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Introduction


In many areas of research, time to an occurrence of the event of interest is
 studied. The analysis of such data is usually referred to as survival anal-
 ysis, since the theory was developed using death as an event. The event,
 however, need not be death, and the theory can be applied in various
 settings, ranging from economics, engineering, biology to medicine. The
 peculiarity of time-to-event data is given by the fact that some subjects
 under study do not experience the event of interest due to, for instance, a
 limited study duration. Such observations where the event has not been
 observed, but is bound to take place if followed long enough, are called
 censored. There is a number of different censoring schemes, and meth-
 ods of the survival analysis that deal with them are well developed and
 implemented in many statistical software packages. Nevertheless, there
 are situations when these standard methods are not appropriate for the
 analysis of time-to-event data. One such situation arises when competing
 risks are present. Competing risks are said to be present when a subject
 may experience more then one type of event, and the occurrence of one
 of them precludes the occurrence of others. To illustrate this point, sup-
 pose that a group of patients diagnosed with a heart condition is followed
 in order to observe the occurrence of myocardial infarction (MI). If all
 patients have either experienced MI during the course of the study or
 are alive and well at the end of the study, the usual techniques of the
 survival analysis are appropriate. It is very likely, however, that some
 patients will die from causes other than MI. This is the competing risks
 situation, as death from other causes precludes the occurrence of MI. It
 would be a mistake to consider a group of patients that died from other
 causes censored, since censoring indicates that the event of interest will
 take place if followed long enough, which is not the case here.


In this thesis we present selected topics of the competing risks anal-
ysis, and include examples to illustrate the basic concepts. It should be
pointed out that many rather technical details were omitted in favor of
practical aspects of the statistical analysis. Such details can be found in



(7)Kalbfleisch and Prentice (2002), Fine and Gray (1999) and Scheike et al.


(2008). All methods presented here are implemented in special packages
 of theR software, and we take a closer look at them in the Appendix A.


The layout is as follows. In Chapter 1, we introduce two possible
 approaches when modeling competing risks. We also answer the question
 of which quantities of interest can be estimated from the competing risks
 data. This issue is usually referred to as the identifiability problem of
 competing risks. Section 1.2.1 covers the analysis of competing risks using
 non-parametric techniques.


In Chapter 2, we introduce regression models that allow us to quan-
tify the relationship between a set of explanatory variables and competing
risks quantities. We first present an extension of a standard Cox model
that accommodates competing events. We then present alternative ap-
proaches, that allow for direct assessment of the impact of explanatory
variables on the cumulative incidence, a quantity that is relevant in most
medical studies. The first such model was introduced by Fine and Gray
(1999) and has become very popular with applied statisticians. More re-
cent approach was proposed by Scheike et al. (2008) and in Chapter 3
we show the advantages of this novel approach compared to the Fine and
Gray (1999) method in terms of model flexibility. This chapter contains
statistical analysis of data from Stanford Heart Transplantation Pro-
gram. Additional information about how these regression methods are
implemented within statistical software R are included in the Appendix
A and the entire code is available on the enclosed CD.
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Chapter 1



Modeling competing risks


Problems involving competing risks arise naturally in many situations. In
 such problems there areK different, mutually exclusive causes of failure.


In medical applications, we might be studying different causes of death
 and their interrelations. For example, in cancer studies, two competing
 events are relapse and death in remission (or treatment related mortal-
 ity), and the interest often lies in studying the effect of cancer treatment
 on the rate of occurrence of these mutually exclusive events.


Competing events are also common in reliability theory. In engineer-
 ing applications, the failure of a system can be caused by the failure of
 any of its components. We are usually interested as to which part of
 equipment was the actual cause of failure.


There are two possible approaches to modeling competing risks. The
 first, traditional route assumes there is a failure time corresponding to
 any one of K distinct failure types and that what we observe is the
 minimum of those times. In practice, that would mean that an individual
 should have a lifetime for each cause of death. Although this approach is
 straightforward, there is a certain problem of model identifiability that
 led many authors to recommend models based on estimable quantities
 only (mainly cause specific hazards). We will address this question in the
 following section.



1.1 Latent failure times


In the traditional approach, it is assumed that there are K potential
 failure times associated with each of theK failure types or causes. LetTk


be a positive continuous random variable representing the time to failure
of type k, k = 1, . . . , K. Failure then occurs at T = min{T1, . . . , TK}



(9)and is due to cause δ = argmin{T1, . . . , TK}.


The vector T = (T1, . . . TK)0 has a joint survivor function
 S(t1, . . . , tK) =P(T1 > t1, . . . , TK > tK)


that has historically been referred to as multiple decrement survivor func-
 tion.S(t) completely specifies the distribution ofKfailure times. We will
 assume thatS has continuous partial derivatives with respect to all of its
 arguments. Associated marginal survivor functions Sk(t) = P(Tk > t),
 sometimes called net survivor functions, were frequently studied in rela-
 tion to competing risks. They refer to a distribution of time to failure
 of a certain type in a hypothetical situation when all other causes are
 eliminated. On the other hand, crude survival functions or subsurvivor
 functions F¯k(t) define probabilities that an individual will survive up to
 t and eventually die from cause k


F¯k(t) =P(T > t, δ =k), k = 1, . . . , K.


Equivalently, ¯Fk(t) = P(Tk > t,T


j6=kTj > Tk) and therefore ¯Fk(t) ≤
 Sk(t) for every t. A hazard rate corresponding to the risk k is termed
 cause specific hazard function and defined as


λk(t) = lim


h→0+


P{T < t+h, δ=k|T ≥t}


h , k = 1,2, . . . , K.


It describes the instantaneous rate of typek failures in the presence of all
 other failures. In older literature it is usually referred to ascrude hazard
 rate. Note that


λk(t) =−F¯k0(t)


S(t), t >0, (1.1)


where S(t) stands forS(t, . . . , t).


