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Finite element method application for fluid structure interactions:



Mathematical background and implementation



P. Sv´aˇcek
a

aFaculty of Mechanical Engineering, Department of Technical Mathematics, Czech Technical University in Prague, Karlovo n´am. 13,
 121 35 Praha 2, Czech Republic


In this paper the mathematical modelling of fluid-structure interaction problems is addressed
 particularly with the interest paid to the biomechanics of human voice. The attention is paid to
 the precise approximation of the fluid flow, particularly in the glottal part, with the aid of the nu-
 merical approximation of the Navier–Stokes equations. This problem is even more complicated
 in the context of the voice creation process, e.g., by the glottal gap closing or by the presence
 of the contact problem. In this case one need to take into account not only a significant mesh
 deformation but also the influence of the prescribed artificial inlet/outlet boundary conditions.


We shall focus particularly on several implementation aspects of the finite element method
 used for the solution of the fluid-structure interaction (FSI) problem. The practical realization
 of the finite element method shall be discussed based on the variational formulation of the
 underlying problems. The FSI problem consists of the solution of the fluid flow, the structure
 deformation and the mesh displacement problems. For the fluid flow the moving mesh should be
 taken into account which leeds to the Navier-Stokes system of equations on the computational
 domainΩft written in the ALE form


ρDAv


Dt +ρ((v−wD)· ∇)v =divτf, ∇ ·v = 0, (1)
 where v is the fluid velocity vector, ρ is the constant fluid density, and τf is the fluid stress
 tensor given by τf = −pI + 2µD(v). Here, p is the pressure, µ > 0 is the constant fluid
 viscosity andD(v) = 12(∇v + (∇v)T). This system of equations is equipped with initial and
 boundary conditions. The deformation of the domain is result of the mutual interaction with a
 structural model. For the structure deformation as well as the mesh deformation, e.g., the linear
 elastic model can be used.


In order to describe the details of the application of the finite element method for solu-
 tion of (stationary) boundary value problems, we shall use a context of an abstract variational
 formulation of findingu∈ V such that


a(u, v) = L(v) for allv ∈ V, (2)


where V is a Banach space and a(u, v), L(v) are in general forms on V. This formulation
 represents a weak formulation of the above mentioned specific boundary value problems and
 contains the information about the solved equations as well as the applied boundary conditions.


The problem (2) can be formally discretized by introducing a finite dimensional finite element
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(2)spaceVh constructed over a triangulation of the computational domain. The application of the
 finite element method then reads: Find the approximation solutionuh such that


a(uh, vh) =L(vh) for allvh. (3)
 In the case whenais bi-linear andLis linear, this system represents a system of linear equations.


Such an approach is used in various books or textbooks about the finite element method to
 support the theoretical analysis of the finite element method, see, e.g., [1]. In this paper it is
 shown that such an approach is suitable also for the implementation purposes, see also [3, 4].


The program is written in object oriented C language, see [2].


For the implementation purposes, it is usually used that the formsaandLin (2) are given by
 integrals which together with the use of the finite element spaceVhdefined over an triangulation
 Th gives


a(U, V) = X


K∈Th


Z


K


ωa(x, U, V)dx+ X


S∈Sh


γa(x, U, V)dS (4)
 and


L(V) = X


K∈Th


Z


K


ωL(x, V)dx+ X


S∈Sh


γL(x, V)dS, (5)


whereShdenotes the set of all boundary edges of elements adjacent to the boundaryΓ,ωa,ωL


are expressions (or better operator) inu,vlinearly dependent onv.


Using this the Galerkin formulation can be defined in the program by definition of methods
 of the object scalar problem


typedef struct {


void (*getBndrCnd)(bpoint *P, short *isfixed, double *val);


double (*aformdx)(point *P, scalar *u, scalar *v);


double (*Lformdx)(point *P, scalar *v);


double (*aformdS)(bpoint *P, scalar *u, scalar *v);


double (*LformdS)(bpoint *P, scalar *v);


} scalarproblem;


where aformdx, aformdS corresponds to terms ωa, γa, and Lformdx, LformdS corre-
 sponds to terms ωL, γL. The scalarproblem is then used for the finite element object
 fespacebased on the mesh (triangulation)gmesh. This corresponds well to the mathemati-
 cal construction of the finite element space over a triangulationτh.
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