

  
    
            
        
      
      
        
          
        

        
          
            
          
        
        
          
            
              
                
              
            

            
              
                
                  Nedávno hledané
                

              

                
                  
                      
                      
                        
                      
                  

                
              
                Nebyly nalezeny žádné výsledky
              

            

          

          
            
              

                
              
            

            
              
                Tags
              

              
                
                  
                      
                  
                
              

              
                

              

              
                Nebyly nalezeny žádné výsledky
              

            

          

          
            
              
                
              
            

            
              
                Dokument
              

              
                
                  
                      
                  
                
              

              
                

              

              
                Nebyly nalezeny žádné výsledky
              

            

          

        

      

    

    
      
        
          
        
      
              

                        
  
  

                
            
            
        
        Čeština
                  

                        
  

                Nahrát
                        
          
            
            
              
                Domovská stránka
                
                  
                
              
              
                Školy
                
                  
                
              
              
                Témy
                
                  
                
              
            

          

        


        
          Přihlášení
        
        
        
        
        
          

  





  
    
      
      	
            
              
              
            
            Odstranit
          
	
            
              
              
            
          
	
            
              
                
              
              
            
          
	
          

        
	Nebyly nalezeny žádné výsledky


      
        
          
        
      
    

  







  
      
  
    
    	
                                    
              Domovská stránka
            
            




	
                          
                
              
                        
              Další
            
            


      
                  High-performanceandParallelComputers,ProgrammingTechnologies&NumericalLinearAlgebra WinterSchool ModellingandSimulationofChallengingEngineeringProblems SNA’14SeminaronNumericalAnalysis
      

      
        
          
            
              
                
              
            
            
            
              
                Podíl "High-performanceandParallelComputers,ProgrammingTechnologies&NumericalLinearAlgebra WinterSchool ModellingandSimulationofChallengingEngineeringProblems SNA’14SeminaronNumericalAnalysis"

                
                  
                    
                  
                  
                    
                  
                  
                    
                  
                  
                    
                  
                

                
                  

                  
                    COPY
                  
                

              

            

          

          
            
              

                
              
            
          

        

      

    

    
      
        
          
            
              
            
                          
                N/A
              
                      


          
            
              
            
                          
                N/A
              
                      

        

        
                      
              
                
              
                               Protected
                          

                    
            
              
            
            
              Akademický rok: 
                2023
              
            

          

        

        
          
            
            
                
                    
                
                Info
                
                

            
            

            

                        
  

                
        Stáhnout
          
              

          
            
              
                
                Protected

              

              
                
                
                  Academic year: 2023
                

              

            

            
              
                
                  
                
                
                
                  
                    Podíl "High-performanceandParallelComputers,ProgrammingTechnologies&NumericalLinearAlgebra WinterSchool ModellingandSimulationofChallengingEngineeringProblems SNA’14SeminaronNumericalAnalysis"

                    
                      
                        
                      
                      
                        
                      
                      
                        
                      
                      
                        
                      
                    

                    
                      

                      
                        
                      
                    

                    Copied!

                  

                

              

              
                
                  
                
              

            

            
              
                
                123
              

              
                
                0
              

              
                
                0
              

            

          

        

      

      
        
                              
            
            123
          

          
            
            0
          

          
            
            0
          

        

      

    

  



  
        
                    
  
    
    
      
        Načítání....
        (zobrazit plný text nyní)
      

      
        
      

      
      

    

  




  
      

                    Zobrazit více (   Stránka )
        
  


  
      

                    Stáhnout nyní ( 123 Stránka )
      



      
            
  
    Fulltext

    
      (1)
Institute of Computer Science AS CR, Prague



SNA’14



Seminar on Numerical Analysis



Modelling and Simulation



of Challenging Engineering Problems



Winter School



High-performance and Parallel Computers,



Programming Technologies & Numerical Linear Algebra



Nymburk, January 27 − 31, 2014



(2)
Programme committee:


Radim Blaheta
 Zdeněk Dostál
 Ivo Marek


Miroslav Rozložník
 Zdeněk Strakoš


Institute of Geonics AS CR, Ostrava
 VŠB-Technical University, Ostrava
 Czech Technical University, Prague
 Institute of Informatics AS CR, Prague
 Charles University, Prague



Organizing committee:


Hana Bílková


Jurjen Duintjer Tebbens
 Miroslav Rozložník
 Petr Tichý


Miroslav Tůma


Institute of Computer Science AS CR, Prague
 Institute of Computer Science AS CR, Prague
 Institute of Computer Science AS CR, Prague
 Institute of Computer Science AS CR, Prague
 Institute of Computer Science AS CR, Prague



Conference secretary:


Hana Bílková Institute of Computer Science AS CR, Prague


Institute of Computer Science AS CR, Prague
ISBN 978-80-87136-16-4



(3)
Preface


Seminar on Numerical Analysis (SNA) is a scientiﬁc meeting devoted mainly to mathematical
 modeling, numerical methods for partial diﬀerential equations, numerical linear algebra and par-
 allel computing. Its history goes back to 2003. Since 2005 it has been coupled with the winter
 school oﬀering tutorials or extended lectures of various selected topics. The venue and organiza-
 tion eﬀort of these meetings is traditionally distributed between Bohemian and Moravian-Silesian
 organizers from the Academy of Sciences (Institute of Geonics, Ostrava and Institute of Com-
 puter Science, Prague) as well as from the universities (Technical University of Ostrava, Czech
 Technical University and Charles University in Prague). The seminar and the winter school
 SNA 2014 will be held for the ﬁrst time in the training centre of the Czech Association of Phys-
 ical Education and Sports in Nymburk. This year the winter school oﬀers the lectures delivered
 by the following distinguished researchers:


• Discontinous Galerkin method (V. Kučera),


• Operator preconditioning (Z. Strakoš),


• FFT-based Galerkin method for homogenization of periodic media (J. Vondřejc, J. Zeman
 and I. Marek)


• Mathematics in image processing (M. Šorel).


