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Monetary unions can create incentives for opportunistic behavior amongst
 participating scal authorities. This paper examines the role of decit restric-
 tions in mitigating these incentives in a simple dynamic model of a monetary
 union. The interaction amongst scal authorities is modeled as a repeated
 game. Decit limits are shown to reduce the maximal payos and raise the
 minimal payos available to scal authorities. Thus, at the cost of some e-
 ciency, they entail a reduction in the multiplicity of equilibria. The analysis is
 then extended to the case of a monetary union experiencing country specic
 endowment shocks. These are shown to enhance the cost of decit limits. The
 analysis is primarily numerical, employing new techniques from computational
 game theory.
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1. INTRODUCTION


A central feature of the European Union's Maastricht Treaty is the Ex-
 cessive Decit Procedure (EDP). The EDP is a set of scal restrictions
 on the members of the European Monetary Union (EMU) which requires
 them to avoid \excessive decits." It has been argued that in the absence
 of such restrictions member states may be tempted to spend and borrow
 too much, relying on the European Central Bank (ECB) to bail them out.


Such bail outs might take the ex post form of a monetization of outstanding
 debt or the allocation of additional seigniorage revenue to a high spend-


1



(2)ing/borrowing government. Alternatively, as noted by Eichengreen (1997),
 they may take the ex ante form of a monetary policy that keeps interest
 rates articially low. Either way the resulting policy could give rise to ina-
 tion and could threaten the stability of the single currency. Evidently, the
 EDP is a simple device for discouraging opportunistic behavior amongst
 member state scal authorities that may be harmful to EMU members as
 a whole. One may think, however, of other ways in which such behavior
 might be deterred. For example, a central bank might simply refuse to bail
 out a high decit country. Alternatively, it might devise rules for allocating
 seigniorage or, more generally, operating monetary policy to penalize such
 countries. Of course, such rules will only be eective in so far as they are
 credible. There is some reason to think that a central bank might nd the
 demand from a highly indebted country for a bail out dicult to resist (see
 Emerson et al (1992) for a relevant discussion). Consequently, a commit-
 ment to bail out, or penalize further, a highly indebted country may fail
 to be credible. In contrast, a central bank may be able to credibly commit
 to enforcing a more moderate limit on the amount of debt a country can
 accumulate or the maximum decit it can run.


Despite this there has been considerable criticism of the idea of applying
 simple limits to a country's debt and decit levels. One aspect of the crit-
 icism is that it may be dicult to ascertain the appropriate debt or decit
 level for a particular country at a particular time. Dierent scal author-
 ities may have dierent spending needs. Furthermore, exogenous shocks
 to the output of member states or their preferences for public expenditure
 might imply that the optimal pattern of decits across the monetary union
 uctuates. In this case, it might be optimal for a monetary union to act as
 a risk sharing mechanism. The central bank can allocate seigniorage rev-
 enue to those countries in which tax collection is especially costly, or those
 with the greatest need for government expenditure, hence, smoothing the
 burden of tax collection amongst the union members.1 If limits on debts
 and decits are too tight they may impede such risk sharing.


In addition to the policies of the central bank, the behavior of other
 scal authorities can act as a discipline on each individual scal authority.


For example, a trigger strategy could prescribe high spending and large
 bail out requests by all members of the union in the future contingent on
 one member spending excessively and requesting a bail out in the present
 period. The implied threat of high future ination might then discourage
 excessive spending in the rst place. Potentially, the designer of a monetary


1If the need for public expenditure is the private information of member states this
creates a further opportunity for strategic behavior. Clearly, member states might have
an incentive to exaggerate their need for expenditure in order to secure a greater alloca-
tion of seigniorage revenues. This possibility is considered in a related paper (Sleet and
Somuano, 2000).



(3)union could rely on scal authority members to discipline one another even
 if the central bank's ability to commit to punish opportunistic behavior
 was limited.


