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P E R I O D I C   O R B I T S  


B Y  


G.  H.  D A R W I N  


of  C A M B I ~ I   D G E .  


w  1.  I n t r o d u c t i o n .  


The  existing  methods  of  treating  the  Problem  of  the  three  Bodies 
 are  only  applicable  to  the  determination, 
by 
approximation,  of  the  path 
 of  the  third  body  when  the  attraction  of  the  first  largely  preponderates 
 over  that  of  the  second.  A  general  solution  of  the  problem  is  accord- 
 ingly  not  to  be  obtained  by  these  methods. 

In  the  Lunar  and  Planetary  theories  it  has  always  been  found  ne- 
 cessary  to  specify  the  motion  of  the  perturbed  body  by  reference  to  a 
 standard  curve  or  intermediate  orbit,  of  which  the  properties  are  fully 
 known.  The  degree  of  success  attained  
by 
any  of  these  methods  has 
 always  depended  on  the  aptness  of  the  chosen  intermediate  orbit  for  the 
 object  in  view.  It  is  probable  that  future  efforts  will  resemble  their 
 precursors  in  the  use  of  standard  curves  of  reference. 

M r  G.  W.  HILL'S  papers  on  the  Lunar  Theory i  mark  an  epoch 
 in  the  history  of  the  subject.  His  substitution  of  the  Variational  Curve 
 for  the  ellipse  as  the  intermediate  orbit  is  not  only  of  primary  impor- 
 tance  in  the  Lunar  Theory  itself,  but  has  pointed  the  way  towards  new 
 fields  of  research. 


The  variational  curve  may  be  described  as  the  distortion  of  the 
 moon's  circular  orbit  by  the  solar  attraction.  It  is  one  of  that  class 


1 A m e r i c a n   J o u r n a l   of  M~thematies~  Vol.  I pp.  5--29~  I29--I47~  2 4 5 - - 2 6 0  
 and  A c t a   Mathematica~  T.  8  pp.  1--36. 


A~la ma~hemativa. 21  I m p r i m ~   le  20 juillet  1897. 



(2)100  G . H .   Darwin. 


of  periodic  solutions  of  the  Problem  of  the  three  Bodies  which  forms 
 the  subject  of  the  present  paper. 


Of  these  solutions  M.  POlSCAn~ writes: 


))Voici  un  fait  que  je  n'ai  pu  d6montrer  rigoureusement,  mais  qui 
 me  parait  pourtant  tr~s  vraisemblable.)) 


))Etant  donn6es  des  6quations  de  la  forme  d~finie  dans  le  n ~  13  et 
 une  solution  particuli~re  de  ces  6quations,  on  peut  toujours  trouver  une 
 solution  p6riodique  (dont  la  p6riode  peut,  il  est  vrai,  ~tre  trSs  longue), 
 telle  que  la  diff6rence  entre  les  deux  solutions  soit  aussi  petite  qu'on  le 
 veut,  pendant  un  temps  aussi  long  qu'on  le  veut.  D'ailleurs,  ce  qui 
 nous  rend  cos  solutions  p6riodiques  si  pr~cieuses,  c'est  qu'elles  sont,  pour 
 ainsi  dire,  la  seule  br~che  par  oh  nous  puissions essayer  de  p6n6trer  daJs 
 une  place  jusqu'ici  r6put6e  inabordable.~ 1 


He  tells  us  that  h e   has  been  led  to  distinguish  three  kinds  of 
 periodic  solutions.  In  those  of  the  first  kind  the  inclinations vanish  and 
 the  eccentricities  are  very  small;  in  those  of  the  second  kind  the  inclina- 
 tions  vanish  and  the  eccentricities  are  finite;  and  in  those  of  the  third 
 kind  the  inclinations  do  not  vanish. 2 


If  I  understand  this  classification  correctly  the  periodic  orbits,  con- 
 sidered  in  this  paper,  belong  to  the  first  kind,  for  they  arise  when  the 
 perturbed  body  has  infinitely  small  mass,  and  when  the  two  others  re- 
 volve  about  one  another  in  circles. 


M.  POI~CAR~ remarks  that  there  is  a  quadruple  infinity  of periodic 
 solutions,  for  there  are  four  arbitrary  constants  viz.  the  period  of  the 
 infinitesimal  body,  the  constant  of  energy,  the  moment  of  conjunction, 
 and  the  longitude  of  conjunction. 3  For  the  purpose  of  the  present  in- 
 vestigation  this  quadruple  infinity  may  however  bc  reduced  to  a  single 
 infinity,  for  the  moment  and  longitude  of  conjunction  need  not  be  con- 
 sidered;  and  the  scale  on  which  we  draw  the  circular  orbit  of  the  second 
 body  round  the  first  is  immaterial.  Thus  we  are  only  left  with  the 
 constant  of  relative  energy  of  the  motion  of  the  infinitesimal 
body 
as  a 
 single  arbitrary. 

1  M ~ c a n i q u e   C 6 1 e s t %   T.  I~  p.  82. 


v  ~  T.  I ,   p.  9 7   and  B u l l .   A s t r . ,   T.  I~  p.  65 . 


a  9  9  T.  I ,   p.  I O I .  
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Notwithstanding  the  great  interest  attaching  to  periodic  orbits,  no 
 suggestion  has,  up  to  the  present  time,  been  made  by  any  writer  for  a 
 general  method  of  determining  them.  As  far  as  I  can  see,  the  search 
 resolves  itself  into  the  discussion  of  particular  cases  by  nmnerical  pro- 
 cesses,  and  such  a  search  necessarily  involves  a  prodigious  amount  of 
 work.  It  is  not  for  me  to  say" whether  the  enormous  labour  I  have 
 undertaken  was  justifiable  in  the  first  instance;  but  I  may  remark  that 
 I  have  been  led  on,  by  the  interest  of  my  results,  step  by  step,  to 
 investigate  more  and  again  more  cases.  Now  that  so  much  has  been 
 attained  I  cannot  but  think  that  the  conclusions  will  prove  of  interest 
 both  to  astronomers  and  to  mathematicians. 


In  conducting  extensive  arithmetical  operations,  it  would  be  natural 
 to  avail  oneself  of  the  skill  of professional computers.  But  unfortunately 
 the  trained  computer,  who  is  also  a  mathematician, is  rare.  I  have  thus 
 found  myself  compelled  to  forego  the  advantage  of  the  rapidity  and 
 accuracy  of  the  computer,  for  the  higher  qualities  of  mathematical 
 knowledge  and  judgment. 


In  my  earlier  work  I  received  the  greatest  assistance  from  M r  J.  W. 


F.  ALL~UTT;  his  early  death  has  deprived  me  of  a  friend  and  of  an 
 assistant,  whose  zeal  and  care  were  not  to  be  easily  surpassed.  Since 
 his  death  M ~  J.  I.  CaAm" (of  Emmanuel  College)  and  M r  M.  J.  BERRr 
 (of  T r i n i t y   College)  have  rendered  and  are  rendering  valuable  help.  I 
 have  besides  done  a  g r e a t   deal  of  computing  myself.  1 


The  reader  will  see  that  the  figures  have  been  admirably  rendered 
 by  M r  EDWI~  WILSON of  Cambridge,  and  I  only  regret  that  it  has  not 
 seemed  expedient  to  give  them  on  a  larger  scale. 


The  first  part  of  the  paper  is  devoted  to  the  mathematical  methods 
 employed,  the  second  part  contains  the  discussion  of  the  results,  and  the 
 tables  of  numerical  results  are  relegated  to  an  Apperidix. 


1  About  two  thirds  of  the  expense  of  these  computations  have  been  met  by  grants 
from  the Government  Grant and  Donation  Funds  of  the  Royal  Society. 
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P A R T .   I. 


w 2.  Equations  of  motion. 


The  particular  case  of  the  problem  of  the  three  bodies,  considered 
 in  this  paper,  is  where  the  mass  of  the  third  body  is  infinitesimal  com- 
 pared  with  that  of  either  of  the  two  others  which  revolve  about  one 
 another  in  circles,  and  where  the  whole  motion  takes  place  in  one  plane. 


For  the  sake  of  brevity  the  largest  body  will  be  called  the  Sun, 
 the  planet  which  moves  round  it  will  be  called  Jove,  and  the  third 


body  will  be  called  the  planet  or  the  s'~tellite,  as  the  case  may  be. 


Jove  
J,  of 
 unit  mass,  moves  round  the  Sun  S,  of  mass  ~,  in 
 circle  of  unit  radius  SJ, 
 and  the  orbit  to  be  considered  is  that  of  an 
 infinitesimal  body  P  moving  in  the  plane  of  Jove's  orbit. 