Historically, the main goal of the analysis of competing risks was to
 estimate the marginal distributions, to predict how certain risks would
 behave in isolation based on the data where all risks act simultaneously.


In other words, it is an attempt to estimate Sk based on empirical coun-
 terparts of ¯Fk,k = 1, . . . , K. In order to do that, we need to establish the
 relationship between quantities in question. The following two theorems
 were proved by Tsiatis (1975).


Theorem 1.1. The derivativeF¯k0(t) is equal to the kth partial derivative
of the joint survival function S(t), evaluated at point t = (t, . . . , t).



(10)Proof. By definition,
 F¯k0(t) = lim


h→0


F¯k(t+h)−F¯k(t)


h (1.2)


= −lim


h→0


P


t < Tk ≤t+h,T


l6=kTl> Tk





h (1.3)


Fix h0 > h. Then
 P t < Tk≤ t+h,\


l6=k


Tl > t+h0


!


≤ P t < Tk≤t+h,\


l6=k


Tl > Tk


!


≤ P t < Tk≤t+h,\


l6=k


Tl > t


!
 .
 Dividing by h and letting h→0 yields


∂S(t)


∂tk





t=(t,...,t)


≤F¯k0(t)≤


∂S(t)


∂tk





t0


,


wheret0k =tandt0l=t+h0 for alll 6=k. Finally, lettingh0 →0 completes
 the proof.


It follows directly from this theorem and relation (1.1) that the crude
 hazard rate λk(t), corresponding to crude survivor function ¯Fk(t), can
 also be computed from the joint survivor function S as


λk(t) =
 


−∂ln [S(t1, . . . , tK)]


∂tk





t=(t,...,t)0


, t >0.


However, the question of practical importance is whether we can de-
 termine the joint and marginal survivor functions from the given set
 of crude survivor functions ¯F1(t), . . . ,F¯K(t). Tsiatis (1975) showed that
 without the additional assumption of independence of potential failure
 times, the latent model is unidentifiable, in the sense that one set of
 F¯k(t), k = 1, . . . , K corresponds to infinitely many joint survival distri-
 butions.


Theorem 1.2 (Tsiatis). Suppose that a set of crude survivor functions
F¯1(t), . . . ,F¯K(t) is given. Then there is a set of marginal survivor func-
tions Se1(t), . . . ,SeK(t) which combined with the assumption of indepen-
dence of the potential failure times yields subsurvivor functions identical
to F¯k(t), for k = 1, . . . , K.



(11)Proof. We wish to find a function S(t) =e QK


k=1Sk(tk) such that the
 following equality holds


"


∂Se(t1, . . . , tK)


∂tk


#


t=(t,...,t)


= ¯Fk0(t).


Equivalently


F¯k0(t) = Sek0 (t)
 Sek(t)


YK


i=1


Sei(t)


= ∂lnSek(t)


∂t


YK


i=1


Sei(t). (1.4)
 Summing equation (1.4) over k yields


XK


k=1


F¯k0 (t) =
 XK


k=1


∂lnSek(t)


∂t


YK


i=1


Sei(t)


= ∂lnQK


k=1Sek(t)


∂t


YK


i=1


Sei(t).
 By integrating both sides we obtain


XK


i=1


F¯i(t) =
 YK


i=1


Sei(t)


which together with the equation (1.4) after integration gives
 Sek(t) = exp


(Z t
 0


F¯k0(u)
 PK


i=1F¯i(u)du
 )


, k= 1, . . . , K.


To complete the proof we need to show thatS(t) =e QK


i=1Sei(ti) is a valid
 survivor function. That follows directly from the fact that functions ¯Fk,
 k = 1, . . . , K are crude hazard functions.


Tsiatis formalized identifiability limitations imposed by the compet-
ing risks observations, showing that to every dependent risks model there
corresponds a unique independent risks model with the same crude haz-
ard functions. Given that the result of an experiment are the empirical



(12)counterparts of the crude hazards, it follows that generally (without usu-
 ally unrealistic assumption of independence) data in the form (T, δ) allow
 for neither the estimation of the joint survivor function nor for the vali-
 dation of the independence assumption.


The author illustrated the identifiability problem of competing risks
 on a bivariate exponential distribution introduced by Gumbel and we
 include a slightly modified version of this example.


Example 1.Let there be two competing risks with the joint survivor
 function


S(t1, t2) = e−λ1t1−λ2t2−µt1t2, t1 >0, t2 >0, (1.5)
 whereλ1 >0,λ2 >0 and 0< µ≤λ1λ2 are model parameters. The joint
 probability density function of (T1, T2) is


f(t1, t2) = −∂2S(t1, t2)


∂t1∂t2


= e−λ1t1−λ2t2−µt1t2 λ1λ2+λ1µt1+λ2µt2+µ2t1t2−µ
 .
 The marginal survivor function corresponding to the first risk is then


S1(t) =
 Z ∞


t


Z ∞


0


f(x, y)dy
 


dx


=
 Z ∞


t


λ1e−λ1xdx


= e−λ1t, t >0


and similarly S2(t) = e−λ2t, t >0. From Theorem 1.1, we have
 F¯j0(t) =


∂S(t1, t2)


∂tj





(t,t)0


= −(λj+µt)e−λ1t−λ2t−µt2


= −(λj+µt)S(t, t), j = 1,2.


We can now compute marginal survivor functions Sej, (j = 1,2), consis-
 tent with the assumption of independence of the potential failure times
 T1 and T2, that yield the same crude survivor functions. From Theorem
 1.2,


Sej(t) = exp
 (Z t


0


F¯j0(u)


F¯1(u) + ¯F2(u)du
 )


= exp
 


−
 Z t


0


(λj +µu)S(u, u)


S(u, u) du





= exp
 


−
 


λjt+ 1
 2µt2





j = 1,2.