This paper analyzes the role of scal restrictions and the scope for mu-
 tual discipline by member states of a monetary union under such restric-
 tions. An innitely repeated game is used for this purpose. The game
 is explicit about the temptation to engage in opportunistic government
 spending faced by each scal authority. Specically, this temptation stems
 from the fact that the cost of the seigniorage revenues allocated to a partic-
 ular scal authority are born by all scal authorities in the form of higher
 ination. Fiscal restrictions are modelled as a straightforward exogenous
 limit on decits2. Furthermore, the focus on mutual discipline amongst
 monetary union members leads us to model the central bank in a very sim-
 ple way. The central bank is assumed to be merely a device for enforcing a
 decit limit and meeting seigniorage requests that do not violate this limit.


In the sequel such central banks will be referred to as \passive", as distinct
 from an active central bank that plays some history contingent strategy.


The decit limit is treated as a time invariant parameter by the participat-
 ing scal authorities3 who then play the game amongst themselves.


Several results are obtained. To begin with, it is shown that reducing
 the decit limit reduces the payos associated with the game's optimal
 subgame perfect equilibria. The reason for this is that tighter decit lim-
 its constrain the scal authorities' choice of actions both on and o the
 equilibrium path. Thus, if the decit limit is reduced actions that were pre-
 viously chosen along the equilibrium path of an optimal subgame perfect
 equilibrium may no longer be feasible - they may violate the reduced decit
 limit. Alternatively, actions that were used in the \punishment phase" of
 an optimal equilibrium, i.e. that were played contingent on the defection of
 a player from its equilibrium strategy, may violate the lower decit limit.


In this case, the incentive for a scal authority to defect from a previ-
 ously optimal equilibrium path may be increased and it may no longer


2As noted such limits have been much discussed in the policy literature e.g. Eichen-
 green (1997).


3A richer model would derive equilibrium decit limits endogenously by explicitly
incorporating the central bank as a player in the monetary union game. This is left for
future work. At this point we simply reiterate that i) there are reasons for believing
that a commitment to enforcing a decit limit may be more credible than other forms
of central bank commitment, and ii) (credible) decit limits have been the subject of
much policy discussion. Furthermore, there is a tradition in the literature of exogenously
distinguishing between sets of actions that a government or central bank can commit
to and those that it can not. The former are often described as being constitutionally
xed, e.g. Sibert (1992) considers a case in which the allocation of seigniorage revenues is
constitutionally xed, but the money growth rate is not. This paper could be interpreted
as being in that tradition.



(4)be possible to support the path as part of an optimal equilibrium4. This
 reduction in the optimal equilibrium payos is greater when the outputs
 of the scal authority member states are subject to shocks. In this case
 tighter bounds on decits impede risk sharing across the monetary union.


However, while tighter decit bounds reduce optimal subgame perfect pay-
 os, they also raise the worst equilibrium payos for analogous reasons.


Consequently, tighter decit levels can reduce the set of equilibria (and
 equilibrium payos) leading to greater \determinacy" of outcomes which
 might be desirable. This paper also makes a methodological contribution.


It provides a quantitative analysis of these issues using recently developed
 numerical techniques for handling recursive games. These methods permit
 some characterization of equilibrium paths and payos in the monetary
 union game.


The remainder of the paper proceeds as follows. Section 2 provides
 some discussion of the relevant literature and relates this paper to others
 in the area. Section 3 describes the model while section 4 outlines the
 game, introduces the equilibrium concept used and provides a recursive
 formulation of this concept. This formulation underpins the numerical
 procedures used in the paper. Section 5 describes these procedures in
 detail and presents the calculations. Section 6 concludes.



2. COMMENTS ON FISCAL RESTRICTIONS WITHIN THE EUROPEAN UNION AND RELATED LITERATURE.


As noted above the Maastricht Treaty explicitly attempts to scally re-
 strain EMU member governments via its excessive decit procedure. The
 European Commission is empowered to monitor the decits (and debt lev-
 els) of the scal authorities that comprise the EMU. If the Commission
 determines that a scal authority's decit is excessive it can report this
 fact to the European Council. The Council then has its disposal a variety
 of sanctions to encourage scal compliance on the part of the excessive
 decit authority. It can compel the authority to justify further borrowing
 by publicly issuing additional information before selling securities, it can
 encourage the European Investment Bank to refrain from further lending
 to the authority, it can oblige the authority to make non-interest bearing
 deposits with the European Union and it can impose discretionary nes.


