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Chapter I



Introduction


The classical results of Birkhoff [9], de Groot [11], Frucht [14] and Sabidussi [37]


say that every group is isomorphic to the automorphism group of a complete dis-
 tributive lattice, the autohomeomorphism group of a topological space and the
 automorphism group of a graph. Following Isbell’s ideas [22], the concept of full
 embeddings (i.e. full and faithful functors – functors which are bijective on hom-
 sets) has been investigated and used to generalize and substantially strengthen
 various representations of groups as automorphism groups of given mathematical
 structures. It turned out that many categories (e.g. the category of graphs and
 graph homomorphism [21]) are evenalg-universal – every category of universal al-
 gebras can be fully embedded into them. See Section 1 for more information about
 alg-universal categories and consequences of alg-universality.


Chapters II, III enrich the family of known alg-universal categories: The cat-
 egory of finitary set functors and natural transformations (Chapter II) and the
 category of varieties and interpretations (Chapter III) are both alg-universal. The
 results will appear in [7], [5].


The notion of full embedding can be modified in many ways, see Section 3.


The final chapter deals with one such a modification – a slice embedding (or an
 s-embedding) between concrete categories which was introduced by J. Sichler and
 V. Trnkov´a in [39]. It came out that this theory can sort many familiar concrete
 categories into five baskets T,P,Pop,A,R. In Chapter IV we substantially enrich
 this five member collection of baskets: For every ordinal α we introduce a new
 basketEα. Then we show that every essentially algebraic category of heightα is a
 slice of (i.e. can be s-embedded into) Eα, characterize small slices of Eα and give
 a common generalization of known results about slices of the algebraic basket A.
 The results will appear in [6].


The chapters are independent. The preliminaries used throughout the thesis
are in the next three sections of the Introduction:
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1 Notation


Set theory


We work in a standard set theory with the axiom of choice for classes. At several
 places we use “collections larger than classes” for the sake of brevity. This can be
 made correct by enhancing the set theory (see [1]), but, in this thesis, everything
 could be formulated without any use of such monsters.


An ordinal is a set of all smaller ordinals and cardinal is the least ordinal with
 its cardinality. We write α < βin place of α∈β.


LetXbe a set and≈be an equivalence. X/≈denotes the factor setXmodulo


≈. The equivalence class of an elementx∈X is denoted by [x]≈.
 Category theory


To the basics we refer to [1].


The set of all morphisms in a category K with domain A ∈ Obj(K) and
 codomainB ∈Obj(K) is denoted by K(A, B).


Given a faithful functor U : K → H, A, B ∈ Obj(K) and f ∈ H(U A, U B)
 we say that f carries a K-morphism from A to B provided that f = U g for a
 K-morphism g:A→B.


By a concrete category (over H) we mean a faithful functorU :K→ H such
 that


K(A, B)⊆H(U A, U B), A, B∈Obj(K).


In this case, aH-morphism h:U A→U B carries aK-morphism A→B iff it is a
 K-morphism A→B. The objects U A, U B are called underlying objects of A, B.


We write h ∈ H(A, B), or h is a H-morphism from A to B, in place of h ∈
 H(U A, U B). Likewise, for A ∈ Obj(K), H ∈ Obj(H) we write h ∈ H(A, H) in
 place ofh∈H(U A, H).



2 Full embeddings


In this section we discuss the following hierarchy of comprehensiveness: A category
 Kis said to be


group-universal, if for every group G, there exists an object A∈Obj(K)
 such that Aut(A), the automorphism group ofA,
 is isomorphic toG;


group-universal in


a stronger sense, if for every group G, there exists A∈Obj(K) s. t.


End(A), the endomorphism monoid ofA,
 is a group isomorphic toG;


monoid-universal, if for every monoidM, there existsA∈Obj(K) s. t.


End(A) is isomorphic toG;



(7)alg-universal, if every categoryAlg(Σ) of universal algebras with a
 given signature Σ can be fully embedded intoK;


universal, if every category concretizable overSet


(i.e. a category which admits a faithful functor into Set)
 can be fully embdedded intoK;


hyper-universal, if every category can be fully embdedded intoK.