Let  S  be  the  origin  of  rectangular  axes;  let  S J   be  the  x  axis,  and 
 let  the  y  axis  be  such  that  a  rotation  from  x  to  y  is  consentaneous  with 
 the  orbital  motion  of  J .   Let  x ,   y  be  the  heliocentric  coordinates  Of  P, 
 so  that  x - -   I  ,  y  are  the  jovicentric  coordinates  referred  to  the  same  x 
 axis  and  a  parallel  y  axis. 


Let  r  denote  ST',  and  0  the  angle 
JSP; 
 let  p  denote  JP, 
and  let 

the  angle  
SJP 
 be  I8o ~ 1 6 2   Thus  r ,   0  are  the  polar  heliocentric  co. 

ordinates,  and  p  ,  r  the  polar  jovicentric  coordinates  of  P. 


Let  n  denote  Jove's  orbital  angular  velocity,  so  that  in  :~ccordance 
 with  KePLER'S law 


n ~   ~--~- P  -{ --  I .  


The  equations  of  motion  of  a  particle  referred  to  axes  rotating  with 
 angular  velocity  w,  under  the  influence  of  forces  whose  potential  is  U,  are 



d  "dY  X)  ~ U - i - w   (dX  Y) 


d--e ( dV  +  oj  d-s  - -   , 


where  t  is  the  time. 


Now  in  the  present  problem,  if  the  origin  be  taken  at  the  centre 
of  inertia  of  the  Sun  and  Jove  with  
SJ 
for  the  X  axis,  the  coordinates 
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y = y .  


of  P  are  X  =  x 


Hence  t h e   equations  of  motion  are 


Also  the  potential  function  is  ~'-{-~-I~ I, 


d2x  dy 


dr- q-  - -   2 n   ~  + 


d~Y  2n  ~tt  - -   (~ 


dr'  "3t-  "Jr- I)ff 
 B u t   r ~  =  x  ~  +  y : ,   p2  =  (x - -   I)  ~  -{-  y l  


IJ  "{-  I  ~  + 


~y  -}-  , 
 Hence  if  we  put 


the  equations  of  motion  may  be  written 



(i) 


d~x  dy  Ol), 


d~y  dx  ~J2 


~y 
 where  n ~ = u +   x. 


d~  dy 


Let  the  second  of  (i)  be  multiplied  by  e ~ ,   and  the  third  by  e h-/-, 
 let  the  two  be  added  together  and  integrated,  and  we  have  JACOBI'S 
 integral 



(2) 
 + 

where  C  is  a  constant,  and  V  denotes  the  velocity  of  P  relatively  to 
 the  rotating  axes. 


Let  s  be  the  arc  of  the  planet's  relative  orbit  measured  from  any 
 fixed  point,  and  let  ~  be  the  inclination  to  the  x  axis  of  the  outward 
 normal  of  the  orbit.  Then 


d z   sin ~ ,  dy 


ds  ~  d---; --- cos ~,. 


1  I t   is  perhaps  worth  noting  that  2•  may  be  written  in  the  form 
2 
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Hence  if  19  be  the  component  of  inward  effective  force, 


aQ  aQ  . 


( 3 )   t:)  =  - -   - ~   COS  99  - -   O-y s i n   99. 


Therefore 


/g V  - -   aJ2 dy  aJ2 dx 
 az  dt  +  ay-dt" 


Now  if  R  denotes 
 relative  orbit  of  P ,  


the  radius  of  curvature  at  the  point  x ,   y ,   of  the 


d*y d z   d 2~, d y .  


I  dts  dt  dt ~ dt 


R  3 


L \ ~ ]   +  \~-/1 J 


On  substituting  for  the  second  differentials  from  (1),  we  have 


R  - -   ay  dt  ax  dt  2 n   L k d t   I  d-t  " 


Hence  by  means  of  (2)  and  (3) 


1  P  2n 


(4)  ~ - =   v '   v 


If  the  value  of  ~2  in  (~)  be  substituted  in  (3)  we  easily  find 


(4)  and 



( ' )   ( z )  


2,  =  ~  p - - , -   cos  (99 - -   o)  +  - -   p  cos  ( 9 9 - -  
r 


Thus  the  curvature  at  any  point  of  the  orbit  is  expressible  in  terms  of 
the  coordinates  and  of  the  direction  of  the  normal.  If  s o, 990, x0,  Y0,  to 
be  the  initial  values  of  the  same  quantities,  it  is  clear  that 
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$ 


~0 


$ 


x  =  z .   - -   f s i n   ~ ds, 


(5)  " 


$ 


Y ---- Yo  §  f e e s   f  ds, 


So 


$ 



,(,-,o)-- f 


Also  the  polar  coordinates  of  P  relatively  to  axes  fixed  in  space  with 
 heliocentric  origin  are  r ,   O + n ( t - - t o )   ,  and  with  jovicentrie  origin  are 



e,  r  +  n(t--t0). 


Hence  the  determination  of  x  and  y  involves  in  each  ease  two  inte- 
 grations,  and  another  integration  is  necessary  to  find  the  time,  and  the 
 orbit  in  space. 


w  3.  P a r t i t i o n   o f   r e l a t i v e   s p a c e   a c c o r d i n g   to  t h e  v a l u e   o f  t h e  


~elative  e n e r g y .  


It  may  be  easily  shown  that  the  function  ~  arises  from  three 
 sources,  and  t h a t   it  is  the  sum  of  the  rotation  potential,  t h e   potential 
 of  the  Sun  and  the  disturbing  function  for  motion  relatively  to  the  Sun. 


Hence  B  is  the  potential  of  the  system,  inclusive  of  the  rotation  po- 
 tential.  Thus  the  equation  V 2 --- 2 ~ - -   C  may  b e   called  the  equation 
 of  relative  energy. 


For  a  real  motion  of  the  planet  V ~  must  be  positive,  and  therefore 
 292  must  be  greater  than  C.  Accordingly  the  planet  can  never  cross 
 the  curve  represented  by  2~  ~ - C ,   and  if  this  curve  has  a  closed  branch 
 z  A  somewhat  similar  investigation  is  contained  in  a  paper  by  M.  BoHLrs,  A c t a  
 Math.  T.  Io~  p.  IO9  (I887).  The  author  takes  the  Sun  as  a  fixed  eentr%  which  is 
 equivalent  to  taking  the  Sun's  mass  as  very  large  compared  with  that  of  Jove;  he  thus 
 fails  to obtain the  function •  in  the  symmetrical  form  used  above. 


Aeta ~nathsmatica.  21.  Imprim~  le  21  juillet  1897.  14 



(8)106  O . H .   Darwin. 


with  P  inside,  it  must  always  remain  inside;  or  if  P  be  outside,  it  must 
 always  remain  so. 


This  is  M ~  HILL'S  result  in  his  celebrated  memoir ~  on  the  Lunar 
 Theory,  save  that  the  value  of  ~2  used  here  has  not  been  reduced  to 
 an  approximate  form. 


We  shall  now  proceed  to  a  consideration  of  the  family  of  curves 
 2B---C.  That  is  to  say  we  shall  find,  for  a  given  value  of  6,  the  locus 
 of  points  for  which  the  three  bodies  may  move  for  an  instant  as  parts 
 of  a  single  rigid  body.  We  are  clearly  at  the  same  time  finding  the 
 curves  of  constant  velocity  relatively  to  the  m o v i n g   axes  for  other 
 values  of  C. 


For  any  given  value  of  p,  the  valges  of  r  are  the  roots  of  the 
 cubic  equation 


If  C'  be  written  for  the  value  of  the  right  hand  of  this  equation,  the 
 cubic  becomes 


r " ~   C'r-I-  ~ = o .  
 The  solution  is 


r   i  ,p 84 -  _ 3  


r = 2   C  eosa,  where  c o s 3 a = - - C '   ~/)-7. 


In  order  t h a t   a  m a y   be  a  real  angle,  such  a  value  of p  must  be  assumed 
 that  C'  may  be  greater  than  3,  or  P ~ A - z   less  than  C - - 3 u .   The  lim- 


P 


iting  form  of  this  last  inequality  is  p " n  a  2 =  C _ _ 3 u   '  a  cubic  of  the 
 P 


same  form  as  before.  Hence  it  follows  that  C - - 3 ~   must  be  greater 
 than  3.  Thus  the  m i n i m u m   value  of  C  is  3(u  n u  i). 


W i t h   C  greater  t h a n   3(~  +  I),  let  fl  be  the  smallest  positive  angle 
 such  that  c o s 3 f l ~  
C'-~/27. 
 Then  fl  is  clearly  less  than  3 ~  ,  and  the 
 three  r o o t s   of  the  cubic  are 

r   C'  cos ~. 


2  3i- C' cos  (60 ~ _+/~)  ,  - -   2 
1 Amer.  Journ.  of  Math.  Vol.  I:  pp.  5--29. 
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 The  ttiird  of  these  roots  is  essentially  negative,  and  may  be  omitted  as 
 not  corresponding  to  a  geometrical  solution.  But  the  first  two  roots  are 
 positive  and  will  give  a  real  geometrical meaning to  the  solution  provided 
 that  i f p > I ,  


r < p + I  


and  if  p <   I, 


> p - - i ;  


r < p +   i 


>  I ~ p .  


