⎪⎪


⎪⎪


⎪⎩


0, (|p1|>1)∨(p2∈/(0,1))


cos2
 π


2p2



 ,





|p1|<1− o
 d1





∧(0< p2<1)
 cos2


π
 2p2



 cos2


π
 2


(|p1| −1)d1+o
 o





, (|p1|>1− o
 d1


)∧(|p1|<1)∧(0< p2<1)


. (6.3)


To get the vector functionf, which gives the direction of the faulting we will multiply the scalar functionfby
 tangential vectort=(cosα,−sinα). Apart that we also add the amplitudeM


f =Mft. (6.4)


6.3. 3D case


In a real 3D case we add following parameters.


• y0:y-coordinate of the center of the fault on domainΩ;


• d3: half length of the fault alongy-coordinate;


• o3a: size of the outside part of the slip function;


• fΓ: alongy-coordinate, where the functionfis continuously changing its value 0–1;


• o3b: size of the outside part analogically as in case ofob;


• β: angle of the fault inclination to they-coordinate, i.e., the rake angle, seeFig. 5.


Now we use the same scalar function as in the 2D case in the coordinates (x, z) and denote it asf2D. In the third
 coordinatey, we are going to define the 3D function by a similar way as it was done in the case of the 2D function in
 coordinatep1.


f(x, y, z)≡


⎧⎪


⎪⎪


⎨


⎪⎪


⎪⎩


0, |y−y0|> d3


f2D(x, z), |y−y0|< d3−o3


f2D(x, z) cos2
 π


2


|y−y0| −d3+o3
 o3





, d3−o3<|y−y0|< d3


, (6.5)


whereo3=o3a+p2(o3b−o3a) is a function defined analogously as functionoin the 2D case. When we transform
 above function base to the Fourier domain, we obtain


fˆ(x, ky, z)f2D(x, z)√
 2π3/2
 (π2−ky2o23)ky


sin


ky(2d3−o3)
 2



 cos


kyo3


2
 


[cos(kyy0)−i sin(kyy0)]. (6.6)
 This scalar function is again multiplied by an amplitudeMand tangential vectort=(cosαsinβ,cosβ,−sinαsinβ)
 which gives us the direction of the faulting as


fˆ =Mfˆt. (6.7)



(10)Fig. 6. Finite elements. (a) Adapted mesh. (b) Elements for the displacementsuiand the stressesτi.


6.4. Finite element method


The computation mesh has been adapted according to the particular fault inclination, as you can see inFig. 6(a).


We have thus used also the trapezoid elements except the standard oblong elements. Further, we have adjusted the size
 of elements according to the distance from the fault in order to get the best resolution of the fault.


The domainΩis covered by a set of elementsTh. Let us denoteB1,B2the sets of nodes which are lying on the
 boundary portionsΓ1,Γ2, respectively. Then we can define finite element spaces


Vh≡ {v∈[C(Ω)]2;vi|K∈Q1(K),∀K∈Th, i=x, z;v(N)=0∀N∈B2}


Ph≡ {p∈[L2(Ω)]3;pi|K =const.,∀K∈Th, i=xx, xz, zz} , (6.8)
 i.e., continuous bilinear elements are used for the displacement field and discontinuous constant elements for the
 stressesτ andσ. The dimensions are presented only for the 2D case. In three dimensions we have not only more
 coordinates but also complex functions because of the Fourier transform. It means that dimensions for 3D case are 6
 and 12.


Fig. 6(b) shows the degrees of freedom of the used elements. We note that even when we increased a number
 of degrees of freedom (e.g., quadratic elements), the results were not significantly improved, which gave us a good
 argument to use rather a higher number of linear elements.


6.5. Time discretization


In the case of viscoelastic problem we deal with the equations, where the time derivatives appear and except the
 spatial discretization we also need to deal with the numerical time scale. The equations are in the form


∂tA(x, t)+B(x, t)=0. (6.9)


We have used Crank–Nicolson scheme and got
 A(x, ti+1)−A(x, ti)


t +B(x, ti+1)+B(x, ti)


2 =0. (6.10)


Particularly, the equation describing the Maxwell rheology yields the form
 σi+1−σi


t + μ


2η(σi+1+σi)+μ2
 η





ε(ui+1+ui)−1


3∇ ·(ui+1+ui)I
 


=0. (6.11)


Stability of this scheme does not rely on the step length, i.e., the chosen scheme is unconditionally stable.



