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Introduction


Nowadays, most of the deaths in Europe and North America are caused by car-
 diovascular diseases. Moreover, stenosis is the leading cause of such diseases.


Although, the flow in aorta can be significantly affected by the stenosis, the
 quantification usually stands on inaccurate methods.


It is known that blood exhibits non-Newtonian phenomena like shear-thinning of
 stress-relaxation (see [11]). Thus Oldroyd-B model can be the appropriate choice
 for blood flow. Moreover, the artery wall is not perfectly elastic, but it dissipate
 the energy during its deformation (see [1]), so a reasonable solid model should be
 used. Such model can be for example Kelvin-Voigt model. Usually, the structure
 part is computed in reference configuration and the fluid in current configuration
 (e.g. arbitrary Lagrangian-Eulerian (ALE) method). Model in this thesis com-
 putes both parts in current coordinates, which reduces a computation of mapping
 between the current and reference domain. On the other hand is necessary to
 keep location of both materials. This issue will be treated by level-set method.


In fact, if we solidify one dashpot in Oldroyd-B model we obtain Kelvin-Voigt
 model, which will be used for modelling of the artery wall. Since, we will be able
 to compute both materials using only one system of partial differential equations.


The final tests will be performed on the two dimensional flow between viscoelastic
 walls with a simple geometry in the initial state (see Figure 1 ).


Figure 1: Illustration of the problem.


There was computed flow in 3D computed in domain generated by MRI by H.


ˇSvihlov´a , A. Jarol´ımov´a and collective ([4],[5]). However, the domain was fixed
and the flow was computed by the Navier-Stokes equations. The aim exceeding
this thesis is to connect these two results and compute 3D model of the aortic
root in the real geometry with model discussed this thesis.
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1. Governing Equations


In this chapter we derive a model designed for the fluid structure interaction. The
 derivation is based on the balance equations and prescribed two scalar functions:


Helmholtz free energy and dissipation, which determine the rheology of the fluid
 and the structure.



1.1 Kinematics


To write down the balance equations we need to introduce the following concept
 of Lagrangian and Eulerian frames. Let us consider a reference domain Ω0 and
 its deformation Ωt. Further let us denote a mappingχ from Ω0 to Ωt, such that
 for each particle X from Ω0 in time t = 0, the mapping χ assigns its position
 x∈Ωt at timet >0.


χ: Ω0 →Ωt


χ(X, t) = x (1.1)


Ω0


•X


Ωt


•x
 χ(X, t)


F


We say that an equation is in the Lagrangian frame if the space coordinates
 are expressed in space variable X ∈ Ω0. On the other hand if the equation is
 expressed in x∈ Ωt we say, that the equation is in Eulerian description. In this
 thesis we will suggest a new fluid structure interaction model only in the Eulerian
 description, which is not the way, how it is usually done.


With help of the function χ we can define velocity −→v and deformation gradient
 F as


−


→V (X, t)def= ∂


∂tχ


X(X, t), (1.2)


−


→v def=−→


V (χ−1(x, t), t), (1.3)


F(X, t)def=∇χ(X, t). (1.4)



1.2 Balance equations


The general balance equations are.


Conservation of mass


∂tρ+ div(ρ−→v) = 0. (1.5)
 Balance of linear momentum


ρ(∂t−→v + (−→v ·∇)−→v ) = divT+ρ·−→


b . (1.6)



(8)Balance of angular momentum can be written in the following form


T=TT. (1.7)


Balance of energy


ρE˙ = div(T−→v +−→


je) +ρ−→


b · −→v +ρr, (1.8)


which we can rewrite by subtracting (1.6)· −→v in the form of evolution for internal
 energy e


ρe˙ =T·D−div−→


je +ρr. (1.9)


Balance of entropy


ρη˙+ div


−


→je


θ =ξ+ρr


θ . (1.10)


Hereρ denotes material density,−→v = (v1, v2, v3) is velocity field,Tstands for the
 Cauchy stress tensor,−→


b describes body forces (such as gravity field ),E =e+|v|22
 where e is internal energy, r means heat sources, −→


je is energy flux, η is entropy,
 ξ is entropy production and finally θ labels temperature.


Now we make some assumptions to simplify these equations. Firstly, we assume
 that ρ is a constant. Then from (1.5) we get the condition of incompressibility


div(−→v) = 0. (1.11)


Next, we assume no heat sources i.e. r = 0. Further we will assume, that the
 whole process is isothermal, so we postulate that θ is constant1. This tends to
 the following simplification of equation (1.10)


θρη˙+ div−→


je =ξ. (1.12)


Up to now we have not considered the material properties. This will be done
 later on by making same closures for Tand −→


je. This will lead to a closed system
 of partial differential equations.



1.3 One-dimensional mechanical analogs


In this section we focus on physical understanding of equations which we derive
later on. For that purpose, we introduce a spring-dashpot model. We consider a
viscoelastic material in one dimension as a connection of two basic components.