These measures suggest that scal opportunism is a concern of the designers
 of the European Monetary Union. Nevertheless, the current arrangements
 permit considerable contingency in the reporting of excessive decits to


4Of course, tighter decit limits may also preclude a scal authority from defecting to
a high decit that was previously available. This would work in the opposite direction
to the eects described above. However, our numerical calculations indicate that this
eect is dominated by the others.



(5)the European Council and in the response of the Council. This has en-
 couraged some, notably the former German nance minister Hans Waigel,
 to go further. Waigel has argued for a \stability pact" that entails xed
 upper bounds on maximum decits (1% of GDP) and harsh penalties for
 violators.


These proposals have prompted considerable interest and debate. Sev-
 eral commentators have argued against them (e.g. Buiter, Corsetti and
 Roubini (1993), Eichengreen and von Hagen (1996a, 1996b) and Eichen-
 green (1997)). In particular, Eichengreen (1997) has argued that historical
 monetary unions have rarely attempted to scally restrain their members.


Instead scal restraints have been used when a local scal authority is con-
 strained in its ability to raise funds through taxation and receives a certain
 fraction of its funds from a central scal authority. Eichengreen further
 claims that a scal authority that faces no constraints on its ability to
 raise taxes can be relied upon to use its tax instruments to avoid excessive
 decits (or debts):


So long as national governments continue to control their own tax bases,
 they can raise taxes to deal with debt crises and will be expected to do so.


The existence of these (tax) instruments for coping with crises should help
 the European Commission and the ECB resist the pressure for a bail out.


While tax instruments may, indeed, reduce the pressure for a bail out,
 they remain distortionary and costly to implement. Moreover, central
 banks have access to a tax instrument - seigniorage - that scal author-
 ities do not.5 Consequently, a benevolent central bank might still seek, ex
 post, to assist a scal authority that nds it necessary to raise a signicant
 amount of taxation relative to its domestic output. This is assumed to be
 the case in this paper. However, while in the model below it is assumed
 that the central bank has the discretion to meet requests for seigniorage on
 demand, it is also assumed that an upper bound on scal authority decits
 is strictly enforced. Thus the paper can be interpreted as presenting a
 model of a stability pact along the lines described above with penalties
 for violators of the decit limit suciently harsh (and credible) that scal
 authorities do not violate them in the rst place.


This section concludes with a few additional remarks on the literature.


Sibert (1992, 1994) presents models of scal opportunism within a mone-
 tary union. The second of these papers is closest to this one. The physical
 environment is very similar to that considered here - there are two scal


5Seigniorage has historically been an important source of funds for several European
countries. During the 1970's and early 1980's, seigniorage as a fraction of total tax
revenue was, respectively, 12.5% for Italy, 9.1% for Spain and 16.6% for Portugal (Cuck-
ierman, 1989).



(6)authorities and one central bank. The former have the same preferences as
 the scal authorities in this paper. Along one dimension Sibert's models
 is richer than that presented here. She allows the optimizing central bank
 to select a strategy that maximizes its payos. In principle, the central
 bank in her model can pick each scal authority's decit. However, since
 the central bank is benevolent, if it moves after the scal authorities, it
 will be tempted to reduce their tax burdens by printing more money and
 allocating them more seigniorage. The model presented here goes beyond
 Sibert's model in other dimensions. It incorporates stochastic shocks to the
 outputs of the countries that comprise the monetary union. It also analyzes
 quantitatively the large set of subgame perfect equilibria in the game. Sib-
 ert imposes a Markov perfect restriction on her model. Since there are no
 physical state variables in the model this equilibrium is degenerate. Thus,
 Sibert restricts herself to studying repeated subgame perfect equilibria (i.e.


equilibria such that the scal authorities take the same actions regardless
 of history and the central bank conditions its action only upon the most
 recent actions of the scal authorities). This makes for a very tractable
 structure. The main result is that when the central bank moves after the
 scal authorities, the externality referred to in the introduction leads to a
 rate of ination above the optimal level in equilibrium.