(11)6.6. Practical implementation


The numerical simulations were performed by means of the modified 2D finite element code, originally
 Navier–Stokes equation solver programmed by Hron during his PhD work(Hron and Turek, 2006). We added mainly
 the Fourier transform, the 3D mesh generator and the PREM model (seeDziewonski and Anderson, 1981). The GMRES
 method with ILU preconditioning was used as a linear solver(Bramley and Wang, 1997).


7. Geophysical models


In this section we present both 2D and 3D benchmarks.


7.1. 2D benchmark


The first example is taken fromTeisseyre (1986), which was employed as the 2D benchmark of our method. The
 geometry of a domain is shown inFig. 7(a). In this example, we used constant Lam´e coefficients and the equation
 did not contain the pre-stressed force and the self-gravitation term. For this example we used a special slip function
 f, which is composed from function defined in the above mentioned workTeisseyre (1986)and supplied by function
 cos2as follows,


f(p1, p2, q)≡cos2
 π


2p2
 ×


⎧⎪


⎪⎨


⎪⎪


⎩


3q−1+p1


2q3 (1−p1)2, (1−p1)≤2q


−p31+3p1+2−3q(p1+1)2


2(1−q)3 , (1−p1)>2q


, (7.1)


for p1∈[−1,1], p2∈[0,1] and q∈(0,1). The plots of the functions for the coefficientsq=0.3, 0.5 and 0.7 are
 presented inFig. 7(b).


AsFig. 8shows, our results are almost identical with the results presented inTeisseyre (1986).Fig. 9shows the
 plots of vertical displacement on the whole domainΩ. Note that the computation was done on the mesh with 55,250
 elements and 209,010 degrees of freedom.


7.2. 1923 Kanto earthquake


This model is again fromTeisseyre (1986), where comparison of the numerical results with the real observed values
 for this Japanese earthquake (magnitudeMS =8.2) was presented. Here we consider a fault in 3D domain (seeFig. 10)
 and also the equation of motion contains the pre-stressed force and the self-gravitation term. The equation coefficients
 (density, Lam´e coefficients, gravitation acceleration) are computed from the PREM model.


The fault parameters:x0=0,y0=0,z0=13.75 km,d1=27.5 km,d2=10 km,d3=42.5 km,oa=0, ob=
 10 km,o3a=2 km,o3b=10 km,M=6.71 m,α=30◦andβ=153.44◦.


Fig. 7. Definition of the 2D example fromTeisseyre (1986). (a) The geometry of dip-slip fault. (b) Scalar rupture functionffor three different value
of parameterq.x-Axis is oriented along the rupture and the distanceLis measured from the upper end of the fault.



(12)Fig. 8. Surface vertical displacementsuzfor three different values of parameterqand uniform slip. On thex-axis is distance from imaginary
 intersection of fault tangential vector and Earth surface. (a) Results fromTeisseyre (1986). (b) Results computed by our method.


Fig. 9. Vertical displacementuz[m] on domainΩfor three different values of parameterqand for uniform slip. The scale is in km. (a)q=0.3, (b)
 q=0.5, (c)q=0.7, (d) Unit slip.


Fig. 10. Model geometry. The slip on the fault is schematically shown in the small rectangle.



(13)Fig. 11. Horizontal and vertical displacements. On the left figures, the arrows show the sizes and directions of the horizontal displacements (scale
 is in m), on the right figures, the vertical displacements are presented with scale in cm. (a) Observed values. (b) Calculated values according to the
 model presented in Teisseyre (1986). (c) Results from our hybrid method (FEM+Fourier transform).


Since this problem is three-dimensional and the equations contain 18 unknowns, we have used the FEM
 on 2D mesh with 2400 elements and 35,118 degrees of freedom. The final 3D mesh then contains 470,400
 elements.


The results of our method are shown inFigs. 11 and 12. These figures also show the results fromTeisseyre (1986)
 and observed displacements. The model from the book used slightly different Lam´e coefficients than our PREM values.


Nevertheless, an agreement with our results is satisfying.



(14)Fig. 12. Surface strain changesτxx+τyyin MPa. The left figure shows the result fromTeisseyre (1986)and the right figure shows the result from
 our hybrid method.