(9)Spring
 SpringSpring


σ=Gϵ (1.13)


Dashpot
 DashpotDashpot


σ =µϵ˙ (1.14)


In this work we will use two connections, which are shown in Figure 1.1.


(a) (b)


Figure 1.1: 1.1a is Oldroyd-B element; 1.1b is Kelvin-Voigt.


For these elements we derive the relation between the one-dimensional stress
 σ and the strain ϵ. For Oldroyd-B it holds


ϵ11+ϵ12 =ϵ2 =ϵ, (1.15)


σ11 =σ12, (1.16)


σ11+σ2 =σ, (1.17)


σ11 =Gϵ11, (1.18)


σ12 =µ2ϵ˙12, (1.19)


σ2 =µ1ϵ˙2. (1.20)


Whereϵi is partial extension,σi is partial stress of appropriate element andϵand
 σ are total extension and total stress, respectively. Then we can derive relation
 for Oldroyd-B


σ+ µ2


Gσ˙ = (µ1+µ2) ˙ϵ+µ1µ2


G ϵ¨ (1.21)


The basic idea in this thesis is to obtain Kelvin-Voigt model by limiting process of
 Oldroyd-B. It is easy to realize, that ifµ2 →+∞ in setting of Oldroyd-B model,
 then the equation (1.21) will reduce to


σ=Gϵ+µ1ϵ,˙ (1.22)


which corresponds to Kelvin-Voigt model. This observation allows us to describe
 two materials by one system of equations. It will be discussed in the following
 section in detail.



1.4 Derivation of governing equations based on thermodynamic relations


Up to now we had just balance equations, which are the same for all materials. To
describe specific materials we need additional information about its behaviour.



(10)For this purpose we use thermodynamics relations and the second law of thermo-
 dynamics.


Firstly, we introduce natural configuration κp(t). It is such configuration, which
 would became, if the external forces are removed from the current configuration
 κt. This configuration catches splitting of deformation into two parts: dissipative
 and purely elastic. This idea can be demonstrated on simple Maxwell element,
 see picture below


Figure 1.2: Upper element is in the reference configurationκR; the middle figure
 is fully deformed by force−→


F (current deformationκt); bottom picture is reached,
 if the force in the current configuration is released. The spring is due to inner
 energy returned into initial position, however the dashpot remain in the same
 position.


Let us consider the following configurations and corresponding mappings,
 which are visualised below


Reference


•X


Natural


•Xκp(t)


Current


•x


χκ


p(t) (X
 , t)
 G


χ(X, t)
 F


Fκp(


t)



(11)Let us introduce some definitions


Ldef=∇ −→v , Ddef= 1
 2


(


L+ (L)T), (1.23)


TrKdef=


3


∑


i=1


Kii, Kδ def=K−1


3(TrK)I ∀K∈R3×3, (1.24)
 Gdef=∇χκp(t), Fκp(t)


def=FG−1, (1.25)


Bκp(t)


def=Fκp(t)FTκp(t) Lκp(t)


def=∇(∂tχκp(t)(χ−1κ(p,t)(x, t), t)


X


), (1.26)
 Bdef=FFT, Cκp(t)


def=FTκp(t)Fκp(t). (1.27)
 Now let us describe thermodynamic potential specific Helmholtz free energy ψ,
 which is Legendre transform of internal energy e= ˆe(η,(1ρ) ). Specifically,


ψˆ


(


θ,1
 ρ


)


def= inf


η


{


ˆe


(


η,1
 ρ


)


−θη


}


. (1.28)


Moreover if ˆe is C2, strictly convex, then ˆψ = ˆe−θη. By differentiation of this
 equality and following multiplication byρwe obtain the reduced thermodynamic
 identity


ρψ˙ =ρe˙−θρη˙ (1.9),(1.12)


= T·D−ξ. (1.29)


Further we assume ψ is in the form
 ψ(Bκp(t)) = G


2ρ


(TrBκp(t) −3−ln(detBκp(t))), (1.30)
 Thus, the elastic part of the response corresponds to the compressible neo-
 Hookean solid. The entropy rate of production for mentioned two materials we
 assume in the form


ξ=ξ(D,Dκp(t)


)= 2µ1|D|2+ 2µ2δ−1⏐⏐⏐Fκp(t)Dκp(t)


⏐


⏐


⏐


2 (1.31)


where δ ∈ (0,1]. The relation (1.31) gives us ξ > 0, thus the second law of
 thermodynamics is satisfied.


Now we would like to identify ˆψ. For that purpose, we firstly write down some
 important relations. Namely we can identify differentiation of inverse tensor as


0 = ˙I=


.


AA−1 = ˙AA−1+A


.


A−1


⇒


.


A−1 =−A−1AA˙ −1.