(13)Figure 1.1 illustrates the relationship between true marginal functions
 S1(t) and S2(t) and their counterparts Se1(t) and Se2(t), calculated from
 the crude survival probabilities, under the untestable assumption of inde-
 pendence. The parameter values used areλ1 = 0,1,λ2 = 0,4 andµ= 0,1.


Clearly, the difference, depending on the value of µ, sometimes referred
 to as the ”dependence parameter”, can be significant. To complete this
 example, we will find and compare crude survivor functions ¯F1(t) and
 F¯2(t).


F¯1(t) =
 Z ∞


t


(λ1+µs)e−(λ1+λ2)s−µs2ds


= 1


2
 Z ∞


t


(λ1+λ2+ 2µs) e−(λ1+λ2)s−µs2ds+
 1


2
 Z ∞


t


(λ1−λ2) e(λ1+λ2)s−µs2ds


= 1


2e−(λ1+λ2)t−µt2 +1


2(λ1−λ2) e(λ1+λ2)


2
 4µ


Z ∞


t


e−


√µs+λ1+2√µλ2


2


ds


= 1


2e−(λ1+λ2)t−µt2 +
 1


2(λ1−λ2) e(λ1+λ2)


2
 4µ


rπ
 µΦ





−p
 2µ





t+λ1+λ2
 2µ



 ,


and similarly
 F¯2(t) = 1


2e−(λ1+λ2)t−µt2 −
 1


2(λ1−λ2) e(λ1+λ2)


2
 4µ


rπ
 µΦ





−p
 2µ





t+λ1+λ2


2µ
 


,
 where Φ stands for the cumulative distribution function of standard nor-
 mal distribution N(0,1). We note that for λ1 = λ2 crude survivor func-
 tions coincide. Figure 1.2 illustrates the relationship between ¯F1 and ¯F2


for chosen parameter values λ1 = 0,1,λ2 = 0,4 and µ= 0,1. ♦
 The independent risks model corresponding to a specific dependent
 risks model will produce the same crude hazard functions. However, the
 marginal survivor functions for two models will differ in general. Crowder
 (1991) showed that the identifiability problem persists even in the hypo-
 thetical situation in which we could identify marginal survivor functions.


He proved that, under very mild conditions, there are infinitely many
joint survival functions having prescribed marginals and crude hazards.
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Figure 1.1: Comparison of the true marginal functions S1(t) and S2(t)
(full) and their counterparts Se1(t) and Se2(t) (dashed).
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Figure 1.2: Comparison of the crude survivor functions ¯F1(t) (full) and
 F¯2(t) (dashed).


In light of this result, any attempt to estimate the joint distribution
 of the latent failure times requires placing some structure on the form
 of dependence amongst risks. Assuming independence may seem plau-
 sible in reliability theory, where individual components of the complex
 system function independently. The situation is quite different, however,
 in biomedical context with numerous interactions between different dis-
 ease processes and physiological conditions. Heckman and Honore (1989)
 introduced covariates and proved that under the assumption of condi-
 tional independence, the identification of the joint distribution becomes
 possible.


Theorem 1.3(Heckman and Honore). Suppose thatS(t;x)has the form
 M(u), where u = (u1, . . . , uK) with uk = exp{−φk(x)Zk(tk)}, and
 assume that:


(i) partial derivatives ∂M/∂uk are positive and continuous on
 {u: 0< uk≤1;k= 1, . . . , K}, k = 1, . . . , K;


(ii) Zk(t)→0 as t→0, Zk(t0) = 1 for some t0, Zk0(t)>0 for all t;


(iii) φk(x0) = 1 for some x0 and the support of {φ1(x), . . . , φK(x)} is
(0,∞)K.



(16)Then the set of crude survivor functions F¯K(t;x), k = 1, . . . , K deter-
 mines the joint survivor function S(t;x).


Proof. From Theorem 1.1
 F¯k0(t;x) =


∂S(t;x)


∂tk
 


t=(t,...,t)


=


∂M


∂uk


∂uk


∂tk





t=(t,...,t)


= −Mk[ut(x)] e−φk(x)Zk(t)φk(x) Z0k(t),


whereut(x) hasjth component exp{−φj(x)Zj(t)}andMk=∂M/∂uk.
 (a) Consider the ratio


F¯k0(t;x)


F¯k0(t;x0) = Mk[ut(x)]


Mk[ut(x0)]e−[φk(x)−φk(x0)]Zk(t)φk(x)
 φk(x0).


Let t → 0. Then from (ii) Zk → 0, ut(x) → 1K for all x and
 therefore the ratio converges to φk(x)/φk(x0) = φk(x). Thus,
 φk(x) is identified through knowledge of crude hazard functions.


(b) As we assume that the failure time distribution is continuous, the
 probability that two events occur simultaneously is zero, and there-
 fore the theorem of total probability gives


S(t, . . . , t;x) =
 XK


k=1


F¯K(t;x).
 Settingt =t0 gives


XK


k=1


F¯k(t0;x) =S(t0, . . . , t0;x) =M


e−φ1(x), . . . ,e−φK(x)
 and letting [φ1(x), . . . , φK(x)] vary over (0,∞)K yields M.
 (c) Fix φk(x) and let φl(x)→0 for all l6=k. Then


S(t, . . . , t;x)→M(uk),


where uk has kth component exp{−φk(x)Zk(t)} with the rest all
equal to 1. Since M and φk have already been identified, and M is
strictly increasing in all of its arguments,Zk(t) can be determined.



(17)We briefly reflect on the assumptions of the preceding theorem. As-
 suming thatM is strictly increasing in (i) enables identification ofZk, k=
 1, . . . , K. The assumption Zk(t0) = 1 andφk(x0) = 1 are normalizations,
 since Zk and φk are not jointly identified to scale. The assumption in
 (iii) is satisfied, for example, when φk(x) = exp(x0βk), provided that x
 is unbounded and the vectors βk can vary independently.