Note that in the model presented inTeisseyre (1986)a uniform slip on the whole fault is used. However, we changed
 a little bit our slip function by non-zero parametero3ain order to avoid the inaccuracy, which could arise from the
 spectral transform of such a discontinuous function.


7.3. Viscoelastic 2D test


Now we turn our attention to the problem with the Maxwell rheology describing time relaxation of displacement
 and stress. This benchmark is again inspired by the bookTeisseyre (1986). The assumed model of the Earth consists
 of an elastic plate of thickness 120 km overlying a viscoelastic layer. The behavior of lithosphere (elastic plate) is
 described by the Hooke’s law and for the asthenosphere (viscoelastic layer) the Maxwell rheology is used. Analyzing
 the equations of the mentioned rheologies we can notice that the case involving the Hooke’s law is actually the limit
 of Maxwell rheology when we put viscosityη→ ∞. From this point of view we can say that the interface between
 the layers causes only changes in the coefficients of the equation.


The calculation was performed for the three different faults:


(a) placed between the Earth’s surface and the depth 90 km,


(b) connected fault situated from the depth 90 km to the asthenosphere,
 (c) going through the whole lithosphere, i.e., (a)+(b).


The faults are displayed inFig. 13. We chose viscosityη=1022 Pa s for the asthenosphere layer. From this value
 also the Maxwell timeτ =2η/μ=23.8 kyear is determined, which represents the characteristic relaxation time.


Fig. 13. The model geometry,aandbdenote two different sizes of the faults.



(15)Fig. 14. Coseismic and postseismic vertical surface displacement. On the left figures the plots fromTeisseyre (1986)are presented, on the right
 figures our results are shown. The plots, taken for the cases (a) and (b), shows the elastic displacements in timet=0 (denoted by solid lines) and
 viscoelastic displacements in timet=2τ(dashes lines). From all the viscoelastic results forτ=0 the elastic displacements are subtracted. In the
 case (c), in which the fault is composed together from faults (a) and (b), only the viscoelastic displacements are presented. The considered values
 areH=120 km and|f| =10 m.


The computing mesh contained 7950 elements with 40,158 degrees of freedom.


Let us comment in detail the comparison of our results with the solution fromTeisseyre (1986)in this viscoelastic
 model. As it is shown inFig. 14, there are substantial differences in the cases (a) and (c). The reason, why the results
 in the case (b) are in good agreement is that the active part of the fault is not reaching the surface of the Earth. The
 problems with faults which intersect the surface of the Earth are connected with the basic assumptions of our method.


It is not possible to create displacement, which has discontinuity on the boundaryΓ1, where we have the boundary
condition τ·n=0. This condition is contained directly in the weak formulation and fixes the values at boundary
points. This inaccuracy is already present in the elastic displacement in timet=0, where on the left side from the fault
the values are not fitting the exact solution. This exerts, after substraction of much higher values of elastic displacement,



(16)Fig. 15. From the left, shear stress changeτ=t·τ·n, normal stress changeσ=n·τ·nand Coulomb stressCFF, are presented. These
 figures are taken fromKing and Cocco (2001).


surely important effect on the viscoelastic relaxation. Note that these inaccuracies were already slightly appearing in
 our model of Kanto earthquake. However, with regard to the fact that we computed only elastic displacements in that
 case, it was not significantly obvious.


7.4. Coulomb stress


When we try to predict how large is the impact exerted by previously broken fault to some near inactivated fault,
 we need to compute the incremental Coulomb stress. Basically we compute distribution of incremental stress around
 the first fault and recompute this values to a second potentially dangerous fault. The formula for incremental Coulomb
 stress is


CFF=τ+μσ, (7.2)


whereτ=t·τ·nis the shear stress change,σ=n·τ·nthe normal stress change,nandtthe normal and tangent
 vectors to fault under interest andμis the coefficient of friction usually chosen to be around 0.6.


InFig. 15the stresses, when the normal and tangent vectors of the inactivated fault are the same as those of the
 broken fault, are presented. We obtained the results, which are shown inFig. 16. Furthermore, we have added a plot
 showing isosurfaces of constant Coulomb stress.