(1.32)
 The tensor Lcan be rewritten in terms of F


(L)ij = ∂−→vi


∂xj = ∂


∂xj


∂χi


∂t


(χ−1(x, t), t)


⏐


⏐


⏐


⏐X


= ∂


∂t


∂χi(X, t)


∂Xl


⏐


⏐


⏐


⏐X


∂(χl)−1(x, t)


∂xj = ( ˙FF−1)ij.


(1.33)


Further we can rewrite ˙Fκp(t)


F˙κp(t) = ˙FG+F


.


G−1 (1.32),(1.33)


= LFG−1−FG−1GG˙ −1 =LFκp(t)−Fκp(t)Lκp(t).
(1.34)



(12)Then it holds


B˙κp(t) = ˙Fκp(t)FTκp(t)+Fκp(t)F˙Tκp(t)
 (1.34)


= (LFκp(t) −Fκp(t)Lκp(t)


)


FTκp(t) +Fκp(t)


(


LFκp(t) −Fκp(t)Lκp(t)


)T


=LBκp(t) −2Fκp(t)Dκp(t)FTκp(t) +Bκp(t)LT.


(1.35)


If we define upper convected Oldroyd time derivative∇· as


∇


A= ˙A−LA−ALT = ∂A


∂t + (−→v ·∇)B−LA−ALT, (1.36)
 then from (1.35) we can identify


∇


Bκp(t)


∇


Bκp(t) = ˙Bκp(t) −LBκp(t) −Bκp(t)LT =−2Fκp(t)Dκp(t)FTκp(t). (1.37)
 We will also need the following identity. The full formulation and proof can be
 found in [7].


det ln˙ A= Tr(AA˙ −1


), if det(A)>0. (1.38)
 For trace and tensorial scalar product it holds


Tr (AB) = Tr (BA),
 TrA=A·I,
 (AB)·I=A·BT.


(1.39)


Now we can follow in derivation of the model, using (1.29) we get
 ξ =T·D− G


2


(Tr ˙Bκp(t) −Tr( ˙Bκp(t)B−1κp(t)))


(1.35)


= T·D− G


2 Tr((LBκp(t) −2Fκp(t)Dκp(t)FTκp(t) +Bκp(t)LT


) (


I−B−1κp(t)


))


(1.39)


= T·D− G
 2


(2D·Bκp(t) −2Dκp(t) ·Cκp(t) −2D·I+ 2Dκp(t)·I


)


=(T−GBκp(t)


)·D+G(Cκp(t) −I


)·Dκp(t)


=(Tδ−GBδκp(t)


)·Dδ+G(Cκp(t) −I


)·Dκp(t).


(1.40)
Since (1.31) and (1.40) have to hold for allD=Dδ and allDκp(t) we obtain



(13)Now we are ready to write down a closed system of equations
 div−→v = 0,


ρ(∂t−→v + (−→v ·∇)−→v) =∇m+ div(2µ1D+GBκp(t)


),


∇


Bκp(t) =−δG
 µ2


(


Bκp(t) −I


).


(1.44)


Now we define pressure p such that p def= −m. System (1.44) has ten equations
 for ten unknowns −→v = (v1, v2, v3) , m and symmetric tensor Bκp(t). To have
 this system complete, we need to specify the boundary conditions and initial
 conditions. This issue will be discussed later on.


Up to now we defined ξ only for δ ∈ (0,1]. Now we will extend this potential ξ
 for δ= 0. From equations (1.43) and (1.37) we obtain


δG
 µ2


(


Bκp(t)−I


)= 2Fκp(t)Dκp(t)FTκp(t). (1.45)
 By taking the scalar product of the equation (1.45) withDκp(t) we obtain


δG
 µ2


(


Bκp(t)−I


)·Dκp(t) = 2Fκp(t)Dκp(t)FTκp(t)·Dκp(t)


= 2Fκp(t)Dκp(t) ·Dκp(t)Fκp(t) = 2⏐⏐⏐Dκp(t)Fκp(t)


⏐


⏐


⏐


2.


(1.46)


Further if δ tends to 0 we have equation for Bκp(t) given by


∇


Bκp(t) = 0. (1.47)


It can be easily seen that Bκp(t) = B ̸= 0 satisfies this equation. Thus Fκp(t) ̸= 0
 and from equation (1.46) we obtain Dκp(t) = 0 if δ = 0. Then if we plug (1.46)
 into (1.31) we obtain


ξ =ξ(D,Dκp(t)) = 2µ1|D|+G(Bκp(t) −I


)·Dκp(t) = 2µ1|D|2 (1.48)
 Consequently the equation (1.43) holds also for δ = 0. Further, we would like
 to check that the derived equation has the same form as the equation in one
 dimension. It is enough to define


Sdef= 2µ2D+G(Bκp(t) −I


) (1.49)


and we obtain equation


T=mI+S, (1.50)


S= µ1
 G


∇


S= 2(µ1+µ2)D+ 2µ1µ2
 G


∇


D. (1.51)


Now if we compare equations (1.21) and (1.51) we can noticed that the equations
have the same form. We just replacedσ byS, ˙ϵby 2Dand material derivative by
upper convective Oldroyd time derivative.
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1.5 Another limits of the model


Up to now we considered only one type of material change caused byµ2 → ∞. In
 fact there are many materials, which we can achieve by similar limiting process
 of Oldroyd’s parameters.