In  some  cases  there  are  two  solutions,  in  others  one  and  in  others  none. 


By  the  solution  of  a  number  of  cubic  equations  I  have  found  a 
 number  of  values  of  r ,   p  which  satisfy  2 f l =   C,  and  have  thus  traced 
 the  curves  in  Fig.  I,  to  the  consideration  of  which  I  shall  return  beIow. 


Some  idea  of  the  nature  of  the  family  of  curves  may  he  derived 
 from  general  considerations;  for  when  r  and  p  are  small  the  equation 
 approximates  to  2~ +  2 r  P =  C',  and  the  curves  are  like  the  equipotentials 
 due  to  two  attractive  particles  of  masses  2v  and  2. 


Thus  for  large  values  of  C  they  are  closed  ovals  round  S  and  J ,  
 the  one  round  S  being  the  larger.  As  C  declines  the  ovals  swell  and 
 coalesce  into  a  figure-of-8,  which  then  assumes  the  form  of  an  hour-glass 
 with  a  gradually  thickening  neck. 


When  on  the  other  hand  r  and  p  are  large  the  equation  approxi- 
 mates  to  v r ~ + p 2 - ~   C,  and  this  represents  an  oval  enclosing  both  S  and 
 J ,   which  decreases  in  size  as  C  decreases. 


It  is  thus  clear  by  general  reasoning  that  for  large  values  of  C  the 
 curve  consists  of  two  closed  branches  round  S  and  J  respectively,  and 
 of  a  third  closed  branch  round  both  S  and  d.  The  spaces  within  which 
 the  velocity  of  the  planet  is  real  are  inside of either of the  smaller  ovals, 


and  outside  of  the  larger  one.  Since  the  larger  oval  shrinks  and  the 
hour-glass  swells,  as  C  declines,  a  stage  will  be  reached  when  the  two 
curves  meet  and  coalesce.  This  first  occurs  at  the  end  of  the  small 
bulb  of  the  hour-glass  which  encloses  J.  The  curve,  is  then  shaped 
like  a  horse-shoe,  but  is  narrow  at  the  toe  and  broad  at  the  two  points. 
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For  still  smaller  values  of  C,  the  horse-shoe  narrows  to  nothing 
 at  the  toe,  and  breaks  into  two  elongated  pieces.  These  elongated  pieces, 
 one  on  each  side  of  8d,  then  shrink  quickly  in  length  and  slowly  in 
 breadth,  until  they  contract  to  two  points  when  C  reaches  its  minimum. 


This  sketch  of  the  sequence  of  changes  shows  that  there  are  four 
 critical  stages  in  the  history  of  the  curves, 


(a)  when  the  internal  ovals  coalesce  to  a  figure-of-8; 


(/~)  when  the  small  end  of  the  hour-glass  coalesces  with  the  ex- 
 ternal  oval; 


(p-)  when  the  horse-shoe  breaks; 


(~)  when  the  halves  of  the  broken  shoe  shrink  to  points. 


The  points  of  coalescence  and  rupture  in  (a),  (/~),  0")  are  obviously 
 on  the  line  S J   (produced  either  way),  and  the  points  in  (d)  are  symme- 
 trically  situated  on  each  side  of  8.I. 


We  must  now  consider  the  physical  meaning  of  the  critical  points, 
 and  show  how  to  determine  their  positions. 


In  the  first  three  cases  the  condition  which  enables  us to  find  the  critical 
 point  is  that  a  certain  equation  derived  from  2 ~2==C shall  have  equal  roots. 


(a)  The  coalescence  into  a  figure-of-8  must  occur  between  S  and  J ;  
 hence  r--- I - - p ,   and  2 ~ = C   becomes 


(6)  , - - v ) ' +   2 


This  equation  must  have  equal  roots.  Accordingly  by  differentiation  we 
 find  that  p  must  satisfy, 


v__L_ -  t 



--~(~--p) +  (~ _p),  + p - - ~ =   o, 


or 


(1~ -{-  I)~o ~ - ( 3 p   ~-  2)p 4 -{-  (ap  -~-  I)p a - a O '   "$1- 210--  I  =  O, 
 a  quintie  equation  from  which  p  may  be  found. 


This  equation  may  be  put  in  the  form, 


p ( ' .   p ' ) ( ' - - ~ , )  


(3v  +  I)p s =   x  x 


I - - p   + 
~pS 



(11)Periodic  Orbits.  109 
 When  the  Sun  is  large  compared  with  Jove  v  is  large,  and  p  is  ob- 
 viously  s m a l l ,   and  we  have  approximately 


whence 


1  I 


(3v  +  I)Zp  =  I  3p , 


(7)  p  --~ 


(3~  +  x) ~ +  -~ 


3 


If  this  value  of  p  be  substituted  in  (6)  we  obtain  the  approximate  result 
 + 3 ( 3 v +   x) 


(S)  C  =  +  +---5  9 


In  this  paper  the  value  adopted  for  v  is  I o,  and  the  approximate  formulze 
 (7)  and  (8)  give 


p  =  " 2 8 7 7 9 ,   r E   , 7 1 2 2 i ,   C =   40"0693. 


The  correct  results  derived  from  the  quintie  equation  and  from  the  full 
 formula  for  C  are 


(9)  p  =  "28249 ,  r =   "7175 t,  6 ' =   4 0 "   I 8 2   I. 


Thus  for  even  so  small  a  value  of  v  as  IO,  the  approximation  is  near 
 the  truth,  and  for  such  eases  as  actually  occur  in  the  solar  s y s t e m   it 
 would  be  accurate  enough  for  every  purpose. 


The  formula  from  Which  p  has  been  derived  is  equivalent  to  a/2 
 and  since  y =  o,  we  have  also  ~2 - - =   o. ~y  Hence  the  point  is  one  of  zero 
 effective  force  at  which  the  planet  m a y   revolvc  without  motion  rela- 
 tively  to  the  Sun  and  Jove. 


This  position  of  conjunction  between  the  two  larger  bodies  is  ob- 
 viously  one  of  dynamical  instability. 


(/~)  The  coalescence  of  the  hour-glass  with  the  external  oval  must 
 occur  at  a  point  in  S J   produced  beyond  J ;   hence  r  ~  I  + p ,   a n d  
 2 ~  =  C  becomes 


2 
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This  equation  must  have  equal  roots,  and  p  must  satisfy 


,)  ! 


'~(~  + P )   (t  + p ) , + P   t, , - ~  


o r  


(Y  "31- I)/O5  "3 t- (3u  Jr-  2)p'  -4- (3u Jr-  I ) p  "~ - - p 2 - - e p - -   ~  -~ o .  


This  quintic  equation  may  be  written  in  the  form 


(3~-[-  I)p 3 =   I  A- 



p(I 
- -   p a ) ( I   "q- ~/O) 
2 


I +p+-3p" 
I 

With  the  same  approximation  as  in  (a) 


( 1 o )   p  =  I  , 


(3~  +  I) ~  I 
 3 


2u  A-  3(3u-b  x) z 1 


( , i )   C = 3 ~   3'~+  ~  " 


When  v  is  IO,  the  approximate  formulae  (,o),  (,  I)  give 
 p  . . . .   3 5 6 t 2 ,   r - - ~ [ ' 3 5 6 1 2 ,   C = 3 8 " 7 7 9 o .  
 The  correct  results  derived  from  the  quintic  equation  are 
 (~2)  p =  "34700,  r  =  x ' 3 4 7 o o ,   C = -   3 8 ' 8 7 6 0 .  


The  approximation  is  not  so  good  as  in  (a),  b u t   in  such  cases  as  actually 
 occur  iu  the  solar  system  the  tbrmulm  (~o),  (1I)  would  lead  to  a  high 
 degree  of  accuracy. 


This  second  critical  point  is  another  one  at  which  the  planet  may 
 revolve  without  motion  relatively  to  the  Sun  and  dove,  and  such  a  motion 
 is  dynamically  unstable. 


(~-)  The  thinning  of  tile  toe  of  the  horse-shoe  to  nothing  must  occur 
 at  a  point  in  J S   produced  beyond  S;  hence  / 9 = r - I - i ,   and  2 ~ 2 = C  
 becomes 



( 
r ~  +  +  ( , - +   i ) '   +  r  +--5  " 
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This  equation  must  have  equal  roots,-and  r  must  satisfy 



( ' )   r--~  + ( r + I )   (,.+0,-o, 


o r  


(u-I-  I)r5  +  (2U-[ -  3 ) r '   q-  (u  -b  3 ) r 3 - - p ( r ~   +  2r-]-  ~ ) = o ,  
 a  quintie  for  finding  r. 