1.2 Models based on estimable quantities


The traditional latent (potential) failure times approach was widely crit-
 icized by many authors. Apart from the identifiability issue described
 in the previous section, the main concern was the questionable physical
 meaning of hypothetical failure times in many contexts (Prentice et al.


1978), as well as difficulty with incorporating time-dependent covariates
 in regression models (Hougard 2000). As a result, modern approach relies
 on observable quantities only, and avoids defining potential failure times
 (Kalbfleisch and Prentice, 2002; Fine and Gray, 1999; Pintilie, 2006 and
 others.)


As before, let T denote the failure time and δ ∈ {1,2, . . . , K} the
 cause of failure. We have already defined the cause specific hazard func-
 tions


λk(t) = lim


h→0+


P{T < t+h, δ=k|T ≥t}


h , k= 1,2, . . . , K


which correspond to the instantaneous rates of typekfailures in the pres-
 ence of all other failures. The cause specific hazard functions represent
 the basic estimable quantities and therefore play a very important role
 in methods that will be described in this section.


If at any time point only one of the failures can occur, then
 λ(t) =


XK


k=1


λk(t).


where λ(t) represents the overall hazard at time t. The useful quantity
 in survival analysis is the cumulative (integrated) hazard function


Λ (t) =
 Z t


0


λ(s) ds.


The probability of failure from causek until time tin the presence of all
 other possible risks is known as cause-specific cumulative incidence


Fk(t) =P(T ≤t, δ=k),



(18)which can be expressed in terms of (all of the) cause specific hazard
 functions, namely


Fk(t) =
 Z t


0


λk(u)S(u−) du,
 where S(t) represents the overall survival function
 S(t) =P(T > t), 0< t <∞,


which is related to the cumulative hazard function through the following
 equality


S(t) = exp{−Λ (u)}= exp
 (


−
 Z t


0


XK


k=1


λk(u) du
 )


.
 We note that


tlim→∞Fk(t) =pk,


where pk is the overall probability of type j failure and PK


k=1pk = 1.


Therefore, cause-specific cumulative incidence is not a distribution func-
 tion and is sometimes referred to as a subdistribution function. The sub-
 survivor function and the cumulative incidence are related through


F¯k(t) +Fk(t) =pk, k= 1, . . . , K.



1.2.1 Non-parametric estimation


In noncompeting risk setting two nonparametric methods, Kaplan-Meier
 and Nelson-Aalen, are used to estimate the survival function and the
 cumulative hazard, respectively, as shown in Kalbfleisch and Prentice
 (2002), for instance. We shall consider generalizations of these procedures
 to include competing risks.


Suppose that we have a random sample of size n from a homoge-
 neous population, and that each individual under study is subject to an
 independent right censoring mechanism. A right censoring mechanism is
 said to be independent if for every t > 0 and every k in {1, . . . , K} the
 following equality holds


hlim→0+


P{T < t+h, δ=k|T ≥ t}


h = lim


h→0+


P{T < t+h, δ=k|T ≥t, Y(t) = 1}


h ,


whereY (t) = 1 is at risk indicator, that takes value 1 if an individual has
neither failed nor been censored prior to time t, and 0 otherwise. Such



(19)a censoring mechanism is sometimes referred to as uninformative, as the
 fact that an individual under study has been censored at time t tells us
 only that his failure time is greater then t.


Suppose that the observed distinct failure times from all causes are
 t1 < . . . < tm. Letrkl denote the number of individuals under study who
 fail from cause k at timetl. Let rl=r1l+. . .+rKl denote the number of
 individuals who fail at timetl. Supposeslindividuals are censored during
 the time interval [tl, tl+1) at times tl1, . . . tlsl, l = 0, . . . , m, where t0 = 0
 and tm+1 =∞.


As was mentioned earlier, the contribution of an individual censored
 at time t to the overall likelihood is the survivor function evaluated att.


The probability of failing from cause k at timet is
 P(T =t, δ =k) = ¯Fk t−


−F¯k(t).
 Therefore the likelihood function can be written as follows


L=
 Ym


l=1


( K
 Y


k=1


F¯k t−l 


−F¯k(tl)rkl


sl


Y


j=1


S(tlj)
 )


(1.6)
 As the survivor function is a non-increasing function of time and tlj > tl,
 we maximize the likelihood by taking S(tlj) = S(tl), l = 1, . . . , m, j =
 1, . . . , sl. The likelihood then simplifies


L=
 Ym


l=1


YK


k=1


F¯k t−l 


−F¯k(tl) rklS(tl)sl


!
 .


Also, for L to be maximized, ¯Fk needs to be discontinuous at tl when-
 ever rkl > 0. The maximum likelihood estimate of ¯Fk is then a discrete
 function with hazard components λk1. . . , λkm, of which some may be
 zero (k = 1, . . . , K). In terms of the corresponding cause specific hazard
 functions, we have


F¯k t−l 


−F¯k(tl) =λklS(tl−1), S(tl) =
 Yl


i=1


(1−λi),
 where λi =PK


k=1λki is the overall hazard at time ti, and therefore


L =


Ym


l=1


YK


k=1


[λklS(tl−1)]rklS(tl)sl (1.7)


=
 Ym


l=1


"


S(tl−1)rlS(tl)sl
 YK


k=1


λrklkl


#


. (1.8)



(20)By exspressing S(tl) in terms of hazard components we get
 Ym


l=1


S(tl−1)rlS(tl)sl =
 Ym


l=1


"l−1
 Y


i=1


(1−λi)rl
 Yl


i=1


(1−λi)sl


#


=
 Ym


l=1


"


(1−λl)−rl
 Yl


i=1


(1−λi)rl+sl


#


=
 Ym


l=1


(1−λl)−rl
 Ym


i=1


Ym


l=i


(1−λi)rl+sl


=
 Ym


l=1


(1−λl)−rl
 Ym


i=1


(1−λi)Pl≥irl+sl


=
 Ym


l=1


(1−λl)nl−rl,


wherenl =rl+sl+. . .+rm+sm is the number of individuals at risk at
 time tl. From 1.8 we obtain


L=
 Ym


l=1


" K
 Y


k=1


λrklkl(1−λl)nl−rl


#


. (1.9)


The corresponding log-likelihood is then
 l =


Xm


l=1


XK


k=1


rkllogλkl+ (nl−rl) log 1−
 XK


k=1


λkl


!
 .