• MaxwellMaxwellMaxwell


µ1 = 0, µ2 >0, G > 0,
 T=mI+GBκp(t),


∇


Bκp(t) =−δG
 µ2


(


Bκp(t) −I


).


• Elastic materialElastic materialElastic material


µ1 = 0, µ2 =∞, G >0,
 T=mI+GBκp(t),


∇


Bκp(t) = 0.


• Navier-StokesNavier-StokesNavier-Stokes


µ1 >0, µ2 >0, G=∞,
T=mI+ 2(µ1+µ2)D.



(15)
2. Level-set Method


In the previous chapter we derived equations which describe two different materi-
 als. The way how to distinguish between them is to change additional parameter
 δ which can solidify one dashpot. The important task is to track areas of each
 phase. Now we introduce level-set method which is a tool how to handle this
 issue.



2.1 Basic Concept


Let us have two materials in domain Ω. The first one is in an open domain Ω1
 and the second is in an open domain Ω2 = (Ω\Ω1)◦, see Figure 2.1. We define
 function ℓ0 such that


ℓ0 : Ω→R,


ℓ0(x)< K∀x∈Ω1,
 ℓ0(x)> K∀x∈Ω2,


ℓ0(x) =K ∀x∈Ω1∩Ω2 def= Γ.


(2.1)


We will call this function ℓ0 a levelset function. Then we can define function
 δ(x)def= 12(sign (ℓ0(x)−K) + 1), which is equal to one in domain Ω2and zero in Ω1.
 Thus we can easily change parameters in materials, i.e. ρ(x)def= (ρ2−ρ1)δ(x) +ρ1,
 so the material in Ω1 has density ρ1 and the rest has densityρ2.


δ= 0


δ= 1
 Ω1


Ω2
 ℓ(x)< K


ℓ(x)> K


Figure 2.1: Levelset function on domain Ω.


Note, that in practice δ is defined in a smooth way, i.e.


δε


def= 1
 2


⎛


⎝


ℓ(x)−K


√(ℓ0(x)−K)2+ε + 1


⎞


⎠, (2.2)



(16)where ε >0, thus δε is smooth and δε →δ for ε→0+.


If we assume, that no additional effects between these two materials are happen-
 ing, we can compute an evolution of levelset function by the following convection
 equation


∂ℓ(x, t)


∂t +−→v ·∇ℓ(x, t) = 0,
 ℓ(x,0) =ℓ0(x).


(2.3)


We add this equation into system (1.44) and we obtain the final closed system
 div−→v = 0,


ρ(ℓ) (∂t−→v + (−→v ·∇)−→v ) =−∇p+ div(2µ1(ℓ)D+G(ℓ)Bκp(t)


),


∇


Bκp(t) =−δ(ℓ)G(ℓ)
 µ2(ℓ)


(


Bκp(t) −I


),


∂ℓ(x, t)


∂t +−→v ·∇ℓ = 0.


(2.4)



2.2 Conservative levelset method


We introduce levelset function in the form
 ℓ0(x)def= 1


1 + exp(dist(x)ε ), (2.5)
 where ϵ >0 is a constant and


dist(x) =


⎧


⎨


⎩


−infy∈Γ∥x−y∥ if x∈Ω1


+ infy∈Γ ∥x−y∥ if x∈Ω2∪Γ (2.6)
 One useful property of this choice, is that this function itself is good aproximation
 of function δ. The interface between materials is forℓ0 = 12.



2.3 Reinitialization


Unfortunately the equation (2.3) is not stable (see Figure 2.2) so it is desired to


”improve” this equation and achieve better numerical results.



(17)Figure 2.2: The red curve captures value 0.001, black value 0.5 and blue value
 0.999 of conservative levelset function. In the left upper figure we see initial
 condition of levelset. The following pictures capture its time evolution.



2.3.1 One-dimensional description


For better understanding of reinitialization process we take a look to one di-
 mensional case of given problem. (For more detail see [8]). Thus, we assume a
 simplified form of equation (2.5)


ℓ0(x) = 1


1 + exp(−xε ). (2.7)


This function satisfy


εℓ′′0 = (ℓ0(1−ℓ0))′ ∀x∈R. (2.8)
 Further ℓ0(ξ) with ξ =x−vt is solution to problem (2.3). The function l0(ξ) is
 also solution to


ℓt+vℓx = 1


µ(εℓxx−(ℓ(ℓ−1))x). (2.9)
 Introducing a functionυ def= 1−2ℓ(ξ, τ), where τ = µt leads to Burgers equation


1
 2


(υ2)


ξ+υτ =ευξξ,
 υ(ξ,0) =υ0(ξ)def= 1−2l(ξ).