If  we  put  r----  I - - ~ ,   the  equation  becomes 


111 


This  equation  m a y   be  solved  by  approximation,  and  the  first  approxima- 
 tion,  which  is  all  that  I  shall  consider,  gives 


( I 3 )   ~  =  I  - - r =   7 


Izu +  z 6  
 Thus  the  approximate  solution  is  r  =  I - -  


We  also  find 


7 


I2Uq--  26 


'  4 


7 


If  we  take  only  the  term  in  $  in  (I4),  and  put  ~ ~  i o   the  approximate 
 result  is 


r  ---~ "95205,  p~---  r "952o5,  C  ~--- 3 4 " 9 o I 2 .  
 The  exact  solution  derived  from  the  quintic  equation  is 



(xs) 
 r----  "94693,  p  --- I  '94693,  C ~   34"9054. 

W i t h   large  values  of  ~  the  first  approximation  would  give  nearly  accurate 
 results.  This  critical  point  is  another  one  at  which  the  three  bodies  m a y  
 move  round  without  relative  motion,  but  as  before  the  motion  is  dyna- 
 micaiIy  unstable. 


(~ -~- I ) ~   - -   (7~ qt-8)~'~t_ (I 9~ "~- 25)~ 3 -   (24~ nt- 37) ~'-~ -- (I 2~ ~t_ 2 6 ) ~ - -   7 =  O. 
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(a)  The  fourth  and  last  critical  position  occurs  when  C  is  a  minimum. 


Now  C  is  a  minimum  when  aC ~r  o,  ~/~ ~C  o;  whence  r - ~   i,  p  i,  and 
 C--- 3~ ~  3.  We  arrived  above  at  this  minimum  value  of  C  from  another 
 point  of  view. 


If  an  equilateral  triangle  be  drawn  on  
S J, 
 its  vertex  is  at  this 
 fourth  critical  point;  and  since  this  vertex  may  be  on  either  the  positive 
 or  negative  side  of  SJ, 
there  are  two  points  of  this  kind. 

It  is  well  known  that  there  is  an  exact  solution  of  the  problem  of 
 three  bodies  in  which  they  stand  at  the  corners  of  an  equilateral  tri- 
 angle,  which  revolves  with  a  uniform  angular  velocity.  The  motion  is 
 stable  in  this  case. 


Thus  all  the  five  critical  points  correspond  with  particular  exact 
 solutions  of  the  problem,  and  of  these  solutions  three  are  unstable  and 
 the  symmetrical  pair  is  stable. 


Fig.  I  represents  the  critical  curves  of  the  family  2t2  ~  C,  for  the 
 case  ~  Io.  The  points  in  the  curves  were  determined,  as  explained 
 above,  by  the  solution  of  a  number  of  cubic  equations.  I  have  only 
 drawn  the  critical  curves,  because  the  addition  of  other  members  of  the 
 family  would  merely  complicate  the  figure. 


An  important  classification  of  orbits  may  be  derived  from  this 
 figure.  When  C  is  greater  than  4o'  i 8 ~ I   the  third  body  must  be  either 
 a  superior  planet  moving  outside  of  the  large  oval,  or  an  inferior  planet 
 moving  inside  of  the  larger  internal  oval,  or  a  satellite  moving  inside 
 the  smaller  internal  oval;  and  it  can  never  exchange  one  of  these  parts 
 for  either  of  the  other  two.  The  limiting  case  C = 4 o ' I 8 2 I   gives  su- 
 perior  limits  to  the  radii  vectores  of  inferior  planets  and  of  satellites, 
 which  cannot  sever  their  connections  with  their  primaries. 


When  C  is  less  than  4o" 182I  but  greater  than  38"875o,  the  third 
 body  may  be  a  superior  planet,  or  an  inferior  planet  or  satellite,  or  a  body 
 which  moves  in  an  orbit  which  partakes  of  the  two  latter  characteristics; 


but  it  can  never  pass  from  the  first  condition  to  any  of  the  latter  ones. 


When  C  is  less  than  38"876o  and  greater  than  34"9o54,  the  body 
 may  move  anywhere  save  inside  of  a  region  shaped  like  a  horse-shoe. 


The  distinction  between  the  two  sorts  of  planetary  motion  and  the  motion 
as  a  satellite  ceases  to  exist,  and  if  the  body  is  started  in  any  one  of 
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 these  three  ways  it  is  possible  for  it  to  exchange  the  characteristics  of 
 its  motion  for  either  of  the  two  other  modes. 


When  C  is  less  than  34-9o54  and  greater  than  33,  the  forbidden 
 region  consists  of  two strangely  shaped  portions  of  space  on  each  side  of SJ. 


Lastly  when  C  is  equal  to  33,  than  which  it  cannot  be  less,  the 
 forbidden  regions  have  shrunk  to  a  pair  of  infinitely  small  closed  curves 
 enclosing  the  ~,hird  angles  of  a  pair  of  equilateral  triangles  erected  on 
 S J   as  a  base. 


Fig.I 


Curves of z e r o  veloeity~  I O   r  2  -~-  ..~  2 .~_ 2  ~  C .  


w  4.  A  c e r t a i n   p a r t i t i o n   o f   s p a c e   a c c o r d i n g   t o   t h e   n a t u r e   o f  
 t h e   c u r v a t u r e   o f   t h e   o r b i t .  


It  appears  from  (4)  of  w  2  that  the  curvature  of  an  orbit  is  given  by 


V ~  ~9  ~9  . 


-~  =  P - -   2 n V ,   where  P =   - - - - ~ c o s ~ - - - - s m ~ .  ay 


Now  if  V 0  denotes  any  constant  velocity,  the  equation  2 B =   C +   V0 ~ 
 defines  a  curve  of  c o n s t a n t   velocity;  it i s   one  of  the  family  of  curves 
 considered  in  w  3 .   We  have  seen  that  this  family  consists  of  a  large 
 oval  enclosing  two  smaller  ones,  or  of  curves  arising  from  the  coalescence 
 of  ovals.  In  the  mathematical  sense  of  the  term  the  ,,interior,,  of  the 
 curve  of  constant  velocity  consists  of  the  space  inside  of  either  of  the 


Acta  mathematica.  21.  Imprim~  le  26  juillet  1897.  15 
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smaller  ovals  or  outside  of  the  large  one,  or  of  the  corresponding  spaces 
 when  there  is  coalescence  of  ovals.  It  is  a  convenient  and  ordinary 
 convention  that  when  the  circuit  of  a  closed  curve  is  described  in  a 
 positive  direction,  the  >>interior~  of  the  curve  is  on  the  left-hand  side. 


According  to  this  convention  the  meaning  of  the  ~inward>)normal  of  one 
 of  these  curves  of  constant  velocity  is  clear,  for  it  is  directed  towards 
 the  >>interior>>.  Similarly  the  inward  normal  of  an  orbit  is  towards  the 
 left-hand  side,  as  the  body  moves  along  its  path. 


It  is  clear  then  that  P  is  the  component  of  effective  force  estimated 
 a l o n g   the  inward  normal  of  the  orbit.  Also  if  T  be  the  resultant  effec- 
 tive  force  T' =  (~x)  -}-. . ~   ;  and  i f x   be  the  angle  between  T a n d t h e  /~[2~'  (~[2) ~ 
 inward  normal  to  the  orbit,  P  ~  Tcos Z. 


Hence 


V 2 --- Tcos Z -   2nV. 


If  we  consider  curvature  as  a  quantity  which  may  range  from  infinite 
 positive  to  infinite  negative,  it  may  be  stated  that  of  all  the  orbits 
 passing  through  a  given  point  the  curvature  is  greatest  for  that  orbit 
 which  is  tangential  to  the  curve  of  constant  velocity,  when  the  motion 
 takes  place  in  a  positive  direction  along  that  curve. 


2 n V  


If  ~,  lies  between  ---+Z0,  where  cosz0  =  X--v-, the  orbit  has  positive 
 curvature;  if  2' ~  +2'0,  there  is  a  point  of  contrary  flexure  in  the  orbit; 


and  if  Z  lies  outside  of  the  limits  --+2"0, the  curvature  is  negative. 
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 If  however  T  be  less  than  
2nV, 
 there  are  no  orbits,  passing  through 
 the  point  under  consideration,  which  have  positive  curvature.  Hence  the 
 equation  T =   2nV  defines  a  family  of  curves  which  separate  the  regions 
 in  which  the  curvature  of  orbits  is  necessarily  negative,  from  those  in 
 which  it  rfiay  be  positive. 

Since 


=  V ~  (  ~)  (p~  ; )   T~  (aS)'+~  \/a'Q' 



,b'  P +  I,  =  I~  r '   +  +  +  - - C ,   =  (~j-j~  , 


the  equation  T----  2nV  becomes, 



=  4<,.,.-,-  (,o, + ; ) -   q. 