We believe that the participants will enjoy also the complementary program of contributed
 presentations and posters. We wish you a pleasant stay in Nymburk.


On behalf of the Programme and Organizing Committee of SNA 2014


Mirek Tůma, Miro Rozložník
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Isogeometric analysis for Navier-Stokes equations


B. Bastl, M. Brandner, J. Egermaier, K. Michálková, E. Turnerová


NTIS – New Technologies for Information Society, University of West Bohemia, Plzeň



1 Introduction


This article is devoted to the simulation of viscous incompressible ﬂuid ﬂow. The numerical
 model is based on the isogeometrical approach. This is a part of the project devoted to the
 shape optimization of water turbines. Typically in engineering practice, design is done in CAD
 systems and meshes, needed for the ﬁnite element analysis, are generated from CAD data. Each
 design change requires generation of new meshes which takes a lot of time. Primary goal of using
 isogeometric analysis is to be geometrically exact, independently of the discretization. Then we
 do not need to create any other mesh – the mesh of the so-called “NURBS elements” is acquired
 directly from CAD representation. Further reﬁnement of the mesh or increasing the order of
 basis functions are very simple, eﬃcient and robust.



2 NURBS Surfaces


NURBS surface of degreep,qis determined by a control netP(of control pointsPi,j,i= 0, . . . , n,
 j = 0, . . . , m), weights wi,j of these control points and two knot vectors U = (u0, . . . , un+p+1),
 V = (v0, . . . , vm+q+1) and is given by a parametrization


S(u, v) =
 Pn


i=0


Pm


j=0wi,jPi,jNi,p(u)Mj,q(v)
 Pn


i=0


Pm


j=0wi,jNi,p(u)Mj,q(v) =
 Xn


i=0


Xm


j=0


Pi,jRi,j(u, v). (1)
 B-spline basis functions Ni,p(u) and Mj,q(v) are determined by knot vectors U and V and de-
 grees pand q, respectively, by a formula (forNi,p(u),Mj,q(v)is constructed by the similar way)


Ni,0(u) =


 1 ui≤t < ui+1
 0 otherwise
 Ni,p(u) = u−ui


ui+p−uiNi,p(u) + ui+p+1−u


ui+p+1−ui+1Ni+1,p(u). (2)
 Knot vector is a non-decreasing sequence of real numbers which determines the distribution
 of a parameter on the corresponding curve/surface. B-spline basis functions (see Figure 1) of
 degreepareCp−1-continuous in general. Knot repeatedktimes in the knot vector decreases the
 continuity of B-spline basis functions by k−1.Support of B-spline basis functions is local – it is
 nonzero only on the interval [ti, ti+p+1]in the parameter space and each B-spline basis function
 is non-negative, i.e., Ni,p(t)≥0,∀t.



3 Stationary Navier-Stokes equations


The model of viscous ﬂow of an incompressible Newtonian ﬂuid can be described by the Navier-
 Stokes equations in the common form


∇p+u· ∇u−ν∆u = f,


∇ ·u = 0, (3)



(9)T = (0,1,2, . . . ,7), p= 1 T = (0,1,2, . . . ,7), p= 3


T = (0,0,0,0,1,2,3,4,4,4,4) T = (0,0,0,1,2,2,3,3,3)


Figure 1: B-spline basis functions


where u=u(x)is the vector function describing ﬂow velocity,p=p(x)is the pressure function,
 ν describes dynamic viscosity andf additional body forces acting on the ﬂuid. We do not assume
 only very small Reynolds numbers, but there are still some “limits” for which this model gives
 reasonable solution. The boundary value problem is considered as the system (3) together with
 boundary conditions


u = w on∂ΩD (Dirichlet condition)
 ν∂u


∂n −np = 0 on∂ΩN (Neumann condition). (4)


If the velocity is speciﬁed everywhere on the boundary, then the pressure solution is only unique
 up to a hydrostatic constant.


Let V be a velocity solution space and V0 be the corresponding space of test functions, i.e.,
 V = {u∈H1(Ω)d|u=w on∂ΩD}


V0 = {v∈H1(Ω)d|v=0 on∂ΩD}. (5)
 Then a weak formulation of the boundary value problem: ﬁnd u∈V andp∈L2(Ω)such that


ν
 Z


Ω


∇u:∇v+
 Z


Ω


(u· ∇u)v−
 Z


Ω


p∇ ·v =
 Z


Ω


f·v ∀v∈V0
 Z


Ω


q∇ ·u = 0 ∀q ∈L2(Ω)


3.1 Approximation using isogeometric analysis


We deﬁne the ﬁnite-dimensional spaces V0h ⊂ V0, Wh ⊂ L2(Ω) and their basis functions. We
 want to ﬁnd uh ∈Vh andph∈Wh such that for allvh ∈V0h a qh∈Wh it holds


ν
 Z


Ω


∇uk+1h :∇vh+
 Z


Ω


(ukh· ∇uk+1h )vh−
 Z


Ω


pk+1h ∇ ·vh =
 Z


Ω


f ·vh, (6)
 Z


Ω


qh∇ ·uk+1h = 0, (7)
This approach is based on the so-called Picard’s method. For isogeometric analysis, basis func-
tions of Vh and Wh are NURBS basis functions obtained from the NURBS description of the



(10)computational domain (for velocity and pressure). We can express ukh and pkh as a linear com-
 bination of the basis functions (2) and substitute them to (6) and (7). Linearization is done
 with help of Picard’s iteration and we obtain a sequence of solutions(ukh, pkh)∈Vh×Wh, which
 converges to the weak solution. We obtain a matrix formulation of the problem in the form