The particular parameters of the slip functionf are:x0=0,y0=0,z0=7.5 km,d1=5 km,d2=5 km,d3=
 8 km,oa=0,ob=5 km,o3a=0.1 km,o3b=8 km,M=0.6 m,α=90◦andβ=180◦.


We chose the parameters of the Fourier decomposition with regards to steep part of functionfaskstep=0.0158 and
 n=1600. However, even though we have used relatively large number of Fourier coefficients, there are still visible
 small inaccuracies.


The 2D mesh contains 1820 elements with 33,342 degrees of freedom. The final 3D mesh then contain 1,019,200
 elements.


7.5. Lefkada and Cephalonia earthquakes—inﬂuence of source inversion and topography effect


The earthquake from 14th August 2003 on the Lefkada island in Greece will be now used to demonstrate the
 Coulomb stress computations in a real simulation. The data were firstly presented inKarakostas et al. (2004). We have
 used the PREM model for densities and Lam´e coefficients.


The fault parameters are:x0=0,y0=0,z0=7.5 km,d1=5.196 km,d2=5 km,d3=8 km,oa=0,ob=5 km,
 o3a=0.1 km,o3b=8 km,M=0.6 m,α=60◦andβ= −175◦.


The parameters of the Fourier decomposition arekstep=0.0632,n=800.


The complete orientation of the Lefkada fault is (18◦, 60◦,−175◦), where the angles denote (strike, dip, rake).


The Coulomb stress is computed for the orientation of the Cephalonia fault (28◦, 82◦, 172◦), which the center point
locate inx1= −1.31 km,y1= −37.47 km. The results obtained by our model can be compared with the results from
Karakostas (2004) inFig. 17.



(17)Fig. 16. Results of Coulomb stresses (values are in MPa). The distance scales are given in km. (a) Shear stress changeτ. (b) Normal stress
 changeσ. (c) Coulomb stressCFF. (d) Coulomb stressCFF in logarithmic scale (not in MPa). (e) Isosurfaces of constant Coulomb stress, the
 blue isosurface denotesCFF=0.1 MPa, the red isosurface denotesCFF=0.1 MPa. (For interpretation of the references to color in this figure
 legend, the reader is referred to the web version of the article.)


An alternative analysis byZahradn´ık et al. (2005) found that there were at least two separated sources of the
 observed earthquake. According to the analysis, the orientation of the Lefkada fault was (17◦, 88◦,−177◦), the size
 of the fault plate is 18 km×9 km and the slip amplitude was|f| =0.6 m. The orientation of Cephalonia fault was
 (24◦, 74◦, 164◦), the sizes were 15 km×7.5 km, and|f| =0.9 m. Note that our calculation should represent only
 an attempt to calculate stress changes produced by such a two-source event. The problem is that our method is not
 able to cover the situation when the two faults have different inclinations iny-axis. In this particular example we
 omit the 7◦dip angle difference and we consider the faults to be placed in the same plane with their centers to be
 distant 37.5 km.


The parameters of the fault f1 are: x0=0, y0=18.75 km, z0=7.5 km,d1=4.5 km,d2=5 km, d3=9 km,
oa=0,ob=4.5 km,o3a=0.1 km,o3b=9 km,M=0.6 m,α=88◦andβ= −177◦.



(18)Fig. 17. Incremental Coulomb stressCFF in the depth of the middle of the Lefkada fault (7.5 km). The scale is logarithmic. (a) Result from
 Karakostas et al. (2004), it is placed according to longitude and latitude of real fault (the scale is in 105Pa). (b) Our results without the right
 inclination of the fault. The distance scale is in km. On the bottom of the figure is marked the Cephalonia fault.


The parameters of the faultf2are:x0=0,y0= −18.75 km,z0=7.5 km,d1=3.75 km,d2=5 km,d3=7.5 km,
 oa=0,ob=3.75 km,o3a=0.1 km,o3b=7.5 km,M=0.9 m,α=74◦andβ=164◦.


The parameters of the Fourier decomposition arekstep=0.0316,n=800.


We calculate the Coulomb stress for the plane with the orientation (20.5◦, 81◦, 173.5◦), which is as an average value
 of angles of both active fault planes.


We can see from the plots inFig. 18that the place with the highest increment of the Coulomb stress is between the
 faults, where is thus potentially the highest risk of further earthquake. However, we do not know the stresses which
 were accumulated in this area before the 2004 earthquake, and thus we are not able to speculate about the whole stress.