Since  2rp  cos (8 - -   r  =  r"  -[- p~ - -   i,  it  may  be  written 



(I6)  ,~2(I  IO  )  (p-i  IO  ) 


'  r  3r~  -b  P  3 p  ~ 


P  I  I  _ _   
p2 



+  ,)<,.,..,,-  ---O, 


This  equation  is  reducible  to  the  sextic  equation, 
 (I6)  p~  +  I ) r '   +  ,r] 


+  ,o"[3.~(,,, +  0 , . ~   (4,,c  +  4 c - - , . , ) r "   +  (Io,.,'  +  9,.,) ,-: - -   ,,," - -   ,., ~] 


+  ,o~[(9,,  +  I o ) r ' - - . ~ r ]   +  ,o,.,,.'(~-  r ' ) ( i   - -   r ~ ) - - , "   =  o. 


It  m a y   also  be  written  as  a  sextic  in  r,  by  interchanging  r  and  p  and 
 by  writing  -~  for  ~  and  - C  for  C. 



P 


It  would  require  a  great  deal  of  computation  to  trace  the  curves 
 represented  by  (i6),  and  for  the  present  I  have  not  thought  it  worth 
 while  to  undertake  the  task. 


When  however  we  adopt  M r  HILL's  approximate  value  for  the  po- 
tential  
f2, 
 the  equation  becomes  so  much  simpler  that  it  may  be  worth 
while  to  consider  it  further. 
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If  m ,   a ,   n  be  the  mass,  distance  from  Sun  and  orbital  angular  ve- 
 locity  of  Jove,  the  expression  for  B  reduces  to 


~2-~- m--+ 3 n2(x--a)2  +  3 n'a2. 


p  2 


The  last  t e r m   is  constant,  so  that  if  C  be  replaced  by  Co,  where 
 U o  =  C - - 3 n 2 a   2, we  may  omit  the  last  term  in  .(2 and  use  C O in  place  of  C. 


Now  taking  units  of  length  and  time  such  t h a t   m  =  ,,  n  =  1;  also 
 writing  $ =  ( x - - a ) ,   r / =   y;  we  have 


3  2  V , = 2 . e _ _ O o   ' 


P 
 Then 


.2  ~2  p2. 


c  "at- 
 2 )~2  I 


~aQ"  
( % ~ _   - - p  


T 2 2 [ ~ - )   + \ a F /   - - 3   3  "+'~" 


Hence  the  equation  (16)  becomes 



3 3 - -   + ~  


or 



--4(;+  3, 


(I8)  ~ ( I + ~ )   4  C  2  I 


Since  $ = p   cos C,  the  polar  equation  to  the  curve  is 



4_ c  -~o  +  4~Yo,O  ~ 


(,8)  c ~ 1 6 2   o  p ~ + 2   " 


M'  HILt&  curve  2B  =  C O gives 



(,9) 
 or 


= ~   0  ~ - - ~ ,  


I C o  2 


It  is  clear  that  the  two  curves  present  similar  characteristics,  but  the 
former  is  the  more  complicated  one. 



(19)Periodic  Orbits.  1 1 7  
 The  asymptotes  of  ( I 8 ) a r e   ~---- + 2   ~ i ;   C~  whilst  those  of  ( I 9 )  


+ 


Again  to  find  where  the  curves  cut  the  positive  half  of  the  axis  o f  
 7/,  we  put  $ =   o,  p  =~2  and  find  that  (18)  becomes 


( 2 0 )   2  3  i 



--~oo~2 "l-4Co =~ 


whilst  (19)  becomes  simply  ~----~-~. 


The  condition  that  (20)  shall  have  equal  roots  is  4~]=b-~ ,  or- 6 
 i  2 C  2  i  and  therefore  C o ---- 
3. 


;2---3  0"  But  C 0 - - ~ - 4 ~ - - - i ,   2 ~ 


The  quartic  for  ~  has  two  real  roots  if  C o  is  less  than  3_~  o r  


2  ~ 


I ' 8 8 9 9 ,   but  no  real  roots  if  it  is  greater  than  this  value. 


It  is  easy  to  show  that  when  the  roots  are  real,  o n e   is  greater  t h a n  
 and  the  other  less  than  yO o. 3 


It  follows  that  if  C O is  greater  than  1"8899  the  curve  does  not  cut 
 the  axis  of  ~7,  but  if  less  it  does  so  twice. 


To  find  the  critical  values  of  C o  in  the  case  of  M r  HILL'S  curve J 
 (I9),  we  put  (as  in  w  3)  r]-=  o  and  therefore  p  =  $,  and  we  then  find 
 the  condition  that  the  equation  shall  have  equal  roots. 


Now  with  p----$,  (19)  becomes 


~ 2   I  2 



2  3} 


Hence  C 0 =  36 ~ +  ~ =  =  4"3267. 


This  has  equal  roots  when  6 =  3~. 


If  C o  be  greater  than  4"3267  the  curve  consists  of  an  internal  oval  and 
 of  two  asymptotic  branches.  W i t h   smaller  values  of  6 o  the  oval  h a s  
 coalesced  with  the  two  external  branches. 


Following  the  same  procedure  with  our  curve  (I8),  we  have  to~ 


find  when 


I 


has  equal  roots. 
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The  condition  is  that  3~ 6 -   7~ 3 +  2  --- o,  and  the  solutions  are  ~3__  2, 


~ 3   I 
 3 
 NO~,V 


Hence  when 


_  39  _ 3 . 8 6 9 3 ;  


~ =   2,  C O  8.2~ 


and  when 



~ 
=  ~, I  Co  =  3~ =  4"3267 . 
 0 

Thus  there  are  three  critical  values  of  Co,  viz:  C O =  I ' 8 8 9 9 ,   which 
 separates  the  curves  which  do  from  those  which  do  not  intersect  the 
 axis  of  r2;  C 0 =  3"8593  when  two  branches  coalesce;  and  C o =  4"3267 
 when  two  branches  again  coalesce.  The  last  is  also  a  critical  value  of 
 C o  in  the  case  of  Mr  HILL'S  curve. 


It  would  seem  then  that  if  these  curves  were  traced  for  the  values 
 Co  =  1 " 5 , 3 , 4 , 5   a  good  idea  migLht  be  obtained  of  their  character,  b u t  
 I , h a v e   not  yet  u n d e r t a k e n   the  task. 


w  5.  F o r m u l w   o f   i J ~ t e r p o l a t i o n   a n d   q u a d r a t u r e .  


The  object  of  this  paper  is  to  search  for  periodic  orbits,  but  no 
 general  method  has  been  as  yet  discovered  by  which  t h e y   m a y   be  traced. 


I  have  therefore  been  compelled  to  e m p l o y   a  laborious  method  of  tracing 
 orbit~  by  quadratures,  and  of  finding  the  periodic  orbits  b y   t r M .   The 
 f o r m u k e   of  integration  used  in  this  process  will  now  be  exhibited. 


According  to  the  usual  notation  of  the  calculus  of  finite  differences, 


%  is  to  denote  a  function  of  x ,   and  the  operators  E  and  A  are  de- 
 fined  by 


Eu~  --- ux+l,  Au,~  =  u ~ + ~ -   u~ =  ( E - -   I)u,~. 


d 


It  is  obvious  that  E  =  e "~ ,  where  e  is  the  base  of  Napierian  logarithms, 
and  that  EXuo  =  u~. 
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l~ow 


and 
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In  most  of  the  work,  as  it  presents  itself  in  this  investigation, the  series 
 9 . . u . _ 2 , u ~ _ ~ , u .   are  known,  but  u , , + ~ , u . + ~ , . . ,   are  as  yet 


J ~ =   I  ~-  i  =  
(I- 
A E - 1 )  -1, 

u~ =  E~uo =  (i  - -   A E - ~ ) - ' u 0 ,  
 so  that 


(2I)  U x =   ( I   ~ - x A E - i   .4 -  z ( ~ ; I ) A 2 ~ _ 2   j i_ ~(x-~I)(x~-2)l_ 3  A ~ E _  3 ~_  ...)Uo. 


In  the  course  of  the  work  occasion  will  arise  for  finding  u_~  by  inter- 
 i  in  (2I),  we  have 


polation;  putting  then  x  = - - 2  



(22)  u_~= 


I  ~I  A 3 E _   ,  5  A ~ E - ~   7  A ~ E - ~  


X - - -   A~2~ '-1 2  - - ~ A   E I  2  -2 . I6 . . . I 2 8  . . 256  " . . / u  o . 
 In  a  subsequent  section  the  two  following  well-known  formulm  of  inter- 
 polation  will  be  of  service, 


(23)  U x ~  



+ - -  



x(A  +  AE-1)+  ~ ' E  -1  I + x ' 2  


9 (g~'--  I)  I {~  " ~ ( A 3 E - I - ~   i  3E._2) "JI-  "  14 ~'(~'--  I) A  4j~-2 ..~  U 0, ] 


(23) 



+ 


~ ( ~ . I )   I (A 2 


•x  ----"  I  +  X A  "Jr-  /2  ~  -~-- /~ 2E-l) 


]_3~  [4  2 (A 4E--1  +  h 4 E - 2 ) "   ~ ~ ~0~ 


Of  these  formulm  the  first  is  the  better  when  the  interpolated  value  of 
 i  and  x  =  +  x 


ux  lies  between  x  =  - - ~   ~;  and  the  second  is  the  better  when 
 i  and  x = +   -3 


it  lies  between  x - - - + ~   4" 
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In  order  to  obtain  a  f o r m u l a   of  integration  we  r e q u i r e   to  prove  t h a t  


log (I  --  a) 


1 


r ~ o o  



f"<'' 



,-o  ,.!~  ~v, 


0 


w h e r e   v (~  denotes  the  factorial  v ( v - - I ) . . . ( v - - r +   I). 