A+N(uk) 0 −B⊤1
 0 A+N(uk) −B⊤2


B1 B2 0












 uk+11
 uk+12
 pk+1





=








f1−(A∗+N∗(uk))·u∗1
 f2−(A∗+N∗(uk))·u∗2


−B∗1·u∗1−B∗2·u∗2





 (8)


where


A = 


Aij


1≤i≤nud,1≤j≤nud, A∗ = 
 Aij


1≤i≤nud,nud+1≤j≤nuv,
 N(u) = 


Nij(u)


1≤i≤nud,1≤j≤nud, N∗(u) = 


Nij(u)


1≤i≤nud,nud+1≤j≤nuv,
 Bk = 


Bkij


1≤i≤np,1≤j≤nud, B∗k = 
 Bkij


1≤i≤np,nud+1≤j≤nuv


(9)


Aij = ν
 Z


Ω


(∇Rui ·J−1)·(∇Ruj ·J−1)|detJ|


Nij(u) =
 Z


Ω


Rui














nuv


X


l=1


(u1l, u2l)Rul





·(∇Ruj ·J−1)





|detJ|


Bkij =
 Z


Ω


Rpi


(∇Ruj ·J−1)·ek


|detJ|


(10)


The initial Navier-Stokes problem was transformed to the sequential solving of linear systems.


3.2 LBB (Ladyženskaja-Babuška-Brezzi) condition


In general, it is not possible to use an arbitrary combination of discretizations for pressure and
 velocity for solving Stokes problem in order for given discretizations to be stable, it needs to
 satisfy the so-called LBB condition (or inf-sup condition). It can be shown that such a suitable
 choice of discretizations is represented by spaces with basis function of degree p (for pressure)
 and degree p+ 1(for velocity) obtained with the help of p-reﬁnement (see [1] for more details).



4 Examples


We will present a well-known test example, the so-called ﬂuid ﬂow past a cylinder with parabolic
 inﬂow boundary condition (left boundary), no-slip boundary condition on walls (u =0, upper
 and bottom boundary) and homogeneous Neumann condition at the outﬂow (right boundary).


Pressure – control net Pressure – NURBS elements



(11)Velocity – control net Velocity – NURBS elements


Navier-Stokes problem – velocity Navier-Stokes problem – pressure



5 Conclusion


Iterative solution of stationary Navier-Stokes equations converges only for relatively low Reynolds
 numbers. Therefore, it is necessary to use stabilization methods (e.g. SUPG, PSPG, see [2]). The
 problems with oscillations can be solved by the SOLD methods [3]. The following steps of this
 project will be focused on turbulence modelling and transient case described by non-stationary
 Navier-Stokes equations.


Acknowledgement: This work has been supported by Technology agency of the Czech Republic
 through the project TA03011157 “Innovative techniques for improving utility qualities of water
 turbines with the help of shape optimization based on modern methods of geometric modeling”.
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GPU implementation of the ﬁnite element method


P. Bauer, V. Klement, T. Oberhuber, V. Žabka


Faculty of Nuclear Sciences and Physical Engineering
 Czech Technical University in Prague



1 Introduction


Numerical approximation of partial diﬀerential equations by means of the ﬁnite element method
 leads to a system of linear equations, generally


Ax=b. (1)


In case of some nonlinear evolution problems and implicit time-stepping schemes, the system
 matrix A depends on time. During the numerical solution of such problems, the system matrix
 has to be updated after each time step. When implementing the solver on the GPU, special
 attention has to be paid to the matrix update because it can signiﬁcantly aﬀect performance of
 the implementation.


The following three basic approaches to deal with the matrix update on the GPU should be
 considered. First, the matrix can be assembled from the local element matrices on the CPU
 and then copied to GPU memory. However, memory transfers between CPU memory and GPU
 memory are slow and this approach is eﬃcient only if the memory transfers overlap with some
 computations. Second, the system matrix does not have to be assembled at all. Instead, speciﬁc
 methods operating only on local element matrices can be employed for the solution of (1). The
 system matrix assembly is then replaced with several less expensive vector disassembly and
 assembly operations [4, 5]. The third approach is to assemble the system matrix entirely on the
 GPU [1].


This paper investigates a way of assembling the system matrix by the ﬁnite element method
 entirely on the GPU as described in [1]. We present a general CUDA implementation of the ﬁnite
 element matrix assembly relying on a coloring of the computational mesh. There are no particular
 limitations on the mesh, so it can be unstructured. We validate the CUDA implementation by
 comparison with a corresponding CPU implementation.



2 Implementation of the ﬁnite element method


Our implementation of the ﬁnite element method follows the same pattern as that in
 DUNE-FEM [2] and DUNE-PDELab [3]. The system matrix is assembled from the local ele-
 ment matrices. Each local element matrix consists of entries computed by integration of the
 basis functions and their derivatives over a single element. These integrals involving the basis
 functions are transformed by a geometry transformation to integrals over the reference element
 and evaluated using quadratures. Hence, the values of the basis functions and their derivatives
 in the quadrature points on the reference element are only needed. More details can be found
 in [6].


We implement the algorithm in CUDA. On the GPU, the assembly of the matrix should be done
in parallel. For that purpose the mesh is colored (on the CPU) in such a way that elements of



(13)the same color do not share any degrees of freedom. Thus, at least elements of the same color
 can be processed in parallel.


Each CUDA thread is assigned to one element. It computes one entry of the local element
 matrix, immediately adds it to the corresponding entry of the system matrix and continues with
 the next entry. When computing the entries of the local matrix, the thread reads the quadrature
 weights, the basis function values in the quadrature points, the derivatives of the basis functions
 in the quadrature points, the Jacobian matrices of the geometry transformation in the quadrature
 points and the indices of the local matrix entries in the system matrix. In our implementation,
 the quadrature weights, the basis function values and the derivatives are stored in the constant
 memory space on the GPU because they are the same for all the elements. The Jacobian matrices
 of the geometry transformations and the indices of the local matrix entries in the system matrix
 are diﬀerent for each element and, therefore, they are stored in the global memory space. To
 achieve maximum GPU memory bandwidth, the data in global memory are structured so that
 the memory accesses are coalesced.