Finally, differentiating with respect to λkl, k = 1, . . . , K, l = 1, . . . , M
 and setting to zero yields the maximum likelihood estimates ˆλkl =rkl/nl.
 The type-specific cumulative hazard function is then estimated by ˆΛk(t) =
 Pm


l=11[tl < t]rkl/nl. The Nelson-Aalen estimate of the total cumulative
 hazard corresponding to the overall failure rate is then


Λ(t) =ˆ
 XK


k=1


Xm


l=1


1[tl < t]rkl


nl


, t >0.


The Kaplan-Meier estimate of the overall survivor function is given by
 S(t) =ˆ Y


l|tl≤t


nl−rl


nl .



(21)As the cumulative incidence is a function of the cause specific hazards
 Fk(t) =


Z t


0


λk(u)S(u−) du,


we obtain its maximum likelihood estimate simply by replacing unknown
 parameters with their estimates


Fˆk(t) = X


l|tl≤t


rkl


nl


S(tˆ l−1), k= 1, . . . , K.


The variance of this estimator is estimated by (Andersen et al 1993)
 varh


Fˆk(t)i


= X


l|tl≤t


S(tˆ l−1)2h


Fˆk(t)−Fˆk(tl)i2 rl
 n2l


+ X


l|tl≤t


S(tˆ l−1)2n
 1−2h


Fˆk(t)−Fˆk(tl)iorkl


n2l .


Example 2. We illustrate the performance of estimating procedures
 described in this section with a very simple example. Assume there are
 two independent competing risks with hazards constant in time, i.e. both
 failure time distributions are exponential with rates λ1 and λ2. Denote
 S1 and S2 the marginal survival functions. The joint survival function
 is then S(t1, t2) = S1(t1)S2(t2). Cumulative incidence functions can be
 found directly


F1(t) = P(T ≤t, δ = 1) =P(T1 ≤t, T1 < T2)


= P(T1 ≤t < T2) +P(T1 < T2 ≤t)


= [1−S1(t)]S2(t) +
 Z t


0


Z t2


0


f1(t1)f2(t2)dt1



 dt2


= λ1


λ1+λ2


1−e−(λ1+λ2)t
 ,


where fj(t) = λje−λjt are probability density functions of the potential
 failure times. Similarly


F2(t) = λ2


λ1+λ2


1−e−(λ1+λ2)t
 .


Alternatively, we could obtain the same result by applying Theorem 1.1
 and using the equalityFj(t) = pj−F¯j(t) (j = 1,2), where pj =P(δ=j).


We compare the theoretical incidence functions to their estimates
based on a set of randomly generated data from exponential distributions



(22)with rates λ1 = 0,1 and λ2 = 0,5. Therefore, Ti = min (T1i, T2i), where
 T11, . . . , T1n is a random sample from Ex(0,1), T21, . . . , T2n is a random
 sample from Ex(0,5), andn = 100 is the chosen sample size.


We used the library cmprsk of the statistical software R, which con-
 tains a function cumincfor estimation of the cumulative incidence. Both
 cumulative incidences and their estimates are plotted in Figure 1.3. Note
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Figure 1.3: Comparison of the cumulative incidence functions (red) and
 their estimates (black).


that incidence of the second event is slightly overestimated, but overall
concordance is very good.



(23)Let us include independent right censoring. Censoring times were ran-
 dom variables generated from a uniform distribution on the interval (1,4).


Clearly, that will affect our estimates. Figure 1.4 shows to what extent.


One of the most important questions in the analysis of competing
 risks is the assessment of consequences of changes in certain risks. Such a
 problem arises naturally in many settings. In engineering the load profile
 might change so that some system components are placed under increased
 stress. In medical studies, a treatment is expected to affect the survival
 from a specific disease. However, due to interrelations amongst individual
 failure types that are often unknown, a change in one hazard function
 may affect other cause specific hazards as well. Kalbfleisch and Prentice
 (2002) argue that in order to be able to answer this question adequately,
 one should be familiar with the physical or biological mechanism giving
 rise to failures.


In our example, we examine the effect of prolonging the failure time
 corresponding to the type 2 failure, which is equivalent to decreasing the
 associated cause specific hazard. Let T2i∗ = 3T2i, for i = 1, . . . , n. Under
 the assumption that the cause specific hazard function for the second risk
 decreased and the first one remained unchanged, it seems reasonable to
 conjecture that the cumulative incidence of the type 1 failure is increased,
 while the incidence of the second failure is decreased.


Table 1.1: The numbers of observed failures before and after increasing
 the type 2 failure times


n1 n2 Censoring


Before 15 85 No


14 62 24


After 32 68 No


26 51 23


The first plot of the figure 1.5 displays cumulative incidence functions
 and their estimates after prolonging type 2 failure times. The relationship
 after including censoring is displayed on the second plot of the figure 1.4.


It is important to note that in order to keep the percentage of censored
 observations comparable before and after the change of the second haz-
 ard, censoring times were prolonged as well Ci∗ = 2,5Ci. The numbers of
 observed failures of the specific types before and after changing T2 are


given in Table 1.1. ♦
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Figure 1.4: Comparison of the cumulative incidences (red) with their
estimates (black) after censoring.
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Figure 1.5: The comparison of the theoretical cumulative incidence func-
tions (red) and their estimates (black) after decreasing the hazard corre-
sponding to the second risk
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Chapter 2



Regression models


Methods introduced in the previous chapter assumed that a population
 under study is homogeneous. In most applications, however, there are ex-
 planatory variables that may affect the failure time. For example, in most
 medical studies we expect the health status to depend on individuals’


characteristics such as age, height, weight, lifestyle choices and genetic
 predispositions. Similarly, in reliability theory, the age, dimensions and
 usage history of a system component are relevant factors affecting the
 failure time. In this chapter we shall consider three possible approaches
 to regression modeling of the competing risks, that enable us to explore
 the associations between such covariates and failure rates.