Another related piece of work is that of Zarazaga (1997). He considers
 a model in which local monetary authorities and a central monetary au-
 thority print money to fund their activities. Each monetary authority only
 observes the aggregate amount of money in the economy and since the cen-
 tral monetary authorities actions are noisy and unobserved, the aggregate
 monetary injection of the local authorities is also unobserved.



3. THE MODEL


The economy is inhabited by a large, monolithic government and a se-
 quence of two period lived overlapping generations of households. The
 government is assumed to be innitely lived. The remainder of this section
 describes the choice problems of the households and the scal authorities
 and denes a competitive equilibrium for this setting.


A. The Households


There are two non-storable consumption goods, one private and one pub-
 lic. The former is traded, the latter is not. In their rst period of life the
 datetgeneration agents on islandi= 1;2 are endowed withyit2Y <++


units of the private good, they pay a taxti 2[0;(yti)][0;yit) and allo-
cate the rest of their wealth between consumption and savings. Thefytig
are assumed to be random. To avoid measure theoretic complications Y



(7)is assumed to be nite. Furthermore, the sequence of random variables


fy
 i


t


gis assumed to be i.i.d. across dates and islands with measuref.6 All
 saving is in the form of a common currency7. Consumers in both countries
 have identical, log-linear preferences over the private good when young and
 when old. Letcit(ci1;t;ci2;t+1) denote a pair of random variables adapted
 to thefy1t;y2tgprocess describing the lifetime consumption of private goods
 by the datet-th generation on islandi. Then the (i;t)-th agent valuescit
 according toEtV(cit), where:


V(cit)lnci1t+1, lnci2;t+1 (1)
 and2(0;1=2) is the average propensity to save. Denote nominal money
 balances in countryi at datet byMti2<++, and the price of the private
 good attbypt2<++, then the agents' budget constraints are:


c
 i


1t = yti,Mti=pt,ti (2)


c
 i


2;t+1 = Mti=pt+1 (3)


The (i;t)-th agent's choice problem yields the following demand for money
 equation,


M
 i


t


=p


t=(yti,ti) (4)
 which may be substituted back into (1) to give the the indirect utility
 function below.


^


U(pt;pt+1;ti)ln(yit,ti) +Etln(pt=pt+1) (5)
 B. Competitive Equilibria


For the moment assume that the processes for taxes and domestic money
 supplies are exogenously determined. Thus the scal authorities and the
 central bank may be thought of collectively as a particular stochastic pro-
 cess for these quantities. Fiscal authorities nance their spending out of
 taxes levied on domestic citizens and seigniorage revenues obtained from
 the central bank. As in Canzoneri and Rogers (1990), it is assumed that


6The underlying ltered probability space is (;F;fFtg;P) where  =Y1,Ft =
 2Y2t andP is consistent withf.


7This is a signicant simplication. It implies that the scal authorities can not
smooth the cost of funding government spending intertemporally by selling debt. Tech-
nically, it eliminates the need to carry debt state variables. In future work we aim to
relax this restriction.



(8)direct taxation is costly to administer and comply with; for each unit of
 real income forgone by consumers onlyc2(;1) units of revenue are avail-
 able to the government. The technology used by FAs to convert private
 goods raised through taxation into the public good (government spending)
 is linear.


Let dit be the amount of seigniorage that country i's FA obtains from
 the central bank andgti its spending level, then the budget constraint for
 countryi's FA when countryihas an endowment of yitis


g
 i


t=cti+dit2[0;c(yti) +d] (6)
 where d is a maximal decit request that the central bank will accept.


Dene gcmaxy2Y (y) +d. Also letD [0;d] andG[0;g]. Budget
 balance across the monetary union requires:


d
 1


t+d2t= Mt,Mt,1


p


t


(7)
 where Mt  Mt1 +Mt2. The non-negativity constraint on government
 spending implies the following joint restriction on the pt,ti and Mt pro-
 cesses:


c
 1


t +ct2+ (Mt,Mt,1)=pt0
 A competitive equilibrium may then be dened as follows:


Definition 3.1. A competitive equilibrium is a stochastic processfpt;(cit;ti;Mti)g
 for prices, consumptions, taxes and money supplies such that:


1.Givenfpt;t1;t2g1t=0,fcit;Mtigsolves the choice problem of the(i;t)-th
 agent for all(i;t).