The system matrix is sparse. We assume that its nonzero pattern does not change in time.


Therefore, the matrix can be allocated and the column indices of its entries precomputed on the
 CPU which is more suitable for this task than the GPU. Similarly, the indices of the local matrix
 entries in the system matrix and the Jacobian matrices of the geometry transformations can also
 be precomputed on the CPU prior to the matrix assembly and transferred to GPU memory.



3 Results and conclusion


In order to test the presented GPU implementation of the FEM matrix assembly, we also created
 corresponding sequential and OpenMP CPU implementations. We applied all the implementa-
 tions to the numerical solution of the heat equation employing the backward Euler method for
 the time discretization. We tested them on four diﬀerent two-dimensional triangular meshes and
 four diﬀerent three-dimensional tetrahedral meshes consisting of approximately 20 000, 150 000,
 500 000 and 2 000 000 cells. The P1 and P2 ﬁnite elements were considered. The resulting
 matrices assembled by all the three implementations were identical.


We also compared the running times of each implementation. The GPU implementation ran on
 NVIDIA GeForce GTX 590 (only 1 GPU used), and the CPU implementations ran on AMD
 Phenom II X6 1090T (6 cores, 3.2 GHz). All the computations were performed using double-
 precision ﬂoating point arithmetic. The results are shown in Figure 1. The times measured
 do not include computations that can be done in advance and only once for the given mesh,
 i.e., mesh coloring, initialization of the Jacobian matrices of the geometry transformations and
 determination of the local matrix entries indices in the system matrix, and the transfer of these
 data to GPU memory.


It can be seen that the GPU implementation performed 3–10 times better than the OpenMP CPU
 implementation and up to 25 times better than the sequential CPU implementation. However,
 the CPU implementation might be more eﬃcient if the mesh contains only a small number of
 cells (typically less than several thousand cells). In addition, the GPU might be limited by the
 amount of memory available when processing large amounts of data.


Acknowledgement: This work has been supported by the grant No. SGS11/161/OHK4/3T/14
of the Student Grant Agency of the Czech Technical University in Prague and the project
No. TA01020871 of the Technological Agency of the Czech Republic.
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(a) Two-dimensional P1 elements.
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(b) Two-dimensional P2 elements.
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(c) Three-dimensional P1 elements.
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(d) Three-dimensional P2 elements.


Figure 1: Comparison of the three FEM matrix assembly implementations: implementation
 in CUDA, sequential CPU implementation and OpenMP CPU implementation using 6 cores.


Results of the GPU computation using the P2 elements on the largest mesh are not available
 because the GPU ran out of memory. The OpenMP CPU implementation using the P1 elements
 on the smallest mesh performed much worse than the sequential CPU implementation. These
 results are thus omitted from the graphs.
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Tvarová optimalizace pro 2D kontaktní problém



s Coulombovým třením s koeﬁcientem tření závislým na řešení


P. Beremlijski∗, J. Haslinger, J. Outrata, R. Pathó
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1 Úvod


Článek se věnuje diskretizované úloze tvarové optimalizace pro dvojrozměrné pružné těleso v jed-
 nostranném kontaktu s tuhou překážkou. Stavová úloha je v tomto případě dána jako Signoriniho
 problém s Coulombovým třením, kde koeﬁcient tření je závislý na řešení. Tento koeﬁcient na-
 víc nemusí být popsán diferencovatelnou funkcí, ale pouze lokálně lipschitzovskou funkcí. Při
 splnění jistých podmínek pro koeﬁcient tření má diskrétní kontaktní úloha jediné řešení a toto
 řešení je závislé lokálně lipschitovsky na návrhové proměnné popisující tvar pružného tělesa.


Díky jedinému řešení diskrétní úlohy pro ﬁxovanou řídící proměnnou, můžeme použít tzv. pří-
 stup implicitního programování. Ten je založen na minimalizaci nehladké funkce složené z cenové
 funkce a jednoznačného zobrazení, které návrhové proměnné přiřazuje řešení diskrétní úlohy.


Pro minimalizaci nehladké funkce lze použít některou z verzí bundle trust metody. K citlivostní
 analýze je nutné použít Morduchovičův kalkul. Na závěr příspěvku je ilustrováno použití našeho
 přístupu. Podrobně se lze s uvedeným přístupem seznámit v [3].



2 Stavová úloha


Nechť Ω⊂R2 je pružné těleso s lipschitzovskou hranicí ∂Ω. Hranice ∂Ωje složena ze tří nepře-
 krývajících se částí Γu,Γp a Γc (viz obrázek 1).








Obrázek 1: 2D pružné těleso.


Γu je hranice s Dirichletovskou podmínkou, na hranici Γp působí povrchové síly P = (P1, P2),
kde P ∈ L2(Γp). Těleso je zdola „podepřeno“ podél hranice Γc tuhou překážkou. Tvar Γc je
určen návrhovou proměnnou α ∈ Rd, přičemž množinu přípustných návrhových proměnných
označímeUad, tzn.α∈ Uad. Na této hranici je předepsáno Coulombovo tření s koeﬁcientem tření
závislým na řešení F :R →R . Navíc platí, že F je lipschitzovské vR .



(16)Algebraická formulace diskrétního Signoriniho problému s Coulombovým třením s koeﬁcientem
 tření závislým na řešení je následující


Najděte(u,λ) := (u(α),λ(α))∈Rm×Rp


+:
 (A(α)u,v−u)m+ (F(|ut|)•λ(α),|vt| − |ut|)p


≥(L(α),v −u)m+ (λ,vn−un)p ∀v ∈Rm,
 (µ−λ,un+α)p ≤0 ∀µ∈Rp


+,




















(1)


kdeA∈Rm×m a L∈Rm jsou matice tuhosti a vektor sil závislé na řídící proměnnéα,a•b:=


(a1b1, . . . , apbp) ∈ Rp, a = (a1, . . . , ap), b = (b1, . . . , bp), u označuje vektor posunutí, kde ut
 označuje tečné a un normálové posunutí, a λ ∈ Rp


+ (p je počet kontaktních uzlů) je vektor
 Lagrangeových multiplikátorů. Vektor (u,λ) nazveme stavovou proměnnou.