Every small category (i.e. every category with set many objects), in particular,
 a one object category – a monoid, can be fully embedded into some category of uni-
 versal algebras (see [35]), hence every alg-universal category is monoid-universal.


Alg-universality seems to be much stronger property than monoid-universality.


However, no ”natural” example (e.g. a variety or a quasivariety of algebras) of
 monoid-universal category which is not alg-universal is known. Kuˇcera, Pultr and
 Hedrl´ın showed that the statement “every alg-universal category is universal” is
 equivalent to the following set-theoretical assumption (see [35]):


(M) The class of all measurable cardinals is a set.


Every universal category has a factor (morphisms are glued together in an
 admissible way), which is hyper-universal (see [31, 41, 45]). No “natural” example
 of hyper-universal category is known.


A very long list of group-universal categories is presented in the survey paper
 [15] and all group-universal varieties of unary algebras were characterized in [38].


The category of varieties and interpretations [47], and the category of set func-
 tors [8] are group-universal in a stronger sense. They are alg-universal as we will
 see in Chapters II, III.


The alg-universality seems to be the most important notion from the list above.


In [21], the category Rel(2) of graphs and graph homomorphisms, and the cate-
 goryAlg(1,1) of algebras with two unary operations and algebra homomorphisms
 were shown to be alg-universal. Then a lot of varieties of universal algebras were
 proved to be alg-universal, e.g. the variety of (0,1)-lattices [19], semigroups [20],
 integral domains of characteristic zero [13], and many others. These older results
 are summarized in the monograph [35] and in the survey article [46], where also
 many later results are mentioned, e.g. the full characterization of alg-universal
 varieties of (0,1)-lattices [17] and of semigroups [29]. The mentioned categories are
 algebraic:


Definition 2.1. A category is said to be algebraic provided that it is fully embed-
 dable into some category of universal algebras (and hence into any alg-universal
 category).


Many meanings of the term “algebraic” can be found in the literature. The
 present definition is used in the theory of representations in categories. Note that
 (M) is equivalent to “every category concretizable overSet is algebraic”.


There are also interesting universal categories, e.g. the category of hypergraphs
(Hedrl´ın, Kuˇcera, see [35]), the category of topological spaces and open continuous



(8)maps [35], the category of topological semigroups and continuous homomorphisms
 [45]. The regular varieties of topological unary algebras, which are universal, are
 characterized in [27].


Recall the definition of a rigid class of objects:


Definition 2.2. A class C of objects of a category Kis called rigid, if K(A, A) =
 {idA} for everyA∈ C and K(A, B) =∅ for everyA, B ∈ C, A6=B.


There exists arbitrarily large rigid set of objects in any alg-universal category,
 since we can fully embed arbitrarily large small discrete category into it. The
 statement “every alg-universal category contains a rigid proper class of objects” is
 equivalent to the negation of Vopˇenka’s principle (see [25], [2]).



3 Modifications


This section contains a brief list of several modifications of full embeddings. For
 more information and references the book [35] and the article [46] is recommended.


Almost full embeddings


The category of topological spaces and continuous mappings isn’t alg-universal,
 not even group-universal in a stronger sense, since every constant mapping is con-
 tinuous. Analmost full embeddingis, roughly speaking, a faithful functor, which is
 full “up to constant mappings”. Similarly we have almost alg-universality, almost
 universality, etc.


Examples of results of this type: the category of metrizable topological spaces
 and continuous mappings is almost alg-universal (Trnkov´a, see [35]), the category
 of paracompact topological spaces and continuous mappings is almost universal
 (Koubek, see [35]).


Simultaneous representations


Definition 3.1. Let U : K → H, U′ : K′ → H′ be concrete categories. A pair
 (Φ, F) of functorsΦ :K→K′,F :H→H′ is said to be a simultaneous represen-
 tation(of U to U′), ifΦ and F are full embeddings andU′Φ =F U.


A functor U′ : K′ → H′ is said to be comprehensive, if for every functor U
 between small categories we can find a simultaneous representation of U toU′.