(2.10)
 In the paper [9] it was shown, that this equation is stable. The steady solution to
 this equation is υ0(ξ+ζ) for arbitrary ζ. It can be shown, that for small initial
 error the solution really converges toυ0(ξ+ζ) as
τ
 → ∞. If moreover the initial
 error e is of zero mass (∫Ωe(x)dx) = 0, then ζ = 0, which was shown in [3].


2.3.2 Numerical implementation


By generalization of equation (2.9) into more dimensions we obtain
 ℓt+−→v ·∇ℓ = 1


µ∇ ·(−ℓ(1−ℓ)−→n + (∇ℓ· −→n)−→n), (2.11)



(18)where −→n = |∇ℓ|∇ℓ. Typically, the size of µ depends on ∇ℓ. To avoid this issue we
 split this equation into two following partial differential equations.


ℓt+∇ℓ· −→v = 0, (2.12)


which is solved firstly. Then we ”repair” this solution by equation


ℓτ +∇ ·(ℓ(1−ℓ)−→n) =ϵ∇ ·((∇ℓ· −→n)−→n), (2.13)
 where the initial condition is the resulting ℓ from equation (2.12). We solve this
 equation until the steady state is reached. The time step of equation is usually
 taken as△t≈ △x. Where △x denotes the minimal diameter of triangulation.


However,∇ℓoften causes difficulties to compute numerically, because the function
 ℓis on a dominant part of the domain almost equal to a constant. One suggestion,
 how to compute the vector →n was given in [10] by formula


−


→n˜ = δ∇ℓ


(δ2|∇ℓ|2+α2exp(−βδ2|∇ℓ|2))12


. (2.14)


for constantsα,β,δ >0 which should be adapted by numeric experiments (some
 suggestions can be found in [10]). For simplification of the reinitialization the−→


˜
 n
 is recomputed only before the first iteration and then remains fixed.


The reinitialization (2.13) is an evolution non-linear partial differential equation
 for unknown ℓ. We employ the finite element method, time derivative is ap-
 proximated by Crank-Nicolson time scheme (see Section 3.5.2 for details), the
 non-linearity is treated with the Newton method. As the stopping criterium of
 the steady state we used








ℓn−ℓn+1


L∞ < C. (2.15)


Where theℓn denotes the solution of n−th iteration and C was typically chosen
to be 2.5×10−4.
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3. Weak formulation and Finite element method


Weak formulation is very important concept. It allows us to decrease requirements
 on smoothness of solution and for us more importantly to formulate finite element
 method. First of all we introduce weak derivative and the Sobolev spaces.



3.1 Definitions of function spaces


Let p ∈ [1,+∞], Ω ⊂ Rd and (Ω,Σ, λ) be a measure space. We introduce the
 Lebesque spaces


∥f∥p def=


(∫


Ω


|f|pdλ


)1p


if p∈[1,∞)


∥f∥∞def= inf{C ≥0 :|f(x)| ≤C for a.a. x in Ω}


Lp(Ω)def={f : Ω→R;f is measurable ,∥f∥p <+∞} for p∈[0,+∞]


Lploc(Ω)def={f : Ω→R;f ∈Lp(K)∀K ⊂Ω, K compact}


Let u ∈ L1loc(Ω), we say that v is a weak derivative of u with respect to xi, if


∀φ∈Cc∞(Ω) holds


∫


Ω


u∂xiφ=−


∫


Ω


vφ.


In this chapter we will understand all differential operators in weak sense. And
 we will define Sobolev spaces in the following way


W1,2(Ω)def={f ∈L2(Ω);∂xif ∈L2(Ω) ∀i∈ {1, .., d}},
 W0,Γ1,2(Ω)def={f ∈W1,2(Ω);f = 01 on Γ} for Γ⊂∂Ω,


L∞0 (Ω)def={f ∈L∞(Ω);f = 0 on ∂Ω}.


To rigorously define weak formulation it is also needed to define Lebesque-Bochner
 spaces. These spaces allow us to describe smoothness in time.


LetI def= [0, T], X be a Banach space with norm ∥ · ∥X. Then we define
 Lp(0, T;X)def=


{ (


f :I →X; t→ ∥f(t)∥X is integrable , ∥∥f∥X∥p <+∞


}


.
 We will label some spaces which will be useful later


Vpdef=L2(0, T;L1(Ω)),


Vv def=L2(0, T;W1,2(Ω))∩L∞(0, T;L2(Ω)),
 VBdef=L∞(0, T;L1(Ω))2×2,


Vℓdef=L∞(L∞(Ω)).