2.ct1+ct2+ (Mt,Mt,1)=pt0 for allt.
 Condition 1 of the above denition implies that:


M


t


p


t


=(yt1,t1) +(y2t,t2) (8)
 Solving for the price level and substituting it into the indirect utility func-
 tion (5) gives the following alternative indirect utility function for the (i;t)-
 th agent.


U(ti;tj;zt) = ln(yti,ti) +Etln(yt+11 +y2t+1,t+1i ,t+1j )


,ln(yt1+yt2,ti,tj) +Etlnzt+1 (9)



(9)wherezt+1Mt=Mt+1.
 C. Fiscal Authorities


Fiscal authorities value stochastic processes for domestic consumption
 and government spending according to:


E


0
 1


X


t=0
 


t[V(ci1;t;ci2;t+1) +ilngti] (10)
 where=(1,). If for each (i;t) the government spending termilngit
 is added to the preferences of the (i;t)-th private agent then the scal
 authority may be regarded as benevolent. In this case government spending
 may be treated synonymously with public good production. Otherwise
 the FA's should be regarded as partially benevolent |with preferences a
 weighted average of those of private agents and a sequence of discounted
 government spending terms. The former interpretation is adhered to below.


As noted previously, scal authorities nance their spending out of taxes
 levied on their domestic citizens and seigniorage revenues obtained from
 the central bank. Equations (7)-(8) imply:


d
 1


t+1+d2t+1=(y1t+1+yt+12 ,t+12 ,t+12 ),(y1t +y2t,t1,t2) pt


p


t+1(11)
 Rearranging, taking expectations, ignoring the constant term and using the
 FA budget constraint to substitute taxes out yields the following expression
 for the expected reciprocal of the ination rate:


E


tln pt


p


t+1


=,ln





y
 1


t +yt2+d1t,g1t


c


+d2t,gt2


c
 


+Etln





(y1t+1+y2t+1) +,c


c


(d1t+1+d2t+1),





g
 1


t+1+gt+12


c





:


(12)
Fiscal authorityi's periodt payo, Wti, is equal to the utility the current
old derive from private consumption plus the utility the current young
derive from private consumption plus the utility derived from consumption
of the public good. Substituting in for the respective consumptions from



(10)(5), (6) and (12) yields:


W
 i


t = ln





y
 i


t+dit,gti


c
 


+ ln





y
 i


t,1+dit,1,git,1


c
 


,ln y1t,1+y2t,1+dit,1,gt,1i


c


+djt,1,gt,1j


c


!


+ ln (yt1+yt2) +,c


c


(dit+djt), gti+gtj


c


!!


+ilngti (13)
 Finally, grouping timet terms together gives the following expression for
 the utility that scal authority i obtains from its own datet actions and
 those of the other authority:


W(dit;djt;gti;gjt;yit) = ln





y
 i


t+dit,gti


c
 


+1,ln





y
 i


t+dit,git


c
 


,
 


1,ln y1t+yt2+dit,gti


c


+djt,gtj


c


!


+ ln (yt1+yt2) +,c


c


(dit+djt), gti+gtj


c


!!


+ilngti (14)
 The rst pair of terms describe the utility the young obtain from consump-
 tion and from their real money savings if consumed in the next period.


These terms depend only on the taxes the FA levies, i.e. the dierence be-
 tween the FA's consumption and its decit (adjusted byc). Now consider
 the remaining terms. Firstly note that at-period agent's utility is falling in
 the rate of ination he encounters when old,pt+1=pt. Equation (12) gives
 the determinants of this rate. Increased real money demand at timettends
 to reduce seigniorage revenues at t+ 1. Holding everything else constant
 higher money demand at time t necessitates an osetting increase in in-
 ation to generate the seigniorage necessary to fundt+ 1 decit requests.