We chose the dimensions of the computation domain to be 120 km×120 km×30 km in both interpretations. The
 2D mesh contained 1820 elements with 33,342 degrees of freedom in both computations. The final 3D mesh thus
 contained 1,019,200 elements.


Finally we present how a topography of the surface can influence the results. Application of FEM allows us to change
 the elevation of the surface along thexdirection, and thus to incorporate a topography slope of the Mediterranean
 area around the Greek islands. To obtain an approximation of real topography effects we recalculate the one-event


Fig. 18. Incremental Coulomb stressCFF in the depth of the middle of the broken faults (7.5 km). The scales are in 105Pa. (a) The result presented
by Suleyman Nalbant (personal contact), the faults are inclined according to the Earth coordinates. (b) Our result without right inclination. The
distance scale is in km.



(19)interpretation of the Lefkada earthquake with 3 km decrease of the topography on the sea side and 1 km increase on the
 continental side.Fig. 19showsx, y, zdisplacements and the Coulomb stress for (a) flat surface, (b) “real” topography
 and (c) differences of both results. The differences are distinctive, up to 30% in case of displacements and up to 33%


in case of Coulomb stress.


There are ambiguities in seismic source inverse problems. An example is the interpretation of the 2003 Lefkada
 earthquake where it is hard to resolve between one-event and double-event interpretations obtained from the Greek
 seismic network data. However, our simulations show that the stress distributions are substantially different. Moreover,
 the topological effect is also non-negligible. Further progress in both seismic source modelling and coseismic response
 computations including real topographies are thus needed to obtain more reliable estimates of seismic hazard by means
 of the Coulomb stress calculations.


8. Concluding remarks


It is obvious that there are high computer memory and time requirements if 3D FEM is applied to problems, where
 high resolution is needed. On the other hand, we need not take into account structural changes in a horizontal direction
 along the fault in many common problems. Such problems can be thus decoupled in the spectral domain corresponding
 to this direction. We have demonstrated that the corresponding spectral—finite element method is than efficient for
 both coseismic and postseismic relaxation computations.


The efficiency of this approach becomes more substantial when time-dependent problems of postseismic relaxation
 are solved, an example of such a modelling is given in Fig. 14. Note that viscoelastic phenomena are important
 especially for buried faults where singular magnitudes of the stress can be obtained at the places of abrupt slip changes
 on a fault.


If we add the inertial term into the equation of motion, we obtain hyperbolic equation, which represents wave
 propagation. However, wave propagation simulations require to significantly shorten the time step in the temporal
 discretizations. We are in principle able to get also the wave propagation, however, there are lots of complicated
 numerical aspects, e.g., the energy conservation, mesh resolution, non-reflective boundary conditions and so on.


Further work is needed to extend our approach, e.g., for simulation of the so-called tsunamigenic seafloor defor-
 mation. To create a model of this coupled tsunami-seismogenic problem it will be necessary to adapt our method for
 seismic wave propagation in a 3D domain with a thin uppermost water layer and then in the second step to compute a
 shallow water equation problem over the 2D surface domain. The sea floor depthη(x, y, t) taken from the 3D model
 would serve as the source term in the water equation.


Acknowledgments


We are grateful to Dave A. Yuen for his comments support and encouragement, Milan Pokorn´y for his help with
 proving mathematical theorems, Jaroslav Hron for providing us with his 2D FEM code, Libor Inoveck´y for long
 discussions and two anonymous reviewers for their constructive comments. The output of 2D and 3D results were
 visualized by using the freely available GMV software, seehttp://www-xdiv.lanl.gov/XCM/gmv/GMVHome.html.


This research was supported by the Czech National Foundation under the grant No. 205/03/0778 and by the research
 project MSM 0021620800 of the Czech Ministry of Education.


Appendix A


Both proofs provided below are done in a similar way as one can find inInoveck´y (2003).


Proof(Existence and uniqueness of the elastic problem). We are going to provide the proof for the weak formulation
 (4.4). From the Lax–Milgram theorem (seeNeˇcas and Hlav´aˇcek, 1981), we prove the existence for ¯u, which will be
 uniqueness for chosen functionf. Further we add a proof of the claim that functionuis not depend on this arbitrary
 slip functionfand it is thus uniqueness for a prescribedfΓ.