(3.1)


1this equality holds in the sense of traces



(20)
3.2 Initial and boundary condition


In this section we simplify the notation and set Bdef= Bκp(t) . Firstly we formally
 derive the weak formulation. The initial conditions for B, −→v and ℓ are specified
 as follows


B(x,0)def=B0(x) = I ∀x∈Ω,


−


→v(x,0)def=−→v0(x) = −→


0 ∀x∈Ω,
 ℓ(x,0)def=ℓ0(x) ∀x∈Ω.


(3.2)


The first condition physically means no stress in the initial state, which is suitable
 for many practical applications. Zero velocity corresponds to the initial state
 being at rest. Note that the initial conditions satisfy equations (2.4).


Let us consider ΓD and ΓN, such that ΓD∪ΓN =∂Ω and ΓD∩ΓN =∅. Boundary
 conditions are assumed to be


−


→v(x, t) = −→v D(x, t) on ΓD ×[0, T],
 ℓ(x, t) = ℓD(x, t) on ∂Ω×[0, T],


T−→n =−→


0 on ΓN.


−


→v D is often used for inflow or no-slip boundary condition.



3.3 Formal a priori estimates


To be able to identify suitable spaces we will perform estimates. First of all we
 will formulate few lemmas.


Lemma 1. Let B∈(C1([0, T);C1(Ω)))2×2 satisfying equality


∇


B= Gδ


µ2 (B−I) (3.3)


and B(x,0) = I. Then B remains positive definite and it holds


Tr(B)≥2; Tr(B−1)≥2. (3.4)
Lemma 2. Let A∈R2×2 be a symmetric positive definite matrix. Then it holds



(21)Further we use integration by parts and due to −→v = 0 on ∂Ω and symmetry of
 T we obtain


1
 2


d
 dt


∫


Ω


ρ| −→v |2dx=−


∫


ΩT·Ddx, (3.7)


where


T·D= 2µ1|D|2+GB·D. (3.8)
 Here we used I·D= div(−→v ) = 0. The next step to obtain suitable estimates is
 multiplication of equation for B byGI which, after integration over Ω, gives


d
 dt


∫


Ω


(GB·I−G(LB+BLT)·I


) dx=−


∫


Ω


δG2


µ2 (B−I)·Idx. (3.9)
 We use properties (1.39) and the fact, thatIis symmetric and it simplify previous
 equality into the form


d
 dt


∫


Ω


GTr(B−I)dx−2


∫


Ω


GB·Ddx=−


∫


Ω


G2δ


µ2 Tr(B−I)dx. (3.10)
 Performing (3.10) + 2×(3.7) we obtain


d
 dt


∫


Ω


| −→v |2dx+2


∫


Ω


µ1|∇ −→v |2dx+d
 dt


∫


Ω


GTr(B−I)dx+


∫


Ω


G2δ


µ2 Tr(B−I)dx= 0.


(3.11)


Then d


dt


(


∥−→v∥2L2 +


∫


Ω


Tr(B−I)


)


≤0. (3.12)


Then integration over [0, T] and lemma (2), leads to


−


→v ∈(L∞(0, T;L2(Ω)))2,


B∈(L∞(0, T;L1(Ω)))2×2 =VB.


(3.13)
 Further by integration equality (3.11) over [0,
τ
],τ
 < T we even have

−


→v ∈(L∞(0, T;L2(Ω)))2∩(L2(0, T;W1,2(Ω)))2 =Vv. (3.14)
 Let us take the scalar product of the equation forB byGB−1 and integrate over
 Ω to obtain


∫


Ω


(G∂


∂tB)·B−1dx+


∫


Ω


G((−→v ·∇)B)·B−1dx+


∫


Ω


G2δ


µ2 (2−TrB−1)dx= 0. (3.15)
 It holds


((−→v ·∇)B) =−→v ·∇log(det(B)). (3.16)
 As div(−→v) = 0, the second term in (3.15), due to−→v = 0 on∂Ω, vanishes. Further
 it holds


(∂


∂tB


)


·B−1 = ∂


∂tln(det(B)). (3.17)


We subtract relations (3.11) and (3.15) to get
 d


dt


∫


Ω


ρ| −→v |2+ d
 dt


∫


Ω


G(Tr(B−I)−log(det(B))) dx
 +


∫


Ω


G2δ


µ2 Tr(B−2I+B−1


) dx+ 2


∫


Ω


µ1|D|2dx= 0.