Dále zredukujeme naši úlohu a budeme se zabývat pouze kontaktními uzly. Stavová úloha realizuje
 zobrazeníS :α∈Rd→(ut,un,λ)∈R3p(řídícímu vektoruα∈Uadje přiřazeno řešení kontaktní
 úlohy (ut,un,λ)). Diskretizovanou stavovou úlohu lze ekvivalentně popsat zobecněnou rovností
 (podrobně v [1] a [2]).


0∈Att(α)ut+Atn(α)un−Lt(α) +Qt(ut,λ)


0=Ant(α)ut+Ann(α)un−Ann(α)un−Ln(α)−λ
 0∈un+α+NRp+(λ),








 (2)
 kde multifunkce Qt : Rp ×Rp ⇉ Rp je deﬁnována jako Qt(x,z)


i := F(|xi|)zi∂|xi|, ∀i =
 1, . . . , p ∀x,z ∈Rp a NRp


+(·)je standardní normálový kužel.



3 Tvarová optimalizace pro kontaktní úlohu s Coulombovým tře- ním s koeﬁcientem tření závislým na řešení


Cílem úlohy tvarové optimalizace je nalezení takové návrhové proměnné α (určující Beziérovu
 funkci, kterou je modelována kontaktní hranice Γc), pro kterou nabývá cenový funkcionál
 J(α,S(α)) svého minima. Úlohu diskrétní tvarové optimalizace zavedeme jako úlohu


αmin∈Uad


J(α), J(α) :=J(α,S(α)), (3)
 kde funkcionál J je spojitě diferencovatelný. K řešení této obecně nehladké úlohy byla použita
 bundle trust metoda (podrobně viz [7]). Tato iterační metoda potřebuje rutinu, která v každé
 iteraci vypočte hodnotu cenového funkcionálu (k tomu potřebujeme vyřešit stavovou úlohu)
 a jeden (libovolný) Clarkeův subgradient z Clarkeova zobecněného gradientu ∂J(α). Pro jeho
 nalezení použijeme tvrzení


∂J(α) =∇1J(α,S(α)) +{CT∇2J(α,S(α)),C ∈∂S(α)} (4)
 (viz [4]). Protože platí {CTy∗|C ∈ ∂S(α)} ⊃ D∗S(α)(y∗) pro všechna y∗, stačí nalézt jeden
 prvek z množiny D∗S(α)(∇2J(α,S(α))). Prvky limitní koderivace D∗S(α) najdeme použitím
 nehladkého kalkulu B. Morduchoviče (viz [6]). Podrobně v [3].



4 Numerický příklad


Pro numerické řešení stavové úlohy byla použita metoda postupných aproximací. Numerické
 řešení stavové i tvarově-optimalizační úlohy bylo implementováno v knihovně MatSol (viz [5]).


Tato knihovna byla vyvinuta v prostředí Matlab.



(17)Dříve navržený postup byl použit pro řešení úlohy tvarové optimalizace mající za cíl nalézt tvar
 kontaktní hranice tak, aby se vektor λ(α)blížil co nejvíce předepsanému vektoru λ:


min kλ(α)−λk66


α∈ Uad, (5)


Koeﬁcient tření F (viz obr. 2) je pro naší úlohu deﬁnován takto


F(t) :=











0.25 pro t∈ h0,0.01i,
 0.25·(−60t+ 1.6) pro t∈(0.01,0.02),
 0.1 pro t∈ h0.02,∞).


(6)


Obrázek 2: Deﬁnice koeﬁcientu tření.


Naši oblast jsme diskretizovali sítí s 1800 uzly, její velikost je 2x1. Povrchové tlaky na hranici
 Γp jsou předepsány taktoP1 = (0;−60 MPa) na (0,1.8)× {1} a P1 = (0; 0) na (1.8,2)× {1},
 zatímcoP2 = (30MPa; 10 MPa) na{2} ×(0,1). Fyzikální parametry oblasti mají tyto hodnoty
 – Youngův modul E = 1 GPa a Poissonova konstanta ν = 0.3. Dimenze návrhové proměnné α
 řídící Beziérovu funkci, kterou je dána hranice Γc, je 20.


Počáteční návrh a jeho deformace je na obrázku 3.


Obrázek 3: Počáteční návrh.


Obrázek 4 zobrazuje optimalizovaný návrh a jeho deformaci.


Obrázek 4: Optimalizovaný návrh.



(18)Obrázek 5: Rozložení normálového napětí na kontaktní hranici pro počáteční návrh (vlevo) a opti-
 malizovaný návrh (vpravo).


Rozložení normálového napětí λ(α) na kontaktní hranici (plná čára) i předepsaný vektor λ
 (tečkovaná čára) pro počáteční i optimalizovaný tvar tělesa jsou zobrazeny na obrázku 5.


Hodnota cenového funkcionálu pro počáteční návrh je 1.0746·1014, zatímco hodnota cenového
 funkcionálu pro výsledný návrh je 4.7879·109.


Acknowledgement: Tato práce byla podpořena Evropským fondem regionálního rozvoje
 (ERDF) v rámci projektu Centra excelence IT4Innovations (CZ.1.05/1.1.00/02.0070) a projek-
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1 Introduction


By micromechanics we understand analysis of the macroscale response of materials through
 investigation of processes in their microstructure. Here by the macroscale, we mean the scale of
 applications, where we solve engineering problems involving materials like diﬀerent metals and
 composites in aircraft design or rocks and concrete in a dam construction. Diﬀerent applications
 are characterized by diﬀerent characteristic size. At macroscale the materials mostly look as
 homogeneous or they are idealized as homogeneous or piecewise homogeneous. A substantial
 heterogeneity is hidden and appears only after more detailed zooming view into the material.