We have also simultaneous almost-representations and appropriately adapted
comprehensiveness. Metric completion, β-compactification, completely regular
modification, compactly generated modification, sequential modification are com-
prehensive (regarded as suitable functors). These are results by Trnkov´a and Huˇsek,
see [46].
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Most of “everyday life” categories are concrete (mostly over the category Set of
 all sets and mappings) – we have the natural forgetful functor (to the category
 Set). Astrong embedding is a full embedding which is functorial on the underlying
 objects:


Definition 3.2. Let U : K → H, U′ : K′ → H′ be concrete categories. A pair
 (Φ, F) of functors Φ :K→K′, F :H→H′ is said to be a strong embedding (of
 U toU′), if Φ is a full embedding and U′Φ =F U.


S-embeddings (functor slices)


If we relax the assumptions on Φ from the previous definition in a certain way,
we get a definition of s-embedding (the definition is in Chapter IV). This concept
was originally introduced (in [39]) to catch the complexity of additional structure
needed to obtain simultaneous representations from full-embeddings. Further in-
vestigations have shown that s-embeddings can serve to compare concrete categories
(especially overSet) according to “a manner how they choose their morphism”.
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Chapter II



Set functors and natural transformations


We prove that the category of finitary set endofunctors and natural trans-
 formations is alg-universal and present an example of a rigid proper class of
 accessible set endofunctors.


The category of accessible endofunctors ofSet(whereSetdenotes the category
 of all sets and mappings) is group-universal in a stronger sense – this was proved by
 P. Zima and the author, see [8]. Here we are going to prove a much stronger result:


The category of finitary endofunctors ofSet is alg-universal, i.e. every category of
 universal algebras can be fully embedded into it. The proof is substantially easier
 than the proof in [8].


The basic structural properties of set functors, i.e. endofunctors of the category
 Set, were obtained in the articles [42, 43, 26, 28]. The category of all set functors
 and all natural transformations is not legitimate, because there are ”too many”


set functors and ”too many” natural transformations. But it has natural legiti-
 mate subcategories – the category ofκ-accessible set functors for some cardinalκ
 and the category of accessible set functors. See Section 2 for the definitions and
 preliminaries concerning set functors.


The category of finitary (ω-accessible) set functors and natural transformations
 is related to the category Clone of (abstract) clones and clone homomorphisms,
 or, in a different view, to the category of (finitary) varieties and interpretations.


Indeed, an interpretation between varieties can be viewed as a natural transfor-
 mation between their free functors, which, in some sense, preserves equations. It
 turned out that our main theorem is the right direction to prove alg-universality
 of the category Clone. This result is the contents of the next chapter.


Section 3 contains the proof of the main theorem of this chapter: The category
 of finitary set functors is alg-universal. Since the category ofκ-accessible set func-
 tors is algebraic for everyκ (recall that algebraic means here, that it can be fully
 embedded into some category of universal algebras), universality of this category
 is equivalent to the set-theoretical assumption (M) from the introduction.


In Section 4 we present an example of a rigid proper class of accessible set
functors. The idea is due to V. Koubek. The following questions naturaly arise:



(11)Open problem. Is the category of all accessible set functors and natural trans-
 formations universal?


Open problem. Is the (ilegitimate) category of all set functors and natural trans-
 formations hyper-universal?


Notation. Let f : X → Y be a mapping. Im(f) denotes the image of f; f(x)
 means the image of the elementx∈X;f[R]means the image of the subsetR⊆X;


f−1 is always the mapping f−1 : P Y → P X (where P X is the set of all subsets
 of X), not the inverse mapping. Let F, G be set functors, µ:F →G be a natural
 transformation. ByµX we mean the component µX :F X →GX of µ.



1 Preliminaries


In this section, we recall some known facts about set functors, which will be needed
 in the present chapter. Their proofs can be found in [42, 26].


Every set functor F can be written as a coproduct


F = a


i∈F1


Fi,


where all componentsFi areconnected, i.e. |Fi1|= 1. Each connected set functor
 either contains precisely one isomorphic copy of the identity functor (this is pre-
 cisely when it is faithful), or contains precisely one isomorphic copy of the constant
 functor C1– the functor which assigns empty set to empty set and a one-point set
 to all nonempty sets. The following easy criterion will be used:


Proposition 1.1. Let F be a connected set functor, X be a nonempty set and
 x ∈ F X be an arbitrary element. Then F is faithful, iff F f(x) 6= F g(x) for the
 two distinct constant mappings f, g:X→2.