(3.18)



(22)From (3.18) and fact thatG > C >0 we conclude the estimate
 d


dt


∫


Ω


| −→v |2dx+ d
 dt


∫


Ω


(Tr(B−I)−log(det(B))) dx≤0. (3.19)
 This gives us


Tr(B−I)−log(det(B))∈L∞(0, T;L1(Ω)),
 Tr(B−2I+B−1


)∈L1(0, T;L1(Ω)). (3.20)
 Which implies det(B)>0 a.e. in (0, T)×Ω. Let us remind the Helmholtzψ free
 energy and dissipation ξ


ψ(B) = G


2ρ(TrB−3−ln(detB))
 ξ=ξ(D,Dκp(t)


)= 2µ1|D|2+ 2µ2δ−1Dκp(t)Cκp(t) ·Dκp(t).


(3.21)


If we put (3.21) and (3.18) together we obtain
 d


dt


∫


Ω


ρψ dx+


∫


Ω


ξ dx−


∫


ΩT·Ddx=


−


∫


Ω


(G2δ


µ2 Tr(B−2I+B−1


)−2µ2δ−1Dκp(t)Cκp(t) ·Dκp(t)


)


dx.


(3.22)


Further it can be shown, that the right-hand side is identically equal to zero, so we
 obtain (1.29). For Navier-Stokes equations in can be shown, that the pressurepis
 inL2(0, T;L2(Ω)), by taking divergence of the balance of linear momentum. For
 this equations we do not have this estimate, because B ∈ (L∞(0, T;L1(Ω)))2×2
 and thus we have only


p∈L2(0, T;L1(Ω)) =Vp. (3.23)
 For level-set equation we use results form [6] which give us for ℓ0 ∈L∞(Ω)


0≤ℓ(x, t)≤ ∥ℓ0∥ℓ∞ = 1 a.e. (3.24)
 and thus


ℓ∈L∞(0, T;L∞(Ω)) =Vℓ. (3.25)
 Let us show this relation formally. The result of the transport equation is


ℓs(x, t)def=ℓ0(χ−1(x, t)) = ℓ0(X) (3.26)
It results in



(23)Thus indeed


∂tℓs+−→v ·∇ℓs = 0. (3.29)
 If we moreover assume no velocity field on boundary and ℓ0 ∈[0,1] the estimate
 (3.24) is rely fulfilled. Since, for all material parameters P ∈(G, µ1µ2, ρ, δ) hold


P(ℓ)∈L∞(0, T;L∞(Ω)).



3.4 Weak formulation


Let


φφφ= (φv, φp, φB, φℓ)∈C0∞(Ω)×(C0∞(Ω))2×(C0∞(Ω))2×2×C0∞(Ω).


We multiply equations (2.4) by correspondingφi and integrate equalities over the
 domain Ω to obtain the following relations


A(−→v , p,B, ℓ, φv)def=


∫


Ω


ρ(ℓ) (∂t−→v +(−→v ·∇)−→v)·φv−(divT)·φv = 0, (3.30a)
 B(−→v , φp)def=


∫


Ω


(div−→v )φp = 0, (3.30b)


C(−→v ,B, ℓ, φB)def=


∫


Ω


∇


B·φB+ δ(ℓ)G(ℓ)


µ2(ℓ) (B−I)·φB = 0, (3.30c)
 D(−→v , ℓ, φℓ)def=


∫


Ω


(∂tℓ)φℓ+ (−→v ·∇ℓ)φℓ = 0. (3.30d)
 By using integration by parts to equations (3.30a) we obtain final non-linear
 differential forms


A(−→v , p,B, ℓ, φv)def=


∫


Ω


ρ(ℓ) (∂t−→v +(−→v ·∇)−→v )·φv+T·(∇φv) = 0, (3.31a)
 B(−→v , φp)def=


∫


Ω


(div−→v )φp = 0, (3.31b)


C(−→v ,B, ℓ, φB)def=


∫


Ω


∇


B·φB+ δ(ℓ)G(ℓ)


µ2(ℓ) (B−I)·φB = 0, (3.31c)
 D(−→v , ℓ, φℓ)def=


∫


Ω


(∂tℓ)φℓ+ (−→v ·∇ℓ)φℓ = 0. (3.31d)
 In fact we are not able to define the weak formulation rigorously, because a priori
 estimates are not compatible. The main problem is in term ∫ΩLB·φB. The
 tensor L ∈ L2(0, T;L2(Ω)), but the unknown B is only in L∞(0, T;L1(Ω)), thus
 the integral ∫ΩLB·φB does not have to be finite. To be able to go forward we
 will make just a formal weak formulation with spaces which we currently have.


In the finite element method we will use subspaces of continuous finite element
 functions, thus the weak formulation will be meaningful.