For the Lax–Milgram theorem to be applied, we need to show boundedness and ellipticity of bilinear forms and
 also the boundedness of the RHS From basic inequalities we get


||∇ ·U||22≤3||∇U||22, ||ε(U)||2≤ ||∇U||2; ∀U∈V (A.1)



(20)Fig. 19. Surface displacements and surface Coulomb stress for the Lefkada earthquake. In the left column there are the results for a model with a
flat surface, the middle column corresponds to the model with a non-flat topography and the right column shows the differences between the both
models. The fault has a real Earth inclination. Displacement scales are in meters and the stress scales are in MPa. The scales in the right column are
different. (a) Horizontal displacementux. (b) Horizontal displacementuy. (c) Vertical displacementuz. (d) Coulomb stress.



(21)and from H¨older inequality we obtain boundedness of the formsa(·,·) andb(·,·)


|a(U,V)| ≤(2||μ||∞+3||λ||∞)||U||V||V||V =:||a||||U||V||V||V (A.2a)


|b(U,V)| ≤(1+√


3)||ρ0||∞||g0||1,∞||U||V||V||2=:||b||||U||V||V||2, (A.2b)
 where we defined||a||and||b||to be linear combinations of the coefficient norms.


We get the boundedness of the RHS by using of the trace theorem and the boundedness of the formsa(·,·) and
 b(·,·):


F1(U)≤(||a|| + ||b||)||f||1,2,Ωf||U||V. (A.3)
 To proveV-ellipticity of bilinear forma(·,·) we use the following lemma (seeNeˇcas and Hlav´aˇcek, 1981).


Lemma A.1(Korn’s inequality). LetU∈V ≡ {v∈[W1,2(Ω)]3;v|Γ2 =0},where subsetΓ2is non-empty,open with
 respect to∂Ω.Then there exists constantCK(dependant onΩandΓ2)that this holds





Ωε(U) :ε(U) dx≥CK||U||2V. (A.4)


Under the assumption that the Lam´e coefficients obey the inequalities


0≤λ(x), 0< μ0≤μ(x); a.e. inΩ, (A.5)


the bilinear forma(·,·) fulfills
 a(U,U)=





Ω


2με(U) :ε(U) dx+
 


Ω


λ|∇ ·U|2dx≥2μ0





Ω


ε(U) :ε(U) dx, (A.6)


or


a(U,U)≥2μ0CK||U||2V, ∀U∈V. (A.7)


From thisV-ellipticity of the bilinear forma(·,·) and the boundedness of the bilinear formb(·,·), we getV-ellipticity
 of the whole LHS of (4.4), if the condition


0< Cab:=2μ0CK−(1+√


3)||ρ0||∞||g0||1,∞ (A.8)


is satisfied.


Now we can use the Lax–Milgram theorem and we have thus existence of one ¯ufor any chosenf. We prove
 uniqueness ofuin a following way: we choose two different slip functionsf1=f2and show that if both of them
 have the same trace onΓ, thenu1=u2.


First, we subtract these two functions and denote their difference asf, then we know thatTΓf =0 andf∈V.
 From the Lax–Milgram theorem we gain the existence of ¯u1and ¯u2and Eq. (4.4) thus yields


a( ¯u1−u¯2,U)+b( ¯u1−u¯2,U)=F1(U), ∀U∈V, (A.9)


where the functionf∈V is in the formF1(·). We can thus rewrite bilinear formsa(·,·) andb(·,·):


a( ¯u1−u¯2+f1−f2,U)+b( ¯u1−u¯2+f1−f2,U)=0, ∀U∈V. (A.10)
 This relation already shows


u¯1+f1=u¯2+f2 (A.11)


and thusu1=u2. From Hooke’s law we have also uniqueness of the stressτ. 


Proof(Existence and uniqueness of the viscoelastic problem). The formulation (4.6) shows that the first equation is
 time independent and thus we can make the estimate separately and then we will not need to consider it in the following
 steps.


The proof of existence and uniqueness for the second evolutional equation is done by the Galerkin method (see
Evans, 1998). First, the solutionσ will be approximated on the finite dimensional subspace of the spacePby the
Galerkin approximations. Further, we will prove boundedness of the solution sequence in the proper Bochner space
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