Thus, pt=pt+1 is falling in real money demand at date t, i.e. it is falling
 in y1+y2+ (di,gi)=c+ (dj ,gj)=c. This gives a channel via which a
 greater decit request (at timet) on one island can have an adverse eect
 on welfare in another island: it tends to increase overall money demand
 at timet, since the island making the request will engage in less taxation,
 and, thus, induce higher ination at datet+1. But, timetdecit requests
 also inuence pt,1=pt, and, hence, the ination rate encountered by the


t,1 agents who are old in periodt. Inspection of equation (12) indicates
 that the eect of date t decit requests on pt,1=pt is more complicated.


On the one hand, a rise in decit requests necessitates more seigniorage



(11)revenue. This can be met by a reduction inpt,1=pt. On the other hand, a
 higher decit request attcan lead to lower taxation and, hence, higher real
 money demand att. This tends, in turn, to increase seigniorage revenues
 att. Hence there are two osetting eects: higher decit requests require
 more seigniorage which tends to push ination up, on the other hand they
 tend to lead to lower taxation which tends to increase seigniorage revenues.


The relative size of these two eects depends on,c.


Without loss of generality thei-th scal authority's payo is thus:8


E


0
 1


X


t=0
 


t


W(dit;djt;git;gjt;yit)
 C. The Central Bank


The last agent in this model is the common central bank, which is in
 charge of issuing the common currency. It is assumed (in common with
 the earlier literature) that the central bank is \passive" in the sense that
 it simply meets any request for seigniorage revenues from a scal authority
 provided they are consistent with the authority's maximal decit level. In
 a sense, this assumption is equivalent to assuming that individual countries
 are permitted to issue the common currency.9



4. THE GAME


The timing of moves within the game is as follows. At the beginning
 of each period any shocks to the island endowments are realized. Then
 the scal authorities levy some taxes and submit a request for funds (a
 decit or seigniorage request) to the central bank. Since the central bank
 is passive it automatically accepts the request and delivers an amount of
 funds equal to the minimum of the request or the maximal decit level.


The scal authorities then spend the resources they have collected through
 taxation and through their decit requests.


A date t public history for the game, ht, consists of previously real-
 ized endowment shocks, spending levels and decit requests. Thus, ht =


f(dis;gsi;yis)i=1;2gt,1s=1. Let Ht denote the set of t-period histories. Each
 scal authorityiselects a strategyi wherei=ftigandit:HtY2!


GD  <


+


< gives scal authority i's spending and decit request
 contingent on the history of the game to date (including the most recent
 endowment shocks). Note the implicit assumption that each FA knows the


8Those terms depending on the scal authorities' period ,1 actions are treated as
 constants and dropped from the expression.


9See Casella and Feinstein (1989), Aizenman (1992) or Zarazaga (1997).



(12)others current endowment shock, but not its current choices when it makes
 its own choices. Before turning to a detailed discussion of the innitely
 repeated game some comments about the \stage game" follow.



4.1. Stage Game


It is natural to dene the stage game as the set of feasible government
 spending levels and decit requests along with the pair of payo functions
 (W;W), one for each player. In the absence of shocks (yti =y, 8i;t) this
 stage game has a unique symmetric Nash equilibrium that can be solved
 for explicitly.


Proposition 4.1. Absent shocks there exists a unique (symmetric) Nash
 equilibrium in the stage game. If the equilibrium is interior (i.e. the implied
 tax rates and spending levels are contained within(0;(y)) and (0;c(y)+d)
 respectively) then it is characterized by the following equations:


 = My


d = Ay,B
 where:


M = ((1,)(1 + 2)(c,),(2,))
 ((2,) + (1,)(1 + 2))(c,)


A = 21 + 2


B = 2+c
 1 + 2


The allocation that maximizes the equally weighted sum of the scal
 authorities per period payos will be labeled the symmetric Pareto solu-
 tion. This allocation is useful for comparative purposes. The following
 proposition provides some characterization.


Proposition 4.2. Absent shocks, if the symmetric Pareto solutions is
 interior then it is characterized by the following equations:


 = (1 +)(c,),
 (2 +)(c,) y


d = (2,c)c
 (2 +)(c,)y


When shocks are introduced a similar argument to that used to prove
the previous proposition guarantees the existence of a unique symmetric
Nash equilibrium.



(13)Proposition 4.3. There exists a unique symmetric Nash equilibrium in
 the game with endowment shocks.