This hidden heterogeneity can be called a microstructure. In metals it is created by crystals
 and grains, in composite materials by matrix and inclusions, in concrete by gravel and mortar
 or iron reinforcement etc. When the ratio between the characteristic dimensions on macro and
 microstructure subjects is suﬃciently large, then we say that the scales are well separated. In this
 case, it is not possible to perform the macroscale analysis going into the microstructure details,
 but it is possible to analyse the macroscopic problems with the use of eﬀective (homogenized)
 material properties, which are obtained by testing smaller samples of materials. In computational
 micromechanics, the testing of such samples means solution of boundary value problems on test
 domains involving the microstructure with loading provided by suitable boundary conditions.


We focus on X-ray CT image based micromechanics of geomaterials with the use of continuum
 mechanics and the ﬁnite element computation of the microscale strains and stresses, see [2]. This
 means that basic information about the microstructure is provided by analysing (segmentation)
 of 3D images of real samples. This information should be completed by information on local
 material properties, i.e. material properties of the individual material constituents.


There is a strong need for high performance parallel computing at several stages of the compu-
 tational micromechanics, namely at


• analysis of CT scans,


• high resolution ﬁnite element solution of boundary value problems,


• solution of inverse problems for determination or calibration of local material properties.


In this contribution, we focus on the second point, i.e. solving the high resolution ﬁnite element
 systems with tens or hundreds degrees of freedom on available parallel computers at the Institute
 of Geonics and the IT4Innovations supercomputer centre in Ostrava. Following [3], we describe
 eﬃciency of the in-house GEM solvers exploiting the Schwarz domain decomposition method
 with aggregation by performing computational experiments on the above parallel computers.


The solution of these systems is also necessary for building eﬃcient solution methods for inverse
material identiﬁcation problems, see [4] and a further work in progress.
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2 High resolution FEM systems and GEM solvers


In analysis of geocomposites (see [2]), the domain Ω is a cube with a relatively complicated
 microstructure. The FEM mesh is constructed on the basis of CT scans. As benchmarks, we
 shall use FEM systems arising from CT scanning of a coal-resin geocomposite at CT-lab of the
 Institute of Geonics. The characteristics of two benchmarks can be seen in Table 1.


Benchmark Discretization Size in DOF Data size


GEOC-2s 257×257× 257 50 923 779 8.5 GB


GEOC-2l 257×257×1025 203 100 675 33.5 GB


Table 1: Benchmarks representing microstructures of two geocomposite samples. Notation,
 applied discretization meshes and sizes of resulting linear systems.


The elastic response of a representative volume Ωis characterized by homogenized elasticity C
 or compliance S tensors (S=C−1). The elasticity and compliance tensors are determined from
 the relations


Chεi=Cε0 =hσi and Shσi=Sσ0 =hεi, (1)
 respectively. Here hσi and hεi are volume averaged stresses and strains computed from the
 solution of elasticity problem


−div(σ) = 0, σ =Cmε, ε= (∇u+ (∇u)T)/2 inΩ, (2)
 with boundary conditions


u(x) =ε0·x on∂Ωand σ·n=σ0·n on∂Ω, (3)
 respectively. Above, σ and ε denote stress and strain in the microstructure, Cm is the variable
 local elasticity tensor, u and ndenote the displacement and the unit normal, respectively. The
 use of pure Dirichlet and pure Neumann boundary conditions allows us to get a upper and lower
 bounds for the upscaled elasticity tensor, see e.g. [2].


By using the GEM software [1], the domain is discretized by linear tetrahedral ﬁnite elements.


The arising systems are then solved by PCG method with a stabilization in the singular case
 (see [3]). The implementation in the GEM software uses two solvers:


GEM-DD is a solver implemented in the GEM software. It uses one-level additive Schwarz
 domain decomposition preconditioner with subproblems replaced by displacement decom-
 position incomplete factorization, see ref. in [3]. The resulting preconditioner is symmetric
 positive deﬁnite even for the singular case.


GEM-DD-CG solver diﬀers in preconditioning, which is now a two-level Schwarz domain de-
 composition arising from the previous GEM-DD by additive involvement of a coarse prob-
 lem correction. The coarse problem is created by a regular aggressive aggregation with
 3 DOF’s per aggregation. In singular case, the coarse problem is also singular with a
 smaller null space containing only the rigid shifts. The coarse problem is solved only ap-
 proximately by inner (not stabilized) CG method with a lower solution accuracy - relative
 residual accuracy ε0≤0.01.


Note that in the computational experiments described in the next Section, we solve the problems
with pure Neumann boundary conditions.
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3 Parallel computers and computational experiments


The computational experiments are performed on two computers:


Enna - 64-core NUMA multiprocessor at the Institute of Geonics:


• eight octa-core Intel Xeon E7-8837/2.66 GHz processors


• 256 GB of DDR2 RAM


• CentOS 6.3, Intel Cluster Studio XE 2013, Trilinos 11.4.1


Anselm - multicomputer (cluster) with 207 compute nodes at the Supercomputing Center
 IT4Innovations. We employed the computing nodes equipped with:


• two octa-core Intel E5-2665/2.4 GHz processors


• 64 GB of memory and 500 GB of local disk capacity


• Inﬁniband QDR interconnection, fully non-blocking, fat-tree


• Bullx Linux OS (Red Hat family), Intel Parallel Studio XE 2013


Table 2 shows the timings of GEM solvers (without and with coarse grid problem applied)
 obtained for GEOC2s, i.e. a problem of more than 50 million DOF’s, where the performance
 up to 64 processing elements on Enna and up to 128 processing elements on Anselm could be
 compared. The stopping criterion was krk/kbk ≤ε= 10−5 and the DD-CG solver made use of
 a coarse problem with aggregation factors 9×9×9 (81 000 DOF’s).