We say that (−→v , p,B, ℓ)∈Vv ×Vp ×vB×Vℓ is a weak solution to problem (2.4)
if −→v − −→v D ∈ L2(0, T;W0,Γ1,2), ℓ−ℓD ∈ L∞(0, T;L∞0 (Ω)), initial conditions (3.2)
are fulfilled and relations (3.31a) - (3.31d) hold for every suitableφφφ.
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3.5 Finite element method


To compute these equations numerically, we need to discretize this problem. We
 introduce very widely used technique called finite element method. This method
 is based on previously discussed weak formulation. The main idea of this dis-
 cretization is to test equations only by functions from some finite dimensional
 space VN e.g. some piecewise polynomial space. Because of linearity in the φφφ
 variable we would be able to reduce PDE problem to ODE problem depending
 only on time. Further we will partition time interval into discrete time steps. So
 ODE problem is reduced to large system of non-linear algebraic equations in each
 of the time step.



3.5.1 Space discretization


Let (−→v , p,B, ℓ) ∈ Vv × Vp × VB × Vℓ ⊃ VN = VvN × VpN × VBN × VℓN is a
 weak solution to the previous problem. Further let us assume, that {φφφiN}Ni=0 =
 {(φiv, φip, φiB, φiℓ)}Ni=0 is a base of VN. Then we denote


uDN = (−→vDN, ℓDN)≈(−→vD, ℓD), uDN ∈VvN ×VℓN,
 uN = (−→vN, pN,BN, ℓN) =


(N


∑


i=1


Aiφiv,


N


∑


i=1


biφip,


N


∑


i=1


Ci(φiB),


N


∑


i=1


diφiℓ


)


,
 where


Ai =


(ai1 0
 0 ai2


)


∈(C1(I))2×2, Ci(φiB) =


(ci1,1(φiB)1,1 ci1,2(φiB)1,2


ci1,2(φiB)1,2 ci2,2(φiB)2,2


)


,
 cik,l ∈C1(I), bi, di ∈C1(I).


We are looking for uN ∈VN such that


(−→v ND, ℓDN)−(−→v N, ℓN) = (0,0) on ΓD×∂Ω (3.32)
 and


A˜j({Ai}Ni=0,{bi}Ni=0,{Ci}Ni=0,{di}Ni=0)def=A(−→v N− −→v DN, pN,BN, ℓN −ℓDN, φjv) = 0,
(3.33a)
B˜j({Ai}Ni=0)def=B(−→v N− −→v DN, φjp) = 0, (3.33b)
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3.5.2 Time discretization


This part will be formulated for clarity only in the strong notation. Then we can
 write equations (2.4) in form


∂tu(x, t) +f(u(x, t)) = 0. (3.34)
 We make a partitioning {ti}Mi=1 of interval [0, T] , such that 0 = t0 < t1 < ... <


tM = T and △ti def= ti −ti−1. Since we can discretize equation (3.34) in the
 following ways


• backward Euler


∂tu(x, ti) +f(u(x, ti))≈ u(x, ti)−u(x, ti−1)


△ti +f(u(x, ti)). (BE)


• forward Euler


∂tu(x, ti) +f(u(x, ti))≈ u(x, ti)−u(x, ti−1)


△ti +f(u(x, ti−1)). (FE)


• Crank-Nicolson


∂tu(x, ti) +f(u(x, ti))≈ 1


2((BE) + (FE)). (CN)
 Numerical properties of these discretizations will be discussed later.



3.5.3 Finite element spaces


Up to now we have dealt only with general finite function subspaceVN. Now, we
 will describe some basic possibilities how to choose these spaces.


The equations (3.33a)-(3.33d) depend on many parameters, thus solving this
 problem could be very difficult for spaces with a huge dimension. To avoid this
 issue we will choose the basis of space such that the support of each base function
 will be just a small part of the boundary.


For simplicity let Ω∈R2,∂Ω is piecewise linear. We say that a set of triangles



τ
 =τ, is a triangulation of domain Ω, if two following conditions are fulfilled
 1. ∀τ1τ2 ∈τ
, τ1∩τ2 =∅ or intersection is just one vertex or exactly one edge
 2. ⋃

τ∈
τ τ
 = Ω

For such triangulations we will define finite spaces


V1(
τ
)def={v ∈C(Ω);v|τ ∈ P1∀τ ∈τ
},

V2(
τ
)def={v ∈C(Ω);v|τ ∈ P2∀τ ∈τ
}.


(26)Figure 3.1: Reference triangles with degrees of freedom.


It remains to choose the suitable base. Functionu1 ∈ V1(
τ
) andu2 ∈ V2(τ
) are
 in the form

u1(x, y) =a1x+a2y+a3,


u2(x, y) =a1x2+a2y2+a3xy+a4x+a5y+a6,


on each triangle τ ∈ 
τ
. In order to uniquely prescribe any function from V1 or
 V2, respectively, it is enough to evaluate the values as described in Figure 3.1 of
 the function 3 or 6 respectively, degrees of freedom. Thus we can choose basis
 function φn corresponding to node xn, such that

φn(xi) = δi for all nodesxi in triangulation 
τ
.

Then the basis functions are not zero only in neighbours elements. The following
picture shows these functions on simple uniform triangulation
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