This  is  easily  proved  as  follows:  - -  


B u t  


1  [  evlog(1--a)  ]1  --  a 



f (:-a)~dv-- 
 l o g   (I  - -   a)--  ]0  =  l o g   (I  - -   a ) "  

0 


1 


1  :  r  r v(r) 


f ( : - - , ) ' d v   =  
~.  (--)~  ~d.. 


o 


O 


If  the  last  two  forms  of  this  integral  be  equated  to  one  another,  we 
 o b t a i n   the  required  formula. 


Now 


d 


e ~ =   ( I - - A E - ' ) - L  
 a n d   therefore 



S 


Hence 


d  =  - -   log 
(I 
- -   A E - 1 ) .  

log(x  --  A E  -I)  
f 
o  v(r) dr. 

I f   the  definite  integrals  o n   the  right  hand  side  be  evaluated,  we  find 


Since 
 (24) 



(&  I  I 
A E _ X   - 


~xdx 
=  - - I E   2  1 2  

0 


3  A 4.E-4  863 


16o  6o48o 


I  / ~ 2 E _ 2   I 9   ~ k 3 . E - 3  


24  720 


- -   A  ~ E - ' . . . )   (u.  - -   uo). 


A - :   contains  an  a r b i t r a r y   constant  we  m a y   choose 


I  I  x  A2u_~  +  I9  A ~ u _ 3 + . . . ,  


~ , : u :   =  ~Uo +  ~  &u_:  "4" 2-~  720 
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 and  we  then  have  as  our  formula  of  integration, 


n 


f  I  I  A ~ n _  1  I 


(24)  
UxdX~--- 
A - l u n + I - - ~ .  u'~  i2  24 A  u,~_= 

0 


I9  3  3  A 4  863  .  5 u 


720 A  u.-3 ---i-65  u._4  6o--~o A  ._~. 


This  is  the  most  convenient  f o r m u l a   of  integration  when  only  the  inte- 
 gral  from  n  to  0  is  wanted,  and  the  integrals  from  n - - i   to  o,  n - - 2  
 to  o,  etc.  are  not  also  wanted.  But  in  the  greater  part  of  the  w o r k   the 
 intermediate  integrals  are  also  required.  Now  on  applying  the  operator 
 A  to  (24),  we  have 


n + l  


f  I  A u . - - - - &  I  ~ u._~  I  A 3U ~ - 2 - - - -  19 A 4 u ~ - 3  . . . .  


(25)  u.dx ~-  u~+l  2  12  24  72o 


n 


If  this  be  added  to  the  integral  from  n  to  o  we  have  the  integral  from 
 n + I   t o o .  


I  have  found  t h a t   a  table  of  integration  m a y   be  conveniently 
 arranged  as  follows:  - -  


Let  us  suppose  t h a t   the  integral  from  n - - I   to  o  has  been  already 
 found,  and  t h a t   the  integral  from  n  to  o  is  required;  write  us  and  its  diffe- 
 x Aun_l 
 rences  AU~.l,  A~u~_~, A3u._8 in  vertical  c o l u m n ;   below  write  - - ~  


i  A~u._~ '  A3u._3,  and  add  t h e m   together;  add  us  to  the  last; 


I2  2 4 


m u l t i p l y   the  last  sum  by  the  c o m m o n   difference  A x ,   and  the  result  is 
 the  integral  from  n  to  n - - i ;   add  to  this  the  integral  f r o m   n - - I   to  o, 
 and  the  result  is  the  required  integral  from  n  to  zero. 


Thus  each  integration  requires  i 3  lines  of  a  vertical  column,  and 
 the  successive  columns  follow  one  another,  headed  by  the  value  of  the 
 independent  variable  to  which  it  applies. 


A  similar  schedule  w o u l d   a p p l y   when  the  f o r m u l a   (24)  is  used; 


but  when  the  initial  value  of  A -1  has  been  so  chosen  as  to  insure  the 
 vanishing  of  the  integral  from  o  to  o,  the  final  value  of  A -~  is  to  be 
 found  by  adding  to  it  the  successive  u's,  so  t h a t   the  intermediate  columns 
 need  not  be  written  down. 


Aeta  mathematica.  21.  Imprimf~  le  29  juillet  1897.  16 
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W h e n   the  successive  values  of  u  depend  on  their  precursors,  it  is 
 necessary  at  the  first  stage  to  take  A x   small,  because  in  the  first  inte- 
 gration  it  is  only  possible  to  take  the  first  difference  into  account.  At 
 the  second  stage  the  second  difference  may  be  included  and  at  the  third 
 the  third  difference. 


But  in  almost  every  case  I  begin  integration  with  such  a  value  of 
 the  independent  variable  (say  x  =  o),  that  we  either  have  ux  an  even 
 function  of  x,  or  an  odd  function  of  x;  in  the  first  case  ux = u _ x ,   in 
 the  second  ux = -   u_x.  Both  these  cases  present  special  advantages  for 
 the  commencement  of  integration,  for  in  the  first  integration  we  m a y  
 take  second  differences  into  account.  Thus  when  u~  is  an  even  function, 
 the  second  difference  involved  in  the  table  of  integration  from  I  to  o  is 
 2Au0;  and  when  ux  is  an  odd  function  it  is  zero.  In  both  cases  third 
 differences  may  be  included  in  the  second  integration. 


It  is  of  course  desirable  to  use  the  largest  value  of  the  increment 
 of  the  independent  variable  consistent  with  adequate  accuracy.  If  at  any 
 stage  of  the  work  it  appears  
by 
the  smallness  of  the  second  and  third 
 differences  involved  in  the  integrals,  that  longer  steps  m a y   safely  be 
 employed,  it  is  easy  to  double  the  value  of  A x ,   by  forming  a  new 
 difference  table  with  omission  of  alternate  entries  amongst  the  values 
 already  computed.  Thus  if  the  change  is  to  b e   made  at  the  stage 
 where  x----n,  the  new  difference  table  will  be  formed  from u,_~,u,,_~, 
 u~;  and  thereafter  A x   will  have  double  its  previous  value. 

W h e n   on  the  other  hand  it  appears  by  the  growth  of  the  second 
 a n d   third  differences  that ~ A x   is  becoming  too  large,  A x   can  be  halved, 
 and  the  new  difference  table  must  be  formed  by  interpolation.  The 
 formula  (22)  enables  us  to  find  u,_~  from  u . ,   u , _ ~ ,   u . : ~ , . . ,   with  suffi- 
 cient  accuracy  for  the  purpose  of  obtaining  the  differences  of u~_~,  u,,_l, 
 u~_89  u,.  The  process  of  halving  the  value  of  A x   is  therefore  similar 
 to  that  of  d o u b l i n g q t .  


In  some  of  the  curves  which  I  have  to  trace  there  are  sharp  bends 
or  quasi-cusps,  and  in  these  cases  the  process  is  very  tedious.  It  is 
sometimes  necessary  to  repeatedly  halve  the  increments  of the  independent 
variable,  which  is  the  arc  s  of  the  curve.  Thus  if  (s)  denotes  the  func- 
tion  of  the  arc  to  be  integrated,  and  if  s  be  the  value  of  the  arc  at 
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 the  point  where  the  curvature  begins  to  increase  with  great  rapidity, 
 and  if  3  be  the  previous  increment  of  arc;  then  in  integrating  (s)  from 
 s  to  s + ? 3 ,   the  difference  table  is  to  be  formed  f r o m ( s - - 3 ) ,   s - - - ~ 3   , 
 (s),  the  middle  one  of  these  three  being  an  interpolated  value.  At  the 
 i 3   to  s+43. 3,  and  the  dif- 
 next  step  (s)  has  to  be  integrated  from  s  +  ? 


ferenee  table  is  formed  from  (s),  ( s + 4 d ) ,   ( s + - ~ d ) ,   the  middle  term 
 being  again  an  interpolation.  This  process  may  clearly  be  employed over 
 and  over  again.  In  some  of  the  curves  traced  the  increment  of  are  has 
 been  32  times  less  in  one  part  than  in  another. 