Enna Anselm


DD DD-CG DD DD-CG


# Sd # It Titer # It Titer A/E Titer A/E Titer


2 914 8461.2 437 3523.1 0.67 5644.2 0.79 2785.4
 4 1129 4973.3 428 1923.6 0.59 3526.2 0.72 1383.4
 8 1421 2942.5 416 922.9 0.82 2422.6 0.79 725.7
 16 1655 1994.6 376 415.8 0.64 1325.8 0.84 348.7
 32 1847 1923.5 329 348.3 0.42 798.3 0.56 194.8
 64 2149 3074.9 295 505.9 0.20 620.8 0.23 117.6


128 n/a 515.7 n/a 107.1


Table 2: Timings of the GEOC2s benchmark achieved by the GEM solvers on the multiprocessor
 Enna and cluster Anselm: Iteration counts (#It), wall-clock time (in seconds) of the solution
 (Titer) and the corresponding performance ratio Anselm/Enna (A/E) are provided for up to 128
 subdomains (# Sd).


For greater number of subdomains, the results conﬁrm the advantage of systems with distributed
 memory, when the multiprocessors in general suﬀer from the memory-processor bandwidth con-
 tention. Thus, while on Enna the scalability fades out at about 32 cores, the turning point on
 Anselm is around 128 processing elements, when the small size of subdomains deteriorates the
 computation/communication ratio.


In absolute ﬁgures, we were able to solve the benchmark 3 – 4 times faster on Anselm than on
Enna. The advantage of Anselm is to be derived partially from the fact that its newer Intel
Sandy Bridge CPU architecture as such outperforms Enna’s Westmere one, in our application
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 DD-9×9×9 DD-9×9×18 DD-9×9×27 DD-9×9×27


# Sd # It Titer # It Titer # It Titer # It Titer


4 751 13719.0 858 15737.6 997 18518.4 997 12671.4
 8 690 6237.7 800 6960.8 917 8062.9 917 5803.9
 16 585 2717.4 674 4010.6 777 4815.6 777 2576.6
 32 585 2483.6 622 2923.8 708 3452.5 708 1157.5


64 627 3637.0 627 558.8


128 652 358.5


256 631 299.6


512 649 333.5


Table 3: Timings of the GEOC2l benchmark achieved by the GEM-DD-CG solver on the mul-
 tiprocessor Enna and cluster Anselm: Iteration counts(#It) and wall-clock time (in seconds)
 for the solution time (Titer) are provided now for diﬀerent sizes of CG problem involved in
 computations and for various numbers of subdomains (# Sd).


by 20-40%, what can be estimated from the test up to 8 processing elements (one socket) when
 the processors work in similar conditions.


Table 3 reports computations with the largest benchmark GEOC2l (about 200 million DOF)
 and demonstrates the impact of the coarse grid size on the time of the solution. We can observe
 that very aggressive aggregation leads to the best results. We could conﬁrm this observation on
 Anselm, where the best time in the Table 3 (299.6 s with 256 processing elements and aggregation
 9×9×27) was surpassed by an experiment with the coarser aggregation 15×15×31. The overall
 best GEOC2l solution time of 249.8 s was achieved after 910 iterations on # Sd=512 subdomains
 (32 compute nodes employed).


A bit surprising decrease of the number of iterations with increasing number of subdomains
 (processors) as reported in the above Tables, especially for DD-CG, can be explained by the fact
 that smaller subdomain problems are solved more accurately in our implementation.


Acknowledgement: This work was supported by the European Regional Development Fund
 in the IT4Innovations Centre of Excellence project (CZ.1.05/1.1.00/02.0070).
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1 Introduction


Deep ﬁnal repositories for nuclear waste are planned in rocks with low permeability, namely in
 granite, in order to minimize transport of a possible leakage to the surface. A regional model
 of water ﬂow and transport processes in the granite has to deal with presence of relatively tiny
 fracture zones of signiﬁcantly higher hydraulic permeability. One possible approach is to treat
 these fracture zones as an independent domain of lower dimension and introduce a coupling with
 a surrounding matrix.


For purpose of this contribution, we shall consider a model problem consisting of a 2d matrix
 domain Ω2 and of a fracture domain Ω1 formed by a network of 1d lines. We also set Ω0 =∅.


We shall consider saturated porous media on both domains described by the Darcy’s law
 vd=−Kd∇hd on Ωd\Ωd−1 for d= 1,2; (1)
 and the continuity equation


divqd=Fd on Ωd\Ωd−1 for d= 1,2; (2)
 where vd is the velocity qd =νdvd is the Darcy ﬂux, ν2 = 1, andν1 is the fracture zone cross-
 section, Other quantities are: the tensor of hydraulic conductivity Kd, the pressure head hd,
 and partially integrated density of the water sources Fd. Vectors qd and tensorsKd lives in the
 corresponding local tangent spaces of domains Ωd. The principal unknowns of this system are
 the ﬂuxesqd and the pressure headshd. We prescribe Dirichlet boundary conditionhd=Hdon
 the outer boundaries Γdof both domains. Furthermore, one boundary condition has to be posed
 for each of two sides of a line in Ω1. First condition is the continuity of h2 from both sides and
 the second is balance of the ﬂuxes


q+2 ·n++q−2 ·n−=Q2=σ1(Trh2−h1). (3)
 Here Q2 is the surface density of the local outer ﬂux fromΩ2 into Ω1, which is proportional to
 the diﬀerence between the trace of h2 andh1 with a given transition coeﬃcientσ1. The ﬂuxQ2
 also appears as a part of the volume source F1=Q2+ν1f1 on the domain Ω1.



2 Discrete mixed-hybrid formulation


The coupling used in the model problem, namely continuity of the pressure, is physically relevant
 only when fracture zone has higher conductivity then matrix (cf. [1]), however it admits approx-
 imation of the trace of the pressure head h2 on Ω1 even in the case of non-compatible meshes.