2.1 Cox model


We shall assume that there is a vector X = (X1, X2, . . .)0 of basic covari-
 ates associated with every individual under study, their measurements
 taken at or prior to time 0. Let Z(t) = [Z1(t), . . . , Zp(t)]0 be a vector of
 derived covariates which are functions of the basic covariates and pos-
 sibly time. The relative risk or Cox model is easily adapted to include
 competing risks. Let λk[t;Z(t)] represent the cause specific hazard func-
 tion associated with risk k at time t for an individual with covariates
 Z(t). Cox model specifies that


λk[t;Z(t)] =λ0k(t)h[Z(t),βk], k = 1, . . . , K,


where λ0k(t) is an unspecified baseline hazard function corresponding to
 cause k andh


Z(t),βj


is some known, positive function, often taken to
 be of the form h


Z(t),βj


= exp


Z(t)0βj
.
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2.1.1 Estimation


Model parameters are estimated in the similar fashion as in the classical
 Cox model, by maximizing the partial likelihood. Let tk1 < . . . < tkmk


be the observed failure times from cause k, k = 1, . . . , K. Although we
 assume that failure time distribution is continuous, tied values occur often
 in practice. Assume, for the moment, that the individuals under study
 have distinct failure times. An individual, who is at risk at time t, fails
 from causekin the time interval (t, t+ dt] with probabilityλk[t;Z(t)] dt.


Let Zki(t) denote the vector of explanatory variables for the individual
 who fails at tki. Let R(t) denote the set of individuals at risk at time
 t−, just prior to time t. Then, given the censoring information and event
 history up to time t−and given that there is a failure of type k at time
 tki, the conditional probability that it is the individual with covariates
 Zki, among those still at risk, who fails is


h[Zki(tki),βk]
 P


l∈R(tki)h[Zl(tki),βk].


As with ordinary likelihood, a partial likelihood is constructed by
 taking product over all failures, and with the usual choiceh


Z(t),βj


=
 exp


Z(t)0βj


we obtain
 L(β1, . . . ,βK) =


YK


k=1
 mk


Y


i=1


exp


Zki(tki)0βk
 P


l∈R(tki)exp


Zl(tki)0βk. (2.1)
 The maximum partial likelihood estimator of β1, . . . ,βK is obtained by
 maximizing L. As we can see, the partial likelihood function factors into
 separate components corresponding to individual failure types, and there-
 fore, if there are no common parameters among βk’s, estimation can be
 conducted by maximizing theK factors individually. The log-partial like-
 lihood is


l(β1, . . . ,βk) =
 XK


k=1
 mk


X


i=1


Zki(tki)0βk−log






 X


l∈R(tki)


exp [Zl(tki)0βk]





.


The score corresponding to βk when there are no common parameters
 among the βk’s is


Uk(βk) =


mk


X


i=1


Zki−
 P


l∈R(tki)Zl(tki) exp [Zl(tki)0βk]
 P


l∈R(tki)exp [Zl(tki)0βk] .



(28)We can see that the in this approach the estimate of βk coincides with
 the estimate that would be obtained if failures from other causes were
 regarded as being censored. Therefore, the standard asymptotic results
 for the classical Cox model apply to this setting as well; the estimates
 are consistent and asymptotically normal. If there are joint parameters
 among βk’s, the corresponding score equations are summed across the
 failure types and asymptotic results still hold.


In order to estimate the cumulative incidences of individual fail-
 ure types, one also need to estimate the baseline hazards. This can
 be accomplished by extending the non-parametric estimate described in
 1.2.1. The Nelson-Aalen estimate of the integrated cause-specific hazard
 (Kalbfleisch and Prentice, 2002) is


Λˆ0k(t) =


mk


X


i=1


1[tki < t]dki


P


l∈R(tki)exph


Zl(tki)0βˆki, k= 1, . . . , K.


This rather simple moment estimate is sometimes called Breslow esti-
 mate. The authors note that it has some undesirable properties, but
 behaves reasonably when hazards are relatively small. The alternative
 approach is based on maximizing the likelihood function (1.6), after ad-
 justing for covariates and detailed descriptions can be found in Kalbleisch
 and Prentice (2002) and Crowder (2001).



2.1.2 Tied values


Expression (2.1) accommodates tied failure times from distinct causes,
 therefore no adjustment in that case is necessary. When there are tied val-
 ues among the failures of the same type, the partial likelihood expression
 becomes more complicated.


The first approach is to use the average likelihood that arises by
 breaking the ties in all possible ways (Kalbfleisch, Prentice 2002). As-
 sume, for now, that there are two observed failures of typek at time tki.
 Denote individuals in question i1 and i2. Had i1 failed just prior to i2,
 their contribution to the overall likelihood would be


Lki1 = exp


Zi1(tki)0βk
 P


l∈R(tki)exp


Zl(tki)0βk exp


Zi2(tki)0βk
 P


l∈R(tki)−{i1}exp


Zl(tki)0βk. (2.2)
 Similarly, had i2 failed just prior to i1


Lki2 = exp


Zi2(tki)0βk
 P


l∈R(tki)exp


Zl(tki)0βk exp


Zi1(tki)0βk
 P


l∈R(tki)−{i2}exp


Zl(tki)0βk. (2.3)



(29)Assuming that both orderings are equally likely, it seems reasonable to
 take the average of (2.2) and (2.3) as the contribution of the two observed
 failures to the partial likelihood Lik = 1/2Lki1+ 1/2Lki2.