But  the  chief  difficulty  about  these  quasi-cusps  arises  when  they  are 
 past,  and  when  it  is  time  to  double  the  are  again.  For  the  fact  that 
 the  earlier  Values  of  the  function  to  be  used  in  the  more  open  ranked 
 difference  tables  are  thrown  back  nearly  to  the  cusp  or  even  beyond  it, 
 makes  the  higher  differences  very  large.  Now  the  correctness  of  the 
 formula  of  integration  depends  on  the  correctness  of  the  hypothesis  that 
 an  algebraic  curve  will  give  a  good  approximation  to  actuality.  But 
 in  the  neigh'b0urhood  of  a  quasi-cusp,  and  with  increasing  arcs  this  is 
 far  from  correct.  I  have  found  then  that  in  these  cases  of  doubling 
 the  are,  a  better  result  is  obtained  in  the  first  and  second  lntegration 
 by  only  including  the  second  difference  in  the  table  of  integration. 


If  we  are  tracing  one  member  of  a  family  of  curves  which  are 
widely  spaced  throughout  the  greater  part  of  their  courses,  but  in  one 
region  are  closely  crowded  into  quasi-cusps,  it  is  difficult  to  follow  one 
member  of  the  family  through  the  crowded  region,  and  on  emerging 
from  the  region  we  shall  probably  find  ourselves  tracing  a  closely 
neighbouring  member,  and  hot  t h e   original  one.  I  have  applied  the 
method  to  trace  the  curve  drawn  by  a  point  attached to  a  circle  at  nine- 
tenths  of  its  radius  from  the  centre,  as  the  circle  rolls  along  a  straight 
line.  After  the  passage  of  the  quasi-cusp  I  found  that  I  was  no  longer 
exactly  pursuing  the  correct  line;  nevertheless  on  a  figure  of  the  size 
of  this  page  the  difference  between  the  two  lines would  be  barely  discern- 
ible.  But  the  orbits  which  it  is  my  object  to  trace  do  not  quite  resemble 
this  ease,  since  their  cusps  do  not  lie  crowded  together  in  one  region 
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of  space.  I  believe  therefore  that  these  cases  have  been  treated  with 
 substantial  accuracy. 


Another  procedure  has  however  been  occasionally  employed  which 
 I  shall  explain  in  w  7. 


w  6.  O n   t h e   m e t h o d   o f   t r a c i n g   a  c u r v e   f r o m   i t s   c u r v a t u r e .  
 It  will  be  supposed  that  the  curve  to  be  traced  is  symmetrical 
 with  respect  to  the  x  axis,  and  starts  at  right  angles  to  it  so  that 
 x = x   0,  y---o,  9 , = o ,   s----o.  This  is  not  a  necessary  condition  for  the 
 use  of  the  method,  b u t   it  appears  from  w  5  that  the  start  is  thus 
 rendered  somewhat  easier  than  would  be  the  case  otherwise.  The  curva- 
 ture  at  each  point  of  the  curve  is  supposed  to  be  a  known  function  of 
 the  coordinates  x ,   y  of  the  point,  and  of  the  direction  of  the  normal 
 defined  by  the  angle  9,. 


The  first  step  is  to  compute  the  initial  curvature  ~--~;  it  is  then I 


necessary  to  choose  such  a  value  for  the  increment  of arc  ds  as  will  give 
 the  requisite  degree  of  accuracy. 


I  have  found  that  it  is  well  to  take,  as  a  rule,  ds  of such  a  size  that 
 shall  not  be  greater  than  about  8~  but  later,  when all  the  differences 
 Ro 


in  the  tables  of  integration  have  come  into  use,  I  allow  the  increments 



of 
~  to  increase  to  about  12 ~ 

It  is  obvious  that  the  curvature  is  even,  when  considered  as  a 
 function  of  s.  When  nothing  further  is  known  of  the  nature  of  the 
 curve,  it  is  necessary  to  assume  that  the  curvature  is  constant  throughout 
 the  first  arc  3s,  but  it  is  often  possible  to  make  a  conjecture  that  the 
 curvature  at  the  end  of  the  arc  ds  will  be  say  ~-~. i  
By 
the  formula 
 of  integration  with  first  and  second  differences  we  then  compute  ~  =  ~1 
 at  the  end  of  the  arc,  by  the  first  of  equations  (5)  in  w  2. 

With  this  value  of  ~  we  find  sin v~,  c o s ~ ,   and  observing  that 
sin~0  = o ,   cos~, o =  I,  we  compute  x 1,y~  by  means  of  the  second  and 
third  of  (5),  using  first  and  second  differences. 
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We  next  compute  ~ I  with  these  values  of  x , y ,   and  if  it  agrees 
 with  the  conjecture  the  Work  is  done;  and  if  not  so,  the  work  is  repeated 
 until  there  is  agreement  between  the  initial  and  final  values  of  the 
 curvature. 


After  the  first  arc,  a  second  is  computed,  and  higher  differences are 
 introduced  into  the  tables  of  integration.  We  thus  proceed  by  steps 
 along  the  curve. 


The  approximation  to  the  final  result  is  usually  so  rapid,  that  in 
 the  recalculation  it  commonly  suffices  to  note  the  changes  in  the  last 
 significant  figure  of  the  numbers  involved  in  the  original  computation, 
 without  rewriting  the  whole. 


The  correction  of  the  tables  of  integration  is  also  very  simple;  for 
 suppose  that  the  first  assumed  value  of  the  function to  be  integrated  is 
u, 

 and  that  the  second  approximation  shows  that  it  should  have  been  u  -1- e?u; 

then  all  the  differences  in  the  column  of  the  table  have  to  be  augmented 



by  3u, 
and  therefore  the  integral  has  to  be  augmented  by 



( 
I  2 I  I 2  I  2 4 I  . . .  ) 
~ U ~ 8 .  

If  we  stop  with  third  differences,  this  gives  the  simple  rule  that  the 
 integral  is  to  augmented  by  
33u3s. 


It  has  been  shown  in w  5  how  the  chosen  arc  3s  is to  be  increased  or 
 diminished  according  to  the  requirements  of  the  case. 


This  method  is  the  numerical  counterpart  of  the  graphical  process 
 described  by  Lord  KELVIN in  his  Popular  Lectures, 1  but  it  is  very  much 
 more  accurate,  and  when  the  formula  for  the  curvature  is  complex  it  is 
 hardly  if  at  all  more  laborious.  In  the  present  investigation it  would  have 
 been  far  more  troublesome  to  use  the  graphical  method,  with  such  care 
 as  to  attain  the  requisite  accuracy,  than  to  follow  the  numerical  method. 


In  order  to  trace  orbits  I  first  computed  auxiliary  tables  of r~-I -  ~, 
 and  of  log  , ~ - - r   for  r < I ,   and  of  log  - - ~   for  r > l ;   the  tables 


1  Popular  Lectures:  vol.  I~  2 nd  ed.  pp.  3 1 - - 4 2 ;   Phil.  Mag.  vol.  34~  I892~  PP. 


443  - - 4 4 8 .  



(28)126  G . H .   Darwin. 


extend  from  r----o  to  i" 5  at  intervals  of  " o o I ,   but  they  will  ultimately 
 r e q u i r e   further  extension. 


The  following  schedule  shows  the  a r r a n g e m e n t   for  the  computation 
 of  the  curvature  at  ally  point.  The  table  has  been  arranged  so  as  to  be 
 as  compact  as  possible,  and  is  not  in  strictly  logical  order;  for  the  cal- 
 culation  of  W  should  follow  t h a t   of  r ,   p,  but  is  entered  a t   the  foot 
 of  the  first  column.  It  will  be  observed  that  the  calculation  is  in  ac- 
 cordance  with  the  formula  (4)  of  w  2. 


L  denotes  l o g a r i t h m   and  C  denotes  cologarithm;  ~  the  sun's  mars 
 is  taken  as  xo,  and  L  2n----"82 x7,  being  L  2 v'~ t ,   a  constant.  The  brackets 
 indicate  t h a t   the  numbers  so  m a r k e d   are  to  be  added  together. 


S c h e d u l e   for  c o m p u t a t i o n   of  c u r v a t u r e .  


x  !t 


ILy  {  I~y 


C~  O ( z -   I) 


L tan ~  L tan 


]LsecY  [ Lsec~b 


I  L .   IL(.~--  
~) 


Lr  L,o 


p 



[ 
L~cos(~--O) 
 C V' 

La 


L  cos  (~  - -   r 
 CV' 


Lb 
 b 


p~ + -  2 


P 
 V ' + O  


V 2 



L~ 
2~b 

2 r t  


V 
 a + b  


I 


R 
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 The  formulae  r  =  y  cosec d,  p  =  y  cosec r  are  used,  when  the  values 
 of  0  or  ~  show  that  these  are  the  better  forms. 


The  tables  of  integration  are  kept  on  separate  sheets  in  the  forms 
 indicated  in  w  5. 