All set functors in this chapter are connected and faithful. For this reason, we
 formulate the next definition and propositions just for this situation. There would
 be some technical difficulties in the general case. The most important structural
 properties of a (faithful connected) set functorF arefiltersandmonoids of elements
 x∈F X,X6=∅.


Flt(x) = {U ⊆X|(∃u∈F U) F i(u) =x, i:U →X is the inclusion },


= {f[U]|(∃u∈F U)F f(u) =x, f :U →X is a mapping},
 Mon(x) = {f :X→X|F f(x) =x}.


Theorem 1.2. Let F be a faithful connected set functor, x ∈F X, X 6=∅. Then
Flt(x) is a filter on X, Mon(x) is a submonoid of the transformation monoid on
X and Flt(x) = {Im(f)|f ∈ Mon(x)}. If U ∈ Flt(x) and f ∈ Mon(x), then
f[U]∈Flt(x).



(12)F is said to be κ-accessible, if for every nonempty set X and x ∈ F X there
 exists a set U ∈ Flt(x) such that |U| < κ. In other words, every element can be
 accessed from an element of an image of some ”small” set (small means here, with
 cardinality less than κ). This definition agrees for a regular infinite κ with the
 general notion ofκ-accessibility (preservation of κ-filtered colimits) from [32]. An
 ω-accessible functor is calledfinitary.


The category of κ-accessible (κ is a fixed cardinal) set functors and natural
 transformations is algebraic: Aκ-accesible set functor is determined (up to natural
 equivalence) by its restriction Card<κ →Set, where Card<κ is the full subcate-
 gory of Set generated by cardinals less thanκ. Indeed, the original functor is the
 Kan extension of this restriction. A functor G : Card<κ → Set can be viewed
 as a many-sorted algebra (sorts are Gα, α < κ) with operations Gf : Gα → Gβ
 for every f : α → β, α, β < κ. Algebra homomorphisms correspond precisely to
 natural transformations. It is known and easy to see that the category ofS-sorted
 algebras is algebraic for every setS.


The next proposition is easy and often useful.


Proposition 1.3. Let µ:F →Gbe a natural transformation of faithful connected
 set functors, X a nonempty set, x ∈F X. Then Flt(x) ⊆Flt(µX(x)), Mon(x) ⊆
 Mon(µX(x)).


Finally, we will need the following simple observation:


Proposition 1.4. Let µ:F →Gbe a natural transformation of faithful connected
 set functors,Xbe a nonepty finite set,x∈F X. Letf ∈Mon(x)for every bijection
 f :X →X. Then Flt(µX(x)) ={X}.


Proof. Due to the preceding proposition, we havef ∈Mon(µX(x)) for every bijec-
 tionf :X→X. Suppose, we have ∅ 6=U ⊂X, U ∈Flt(µX(x)). We can choose a
 sequence f1, . . . , fn :X → X of bijections, such that U ∩f1[U]∩ · · · ∩fn[U] =∅.


From the last part of 1.2, it follows that fi[U]∈Flt(µX(x)). Because Flt(µX(x))
 is a filter, we have∅=U ∩f1[U]∩ · · · ∈Flt(µX(x)), a contradiction.


In the situation of this proposition, one can easily see, that Flt(x) ={X} (the
 same argument as in the proof) and Mon(x) = Mon(µX(x)) ={f|f is a bijection}


(from 1.2).



2 Main theorem


Theorem 2.1. The categorySetFuncfin of finitary set functors and natural trans-
 formations is algebraic and alg-universal.


Remark 2.2. In fact, we will prove a stronger result: The category of 7-accessible
 connected faithful set functors is alg-universal.


We are going to construct a full embedding Φ :Alg(1,1)→SetFuncfin. This
is enough, since the categoryAlg(1,1) is alg-universal andSetFuncfin is algebraic
(see Section 1).