Generalization to more than two tied failures is straightforward. De-
 note the Dki the set of dki individuals who fail from cause k at time tki.
 Let Qki ={P :P = (p1, . . . , pdki)} be the set of dki! permutations of the
 elements in Dki and define a risk setR(tki, P, r) in the following way


R(tki, P, r) =R(tki)− {p1, . . . , pr−1}, r = 1, . . . , dki.


The average partial likelihood contribution of dki failures at time tki is
 then


1


dki!exp[ski(tki)0βk] X


P∈Qki


dki


Y


r=1






 X


l∈R(tki,P,r)


exp


Zl(tki)0βk








−1


,
 whereski(tki) =Pdki


j=1Zj(tki) is the sum of the covariates of the individ-
 uals in Dki. The corresponding average partial likelihood is proportional
 to


YK


k=1








mk


Y


i=1


exp[ski(tki)0βk] X


P∈Qki


dki


Y


r=1






 X


l∈R(tki,P,r)


exp


Zl(tki)0βk








−1


.


(2.4)
 The above expression is usually computationally intensive, especially if
 the number of ties is large. If the proportion of tied values at every tki is
 small, the expression (2.4) can be approximated by (Peto, 1972, Breslow,
 1974)


L=
 YK


k=1








mk


Y


i=1


exp[ski(tki)0βk]
 nP


l∈R(tki)exp


Zl(tki)0βkodki





. (2.5)


An improvement of this approximation was suggested by Efron (1977):


L=
 YK


k=1
 mk


Y


i=1


exp[ski(tki)0βk]
 Qdik−1


r=0


P


l∈R(tki)exp


Zl(tki)0βk


−rA¯k(βk, tki)


!
 ,
 where


A¯k(βk, tki) = 1
 dki


X


l∈Dki


exp


Zl(tki)0βk
 .


Kalbfleisch and Prentice (2002) note that when the number of ties is
small, both approximations give satisfactory results. If the proportion of
tied values is large, the authors suggest that a discrete time model might
be more appropriate.
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2.2 Proportional hazards model for the cu- mulative incidence


The relative risk or Cox model specifies the cause specific hazard func-
 tions. In many applications, however, the quantity of interest is the overall
 probability of failure from a specific cause, i.e., the cumulative incidence
 function. Estimates may, of course, be obtained from the estimated cause
 specific hazards in a rather straightforward way


Fˆk[t;Z(t)] =
 Z t


0


λˆk[u;Z(u)] ˆS[u−;Z(u−)] du. (2.6)
 The problem lies in the assessment of the effect of explanatory vari-
 ables on the cumulative incidence. In noncompeting risk settings, the
 impact of a high (low) relative hazard will directly translate to an in-
 crease (decrease) in cumulative incidence of the event. In a competing
 risk framework, this is not necessarily true. Typically, a covariate having
 a strong effect on a cause-specific hazard will influence significantly the
 corresponding cumulative incidence. It is possible, however, that a very
 strong effect on the cause-specific hazard is countered by the adverse
 effect of that particular covariate on the overall survival function.


Fine and Gray (1999) proposed a novel semi-parametric model for the
 cumulative incidence function in order to directly assess the effect of co-
 variates on cumulative event probabilities. In this section, this regression
 model is introduced together with proposed estimators.


Let the event indexed 1 be of interest, and the events labeled 2, . . . , K
 are competing risks that could prevent us from observing the type 1
 failures. Therefore, the quantity of interest is the cumulative incidence
 F1(t;Z) =P(T ≤t, δ = 1|Z), where Z is a vector of time-independent
 covariates. Fine and Gray considered a class of transformations


g[F1(t;Z)] = h0(t) +Z0β, (2.7)
 whereg is some known increasing function andh0 is unspecified, strictly
 increasing function. For two individuals having covariate vectors Z1 and
 Z2 the cumulative incidence functions satisfy the vertical shift model
 after transformation


g[F1(t;Z1)]−g[F1(t;Z2)] = (Z1−Z2)0β.


The authors focused mainly on the complementary log-log transfor-
mation. They introduced an improper random variable Tethat coincides



(31)with T if the failure of the first type occurs and is unbounded if we fail
 to observe the event of interest


Te=


(T, if δ = 1;


∞, otherwise.


The hazard corresponding to Te is


˜λ1(t;Z) = lim


h→0+


P[T < t+h, δ= 1|T ≥t∪(T ≤t, δ6= 1),Z]


h


= f1(t;Z)
 1−F1(t;Z)


= −∂log [1−F1(t;Z)]


∂t ,


wheref1(t;Z) is defined as ∂F1(t;Z)/∂t and is sometimes referred to as
 the subdensity function for the time to a type 1 failure.


The risk set associated with ˜λ1 is unnatural as it contains not only
 individuals who have not failed prior to timetbut also all the individuals
 who already failed from causes other than δ = 1. This modified risk set
 was first introduced by Gray (1988), who constructed K-sample tests for
 comparison of cumulative incidence functions.


Assuming that the cause-specific hazard is of the form ˜λ1(t;Z) =
 λ˜10(t) exp(Z0β), where ˜λ10 is completely unspecified, nonnegative func-
 tion of time, the choice of complementary log-log transformation results
 in


log{−log [1−F1(t;Z)]} = logΛe1(t;Z)


= Z0β+ log
 Z t


0


λe10(u)du
 


(2.8)
 where Λe1 is the integrated hazard, defined as Λe1(t;Z) = Rt


0 eλ1(u;Z)du.


We can see that (2.8) corresponds to the model (2.7) with h0(t) =
 loghRt


0λ˜10(u)dui
 .