4.2. Perfect Public Equilibrium


The equilibrium concept used is Fudenberg, Levine and Maskin's (1994)
 perfect public equilibrium. Consistent with the above notation this equi-
 librium concept requires that agents condition their strategies on publicly
 observed histories10. Let vi(i;jjht;y1t;y2t) denote the expected contin-
 uation payo for scal authority i induced by a strategy prole (i;j)
 after (public) history ht and a realization (y1;y2) 2 Y2 of the islands'
 endowment shocks. Then,


Definition 4.2. A perfect public equilibrium (ppe) is a pair (1;2)
 such that after any historyhtand shock realizationy= (y1;y2) neither FA
 has an incentive to deviate from its strategy. Notationally:


v


i(i;jjht;y)vi(i0;jjht;y) (15)


8 feasible i0, ht, y, where i0 denes some other feasible continuation
 strategy for FAi.


The large number of ppe in innitely repeated games motivates a search
 for renements. In symmetric games such as this one the following is widely
 used:


Definition 4.3. A symmetric ppe is a ppe such that:





i=j


Symmetric ppe, or analogous concepts, have been widely used in in-
 dustrial organization (see, e.g. Green and Porter, 1984, and more recently
 Athey, Bagwell and Sanchirico 2000). In the remainder of the paper letV
 (resp. Vs) denote the set of ppe (resp. symmetric ppe) payos, i.e.


V =f(w1;w2) :9some p.p.e.  withwi=vi()g


Additionally, letV(y) denote the set of ex post equilibrium payos contin-
 gent on a realization ofy in the current period, i.e.


V(y) =f(w1;w2) :9some p.p.e.  withwi=vi(jy)g


10In fact for this paper subgame perfection is sucient. In Sleet and Somuano (2000)
endowment shocks are assumed to be imperfectly observed. That paper requires the
perfect public equilibrium concept. We keep the terminology across the papers identical
by using the same equilibrium concept here.



(14)Since repetition of the symmetric Nash equilibrium described in the pre-
 vious section after any history constitutes a symmetric ppe it follows that
 these sets are non-empty. Some explicit (if partial) characterization is
 available for the model without shocks:


Proposition 4.4. In the model without shocks, there exists a ^ such
 that for  2 [^;1) the worst ppe for scal authority i is characterized by
 maximal decit requests and zero taxation on the part of scal authority j.
 For = 0, the worst ppe entails repetition of the static Nash equilibrium.


ppe (resp. symmetric ppe) are recursive in the sense that after any
 public history the continuation strategies form a ppe (resp. symmetric
 ppe). This fact has been exploited by Abreu, Pearce and Stacchetti (APS)
 (1986, 1990), who propose a theoretical algorithm for computing the set
 of equilibrium payos. Judd, Yeltekin and Conklin (JYC) (2000) provide
 practical methods for implementing the APS algorithm. The APS algo-
 rithm and the JYC methods are applied in this paper. The elements of
 the APS construction are described below in the context of the monetary
 union game.



4.3. Admissibility


To begin with the concept of admissibility is introduced. Fix a compact
 set E <2. A 6-tuple (di;gi;vi0);i = 1;2 is admissible with respect toE
 if:1.di:Y2!<, gi:Y2!<+,vi0 :Y2!<.


2. (v10;v20) takes its value inE.


3. (Temporary credibility constraint) Dene:


v
 i(y)


Z


[(1,)W(di(y);dj(y);gi(y);gj(y);y) +vi(y)]f(y1)f(y2)dy1dy2
 Fori= 1;2 and eachy2Y2:


v


i(y) max


(d
 i


0


;g
 i


0


)2DG


min


(v
 i


0


;v
 j


0


)2E


f(1,)[ln(yi+di0,gi0


c


)
 +1,ln(yi+di


0


,g
 i


0


c


)