This is big advantage in real applications, where fracture zone can be complex and generation
of compatible meshes becomes problematic.



(24)Let Td = {Tdi, i ∈ Id} be a triangulation of the domain Ωd and Ed = S


i∈Id∂Tdi \Γd set of
 internal edges. We do not assume any relationship between T2 and T1. We shall denote by
 Vd ⊂ H(div,Ωd) the space of discontinuous lowest order Raviart-Thomas functions (RT0) and
 by Pd ⊂ L2(Ωd) the space of functions piecewise constant on elements of Td. Further, we
 introduce P˚d, the space of functions piecewise constant on edges in Ed. Finally, we denote
 V =V2×V1 and P =P2×P1×P˚2×P˚1.


We say that pair (q, h) = q,(h,˚h)


∈V ×P is mixed-hybrid solution of the problem P12 if it
 satisﬁes abstract saddle point problem


a(q,ψ) +b(ψ, h) =hG,ψi ∀ψ∈V, (4)


b(q, φ)−c(h, φ) =hF, φi ∀φ= (φ,φ)˚ ∈P, (5)
 where the bilinear forms on the left-hand side are


a(q,ψ) = X


d=1,2


X


i∈Id


Z


Tdi


1


νdqidK−1


d ψid,


b(q, φ) = X


d=1,2


X


i∈Id


 Z


Tdi


−divqdφd+
 Z


∂Tdi\Γd


(qd·n)˚φd


!
 ,


c(h, φ) =
 Z


Ω1


σ R(h1)−T(h2)


R(φ1)−T(φ2)
 and linear forms on the right-hand side are


hG,ψi= X


d=1,2


X


i∈Id


Z


∂Tdi


(ψd·n)Hd,


hF, φi=− X


d=1,2


Z


Ωd


νdfdφd.


In the bilinear formc, we have used a reconstruction operator R and operator T approximating
 the trace of the pressure head h2 on Ω1. For more details of the mixed-hybrid formulation and
 extension to 3d we refer to [2].



3 Numerical experiments


Various choices of operatorsRandTare possible. In [3], two suitable choices have been proposed.


MethodP0put simply R(h1) =h1 andT(h2)on elementT1i is weighted average ofh2 values on
 intersecting 2d elements with weights proportional to the length of intersection. Method P1use


˚h1values to reconstruct piecewise linear approximation of the pressure headh1 and˚h2values are
 interpreted as degrees of freedom of non-conforming P1 ﬁnite elements, then operatorT simply
 takes trace of this non-conforming approximation on Ω1. Both methods were tested on very
 simple geometry in [3] giving convergence rates summarized in Table 1.


Two new topics are covered in this contribution. For ﬁrst, we better investigate true quality of
the velocity ﬁeld. Table 1 shows rather poor convergence of the velocity, but this is mainly caused
by the local error around the fracture since discrete velocity ﬁeld can not express a jump sitting
on the fracture. We shall present numerical tests indicating that velocity ﬁeld is in fact better
out of the fracture. For the second, we shall present comparison of proposed non-compatible
methods with a more general model which admits discontinuous pressure on the fracture, but



(25)pressure head velocity
 ρ= 0.5 ρ= 1 ρ= 0.5 ρ= 1


1d 2d 1d 2d 1d 2d 1d 2d


method P0 2.1 1.60 1.87 1.55 1.82 0.6 1.43 0.56
 method P1 2.1 1.68 1.87 1.55 1.82 0.6 1.60 0.56
 compatible mesh 1.9 1.9 1.9 1.9 1.9 1 1.9 1


Table 1: Estimated order of convergence of approximated L2-error for the pressure head and the
 velocity.


can be applied only for compatible meshes. These comparisons are done on more realistic meshes
 involving complex fracture domain.
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1 Introduction


The paper deals with mathematical modeling of transport of dissolved substances in a fractured
 rock massif. Our goal is to adapt a numerical method that will treat the following aspects of the
 model:


• Complex geometry. The rock matter, such as granite, contains system of thin layers (called
 fractures) that are diﬃcult to be captured by elements of the same dimension.


• Heterogeneity. The real material contains zones with hydraulic conductivity and dispersion
 tensor diﬀering by orders of magnitude.


• Advection/diﬀusion dominance. At various scales, the problem can have character of ﬁrst
 order hyperbolic or second order elliptic PDE.


Throughout the paper, Ωd⊂Rd,d∈ {2,3}, will be a Lipschitz domain representing the massif.


Our approach is based on explicit treating of the fracture as a(d−1)-dimensional manifoldΩd−1
 inside the massif, i.e. Ωd−1 ⊂Ωd. Accordingly, for k∈ {d−1, d} we seek for the concentrations
 uk: [0, T]×Ωk→R satisfying the advection-diﬀusion equation


∂tuk−div(Ak∇uk) + div(bkuk) =fk inΩk, (1a)
 accomplished by the initial and boundary conditions


uk(0,·) =uk0 inΩk, (1b)


uk=gk on(0, T)×ΓkD, (1c)


−Ak∇uk·nk=hk on(0, T)×ΓkN. (1d)
 Here Ak, bk is the diﬀusion tensor and the advection vector ﬁeld, usually given as the Darcy
 velocity,nkstands for the unit outward normal vector to∂Ωk = ΓkD∪ΓkN. The mass interchange
 between the domain and the fracture is realized through the interface condition


(−Ad∇ud+bd)·nd=fd−1=q(ud, ud−1), (1e)
 where


q(ud, ud−1) :=σ(ud−ud−1) + (bd·nk)+ud−(bd·nd)−ud−1 on (0, T)×Ωd−1, σ≥0, (1f)
involves two mechanisms: interchange due to diﬀerent concentrations (ﬁrst term) and due to
advection (second and third term). Here f+= max{0, f} andf− =−min{0, f} is the positive
and the negative part, respectively.
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