2.2.1 Estimation


Let us first assume that we have complete data of the form (Ti, δi,Zi) for
i= 1, . . . , n. When there is no censoring, the partial likelihood approach
is applicable to eλ1. The estimation of the vector of parametersβ can be
achieved in exactly the same way as in the Cox model for right censored




    
  




      
      
        
      


            
    
        Odkazy

        
            	
                        
                    



            
                View            
        

    


      
        
          

                    Stáhnout nyní ( PDF - 58 Stránka - 504.63 KB )
            

      


              
          
            Outline

            
              
              
              
              
              
                              
    Proportional hazards model for the cumulative incidence 26
                              
    Tests for model identification
              
              
            

          

        

      
      
        
  Související dokumenty

  
    
      
          
        
            Finite-Temperature Form Factors: a Review
        
      

        Since all matrix elements of local fields are known in many integrable models, it would seem appropriate to write the trace as an explicit sum over all states of the Hilbert space,

    
      
          
        
            Hlavní práce75086_mona05.pdf, 836.2 kB
                
                
                  
                    Stáhnout
        
      

        This  thesis  aims  to  explore  the  effect  that  the  implementation  of  Enterprise  Resource  Planning  systems  has  on  the  five performance  objectives  of  operations

    
      
          
        
            Veřejná příloha21651_mona05.pdf, 101.9 kB
                
                
                  
                    Stáhnout
        
      

        SAP business ONE implementation: Bring the power of  SAP enterprise resource planning to your small-to-midsize business (1st ed.).. Birmingham, U.K:

    
      
          
        
            Text práce (865.0Kb)
        
      

        All the short rate models explained are Itˆo processes based on the Brownian motion, which one- by-one define the parameters to best represent the real behavior of interest rates

    
      
          
        
            Západočeská univerzita v Plzni Fakulta filozofická Bakalářská práce BUSINESS RELATIONS BETWEEN TURKEY AND CZECH REPUBLIC: ANALYSIS OF THE EVOLVING RELATIONSHIP BETWEEN TWO COUNTRIES Hedvika Hessová
        
      

        All  companies  are  different  and  all  of  them  are  interested  in  different  sectors  but  in  last  years  the  power  engineering  industry  is  getting  more  and  more

    
      
          
        
            EDITORIALBOARD NUMBER116APRIL2021
        
      

        All of the models (except for fast_align) are not producing the alignments them- selves, but soft alignment scores p for each pair of tokens (s, t) in source S × target T sentence..

    
      
          
        
            Strany na ústupu, lídři na vzestupu? Personalizace volebního chování v České republice
        
      

        Výše uvedené výzkumy podkopaly předpoklady, na nichž je založen ten  směr výzkumu stranických efektů na volbu strany, který využívá logiku kauzál- ního trychtýře a

    
      
          
        
            Strukturální příčiny poklesu sňatečnosti a nárůstu svobodných v České republice v průběhu devadesátých let
        
      

        Mohlo by se zdát, že tím, že muži s nízkým vzděláním nereagují na sňatkovou tíseň  zvýšenou homogamíí, mnoho neztratí, protože zatímco se u žen pravděpodobnost vstupu

      



      

    

    
            
                        
             Nahrajte své studijní materiály ke stažení všech dokumentů.

            
              

                        
  

                
            
            
        
        Nahrát
                

            Váš dokument bude obohacen, sdílen na 9PDF CZ, aby vám pomohl při studiu.

          

                    
      
  Související dokumenty

  
          
        
    
        
    
    
        
            Hlavní práce75304_mihs01.pdf, 1.1 MB
                
                
                  
                    Stáhnout
        
        
            
                
                    
                    77
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            Oponentura70905_xmisj900.pdf, 473 kB
                
                
                  
                    Stáhnout
        
        
            
                
                    
                    1
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            Hlavní práce66776_balm00.pdf, 843.6 kB
                
                
                  
                    Stáhnout
        
        
            
                
                    
                    101
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            Veřejná příloha21896_balm00.pdf, 192 kB
                
                
                  
                    Stáhnout
        
        
            
                
                    
                    3
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            Hlavní práce75600_xmezv01.pdf, 1.9 MB
                
                
                  
                    Stáhnout
        
        
            
                
                    
                    54
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            Oponentura69404_Bothe.pdf, 170.7 kB
                
                
                  
                    Stáhnout
        
        
            
                
                    
                    2
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            Hodnocení vedoucího75600_xpotm03.pdf, 343.9 kB
                
                
                  
                    Stáhnout
        
        
            
                
                    
                    2
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            A Business Plan: Shopping Mirror
        
        
            
                
                    
                    81
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

      


              
          
            
          

        

          

  




  
  
  
    
      
        Společnost

        	
             O nás
          
	
            Sitemap

          


      

      
        Kontakt  &  Pomoc

        	
             Kontaktujte Nás
          
	
             Feedback
          


      

      
        Legal

        	
             Podmínky Použití 
          
	
             Zásady Ochrany Osobních Údajů
          


      

      
        Social

        	
            
              
                
              
              Linkedin
            

          
	
            
              
                
              
              Facebook
            

          
	
            
              
                
              
              Twitter
            

          
	
            
              
                
              
              Pinterest
            

          


      

      
        Získejte naše bezplatné aplikace

        	
              
                
              
            


      

    

    
      
        
          Školy
          
            
          
          Témy
                  

        
          
                        Jazyk:
            
              Čeština
              
                
              
            
          

          Copyright 9pdf.info © 2024

        

      

    

  




    



  
        
        
        
          


        
    
  
  
  




     
     

    
        
            
                

            

            
                                 
            

        

    




    
        
            
                
                    
                        
                            
  

                            

                        
                            
  

                            

                        
                            
  

                            

                        
                            
  

                            

                        
                            
  

                            

                    

                    
                        

                        

                        

                        
                            
                                
                                
                                    
                                

                            

                        
                    

                    
                        
                            
                                
  

                                
                        

                        
                            
                                
  

                                
                        

                    

                

                                    
                        
                    

                            

        

    