,
 


1,ln(y1+y2+di0,gi0


c


+dj(y),gj(y)


c


)
 + ln((y1+y2) +,c


c


(di0+djy)),(gi


0+gj(y)


c


)) +ilngi0]
+vi0g



(15)The rst step in understanding this denition is to interpret elements of the
 setEas pairs of payos. Of course, at this point it has not been established
 that such pairs are equilibrium payos, or indeed are even feasible payo
 values. The temporary credibility constraints in bullet (3) imply that each
 scal authority is better o adhering to the actions prescribed by (di;gi)
 in each statey rather than deviating to some alternative actions and then
 being \punished" with the worst possible continuation \payos" that E
 permits. Abreu (1988) has shown that any combination of actions is sup-
 ported by some subgame perfect equilibrium strategy if each of the players
 of a game are better o choosing these actions and then receiving some con-
 tinuation equilibrium payo rather than undertaking their best deviations
 and thereafter receiving the worst continuation equilibrium payo. The
 result extends to perfect public equilibria. Thus any six-tuple admissible
 with respect to some compact setEis part of a perfect public equilibrium
 ifEcoincides with the set of perfect public equilibrium payos.


With this denition in place it is possible to dene the key mathematical
 object of this section, theB-operator. This operator plays a role analogous
 to the usual Bellman operator in dynamic programming.


Definition 4.4. B-operator: TheB-operator is dened pointwise. For
 a given compact subsetE of <2,B(W) equals:


B(E) = f(v1;v2)jthere exists a six-tuple (di;gi;vi0)i=1;2 admissible
 with respect toE and such that:


v


i=E(1,)W(di;dj;gi;gj;yi) +vi0g


Thus, roughly speaking, ifE is a set of continuation payos thenB(E)
 is the set of current payos consistent with E and with Nash play in the
 current period.


The following results concerningB are now stated. Their proofs may be
 obtained by appropriately modifying the arguments in Abreu, Pearce and
 Stacchetti (1990).


Lemma 4.1. (B-operator properties) The B-operator has the following
 properties:


1.(Monotonicity) IfE1E2 then B(E1)B(W2).


2.(Compactness preserving) IfE is compact thenB(E) is compact.


Proposition 4.5.


1.B(V) =V.



(16)2.If VE andE is compact then : limn=1Bn(E) =V.


In other words, the set of ppe payos is a xed point ofB. Furthermore,
 this set can be obtained by a monotone iterative procedure that starts from
 an initial set containingV.



5. NUMERICAL METHOD AND RESULTS 5.1. Method


Proposition 4.5. suggests an algorithm for calculating the equilibrium
 payo setV. Implementation of this algorithm requires approximation of
 the sequence of sets fBn(W0)g for some initial W0  V. The main ap-
 proximation method used is the outer approximation method11 of Judd,
 Yeltekin and Conklin (2000). Accurate approximation relies on the con-
 vexication of the underlying game. This can be justied theoretically by
 the introduction of public lotteries as described in JYC12. The equilibrium
 payo set of the convexied game with lotteries is Vc convV13. Given
 an initial compact, convex setE0 V, the sequenceEn+1 = convB(En)
 converges toVc. This sequence can be implemented numerically by form-
 ing an outer approximation to the induced set at each step of the iteration.


The limit of the process can be shown to be a convex set that containsVc.
 Anything outside of this limiting set is certainly not an equilibrium payo.


The numerical implementation also relies on a discretization of the action
 sets of the game. Thus, the setsG and D were set to be grids of points
 between their upper and lower bounds (denotedg,g,dandd, respectively).


The grid sizes forGandDwere set to (g,g)5g5 and (d,d)5
 d5, so that each scal authority had 25gddierent action choices and
 there were 6252g2ddierent combinations of actions across the players in
 any oney state.



5.2. Results: No uncertainty


This subsection considers the case in which the island endowments are


constant (yit=y,8i;t). The set of parameters for the model are: (;;y;c;;G;D).


Table 1 describes the values assigned to these parameters in the numeri-


11An outer approximation is one that contains the approximated set. If the set to
 be approximated,E, is convex the JYC method amounts to nding a piecewise linear
 approximation roto the support function of the set rE() = max(v1;v2)2Ev1cos+


v2sinwithror. The inner approximation method amounts to nding a piecewise
 linear approximation,ri, such thatrirE. For details of the computational method
 consult JYC (2000).


12See Phelan and Stacchetti (1999), Sleet (1996,1999) and Sleet and Yeltekin (2000)
 for other descriptions and applications.
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