As  the  computation  proceeds  I  keep  tables  of  differences  of  x ,   y, 
 9 ,   r ,   p ,   V 2,  and  this  check  has  been  of  immense  advantage  in  detec- 
 ting  errors. 


The  auxiliary  tables  of  logarithms  are  computed  to  5  figures,  but 
 the  last  figure  is  not  always  correct  to  unity,  and  the  fifth  figure  is  prin- 
 cipally  of  use  in  order  to  make  correct  interpolation  possible. 


The  conversion  of  ~  from  circular  measure  to  degrees  and  the  values 
 of  sin ~  and  cos~  are  obtained  f r o m   Bottomley's  four-figured  table. 


Most  of  the  work  has  been  done  with  these  tables,  but  as  it  appears 
 that  the  principal  source  of  error  lies  in  the  determination  of  r  and  p, 
 five-figured  logarithms  have  generally  been  used  in  this  part  of  the 
 work,  and  the  values  of  0  and  ~  are  written  down  to  o " l .  


In  those  parts  of  an  orbit  in  which  V 2  becomes  small  I  have  often 



( 


ceased  to  use  the  auxiliary  table  for  u  r2-t -  ~  ;  for  since  the  auxiliary 
 table  of  this  f u n c t i o n   only  contains  four  decimal  places  and  since  v  is 
 I o,  it  follows  that  only  three  places  are  obtainable  f r o m   the  table,  and 
 of  course  there  m a y   be  an  error  of  unity  or  even  of  2  in  the  las~ 


significant  figure  of  V ~. 


In  order  to  test  the  method,  I  computed  an  u n p e r t u r b e d   elliptic 
 orbit  by  means  of  the  curvature.  The  formulae  were  V~ =  ~'2  IOI, 


i  P  i 


R -   V ''   where  P  =  ~  cos (9 - -   6),  and  the  initial  values  were  x 0 ----5, 
 Y0  = o ,   90  ~ o ,   s 0  ~ o .  


The  curve  described  should  b e   the  ellipse  of  semiaxes  IO  and  5 ~/3, 
 and  x ,   y  ought  to  satisfy  the  equation 



( 
...4-- 5 ' ~ +   y 

I  take  the  square  root  of  the  left  hand  side  of  this  equation,  with 
computed  x , y ,   as  one  measure  of  the  error  of  position  in  the  ellipse. 
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4 


Again  if  tan z  =  ,  Z  ought  to  be  identical  with  9~; hence Z--9~ 


z + 5  


measures  the  error  of  the  direction  of  motion. 


the  area  conserved  h  is  5 ~r  or  2"7386;  but  it  is  also 
 Lastly 


Vr cos ( p -   0),  if the  computation  gives perfect  results.  Hence h--Vrcos(9,--6) 
 measures  the  error  in  the  equable  description  of  areas.  The  semi-period 
 should  be  zt~/~ooo  or  99"346. 


The  computations  were  made  partly  with  five-figured  and  partly  with 
 four-figured  logarithms,  and  the  process  followed  the  lines  of  my  other 
 work  very  closely. 


The  following  table  exhibits  the  results  together  with  the  errors. 


It  will  be  observed  that  when  s  =  24  there  is  a  sudden  increase  in  the 
 second  column  of  errors,  but  I  have  not  been  able  to  detect  the  arithme- 
 tical  mistake  which  is  probably  responsible  for  it.  The  accordance  still 
 remains  so  close,  that  it  appeared  to  be  a  waste  of  time  to  work  any 
 longer  at  this  example. 


Computed  positions  in  an  ellipse  described  under  the  action  of  a 
 central  force. 


r / - + o v   [  , 


s  x  Y  9  Z~9  L~,-i~'/  +~,~-~!  .I - -  


0  5 " 0 0 0 0   " 0 0 0 0   0 ~  O'  0 " 0   + " 0 0 0 0 0   " 0 0 0 0  


I  4"9337  "9971  7 ~  37'  + 0 " 3   + ' 0 o o 0 2   "oOoo 


~-  4'7364  I"9768  z5 ~  8'  + o   "8  + - o o o o  5  - - ' o o o 1  


3  4"4t37  2"9227  22 ~  29'  + 0 " 3   +  "oooo4  - - ' o o o i  


4  3'9749  3"8205  29 ~  35'  - - o   "3  + ' o o o o 4   - - ' 0 o o 2  


5  3"4304  4"6586  360  23'  o  "o  +  "00004  - - ' o o o i  


6  2"7925  5"4281  420  53'  + o " I   + ' o o 0 0 4   - - ' o o o i  


8  1"2843  6"7363  55 ~  I '   + o   "2  - - ' o o o o 2   + - o o o !  


I o   - -   "4567  7"7147  66~  9'  +  I  "o  - - ' o o o o !   + ' o o o 2  


12  - -   2-3497  8.3507  760  36'  + o ' 6   "ooooo  + ' o o o 3  


x 4  - -   4"3259  8"64o7  86~  39'  + o ' 1   - - ' 0 o o o 1   -oooo 


16  - -   6"3225  8"5845  960  35'  + o ' 4   + ' o o o o 3   "oooo 


I8  - -   8 " 2 7 8 7   8.1823  I o 6 ~   43'  + o ' 6   + . o o o x o   + ' o o o 3  


2o  - - I o ' t 3 o 5   7'4349  117 ~  21'  + o ' 8   + - o o o 1 2   + ' o 0 o 3  


22  - - z i " 8 o 5 x   6"3481  128~  47'  +  I  "o  +  "ooool  + ' 0 0 0 4  


24  --13"2181  4"9385  ~4 I~  17'  + o ' 8   + ' o o o 2 8   + ' o o o 4  


25  - - i 3 . 7 9 6 8   4"t237  148~  o'  - - o   "4  + ' o o o 2 7   + ' o o o 3  


26  - - 1 4 - 2 7 4  ~  3"2456  155 ~  o '   - - o   "8  + ' o o o z 7   + - o o o i  


27  --14"6385  2"315I  I62 ~  15'  - - 0 " 5   +  "ooo23  + ' 0 o o 3  


*'8  --14"8808  I"3456  169 ~  43'  - - 0   "5  + ' 0 0 0 2 I   +'OO03 


29  - - I 4 . 9 9 3 8   "35*'6  177 ~  19'  - - 0 " 6   + ' 0 0 0 2 0   +'000." 


3 ~  --14"9740  ---  "6465  184 ~  57'  - - 0   "6  +'OOO19  +'OO04 


*'9"3546  --15"0020  "OOOO  I80 ~  I '   +  t  "0 



(31)Periodic Orbits.  129 
 The  last  line  in  the  above  table  was  found  by  interpolation: 


The  computed  values  of  the  semiaxes  of  the  ellipse  (both  involving 
 interpolations)  were  found  to  be  i o ' o o l o   and  '866o4;  their  correct  values 
 are  IO'OOOO and  "856025.  The  computed  semiperiod  (requiring  another 
 integration  and  interpolation)  was  found  to  be  99"345,  agreeing  with  the 
 correct  value  to  the  last  place  of  decimals. 


Considering  that  a  considerable  part  of  the  computation  was  done 
 with  four-figured  tables,  the  accuracy  shown  in  this  table  is  surprising. 


This  calculation  is  exactly  comparable  with  the  best  of  my  calcu- 
 lations  of  orbits,  but  there  has  been  from  time  to  time  a  good  deal  of 
 variety  in  my  procedure.  My  object  has  been  throughout  to  cover  a 
 wide  field  with  adequate  accuracy  rather  than  a  far  smaller  one  with 
 scrupulous  exactness,  for  economy  of  labour  is  of the  greatest  importance 
 in  so  heavy  a  piece  of  work.  I  shall  in  the  appendix  generally  indicate 
 which  are  the  more  exact  and  which  the  less  exact  computations.  I  do 
 not  think  i t   would  in  any  case  have  been  possible  in the  figures  to  show 
 the  difference  between  an  exactly  computed  and  a  roughly  computed 
 curve,  because  the  lines  would  be  almost  or  quite  indistinguishable  on 
 the  scale  of  the  plates  of  figures.  This  however  might  not  be  quite  true 
 of  the  orbits  which  have  very  sharp  bends  in  them. 


w 7,  D e v e l o p m e ~ t   i n   p o w e r s   o f   t h e   t i m e ;   t h e   f o r m   o f   c u s p s .  


In  a  few  cases  the  quasi,cusps  of  orbits  have  been  computed  by 
 means  of  series;  the  mode  of  development  will  therefore  now  be  con- 
 sidered. 


If  for  brevity  we  write 


dx  dy 


2 n   --~  m ,   d---[ ---" u ,   dt  - -   v ,  


the  equations  of  motion  (i)  become 


(2 6)  ~  at2  dv  aa9 


dt--: =  m y   +  a-7'  7 [   =  - - m u   +  ay 


Aeta  matt~matlea.  20,  imprim~  le  29  juillet  1897,  17 
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