(13)Let A = (A, α, β) ∈ Alg(1,1) be an algebra with two unary operations. For
 everya∈A, we now define a mapping


sA,a :P6→A∪ {o, j}.


The union is assumed to be disjoint. For R⊆6, let


sA,a(R) =























o ifR= 0,


a if|R|= 1 or|R|= 5,
 α(a) if|R|= 2 or|R|= 4,
 β(a) if|R|= 3,


j ifR= 6.


Observe that the mappings sA,a1 andsA,a2 are distinct for distincta1, a2 ∈A.


For a setX and a mappingf :X→Y, we put


AX = {sA,ag−1 :P X →A∪ {o, j} |a∈A, g: 6→X is a map},
 Af(sA,ag−1) = sA,ag−1f−1.


A is a set functor: For everyf1 :X→Y, f2:Y →Z, we have
 AidX(sA,ag−1) = sA,ag−1id−1X =sA,ag−1,


Af1(Af2(sA,ag−1)) = sA,ag−1f2−1f1−1 =sA,ag−1(f1f2)−1 =


= Af1f2(sA,ag−1)).


Let R ⊆ X. Let χR,X : X → 2 denote the characteristic mapping of R, i.e.


χR,X(x) = 1, iff x∈R.


Claim 1. The functor Ais faithful, connected and 7-accessible.


Proof. 7-accessibility is clear – every element can be accessed from somesA,a∈A6.


Connectedness: The elements ofA1 are of the formsA,af−1, wheref : 6→1 is
 the unique mapping. But sA,af−1(0) =sA,a(0) =o and sA,af−1(1) =sA,a(6) =j,
 hencesA,af−1 doesn’t depend on a– |A1|= 1.


Faithfulness: We will use Proposition 1.1. Take arbitrary s=sA,a ∈A6. Then
 sχ−10,6 and sχ−16,6 differs on {0}:


sχ−10,6({0}) = s(6) =j,
 sχ−16,6({0}) = s(0) =o.


Given two algebras A= (A, α, β),B= (B, γ, δ) and a homomorphismh:A →
 B, we define a natural transformation µh:A→Bas follows


µhX(sA,ag−1) =sB,h(a)g−1.
Claim 2. The definition is correct.



(14)Proof. We must check that ifsA,a1g1−1 =sA,a2g2−1, thensB,h(a1)g1−1 = sB,h(a2)g2−1.
 ForR⊆X, we have


sB,h(a1)g1−1(R) =























o |g1−1(R)|= 0
 h(a1) |g1−1(R)|= 1,5
 γ(h(a1)) |g1−1(R)|= 2,4
 δ(h(a1)) |g1−1(R)|= 3
 j |g1−1(R)|= 6


=


=























o |g1−1(R)|= 0
 h(a1) |g1−1(R)|= 1,5
 h(α(a1)) |g1−1(R)|= 2,4
 h(β(a1)) |g1−1(R)|= 3
 j |g1−1(R)|= 6


=h(sA,a1g−11 (R)),


whereh:A∪ {o, j} →B∪ {o, j} coincides withh on A and is identical on{o, j}.


The same computation givessB,h(a2)g−12 (R) =h(sA,a2g−12 (R)).


Since sA,a1g1−1(R) =sA,a2g2−1(R), we are done.


Claim 3. µ is natural.


Proof. LetsA,ag−1∈AX,f :X→Y be arbitrary. Then


Bf(µhX(sA,ag−1)) =Bf(sB,h(a)g−1) =sB,h(a)g−1f−1,
 µhY(Af(sA,ag−1)) =µhY(sB,ag−1f−1) =sB,h(a)g−1f−1.


The functor Φ :Alg(1,1)→SetFuncfin given by
 Φ(A) =A, Φ(h) =µh
 is the searched full and faithful functor:


Claim 4. Φ is a faithful functor.


Proof. It is clear, that Φ preserves the composition and identities.


Faithfulness: Take distinct homomorphismsh, h′ :A→Band then, an element
 a∈A, for whichh(a)6=h′(a). Thenµh6(sA,a) =sB,h(a)6=sB,h′(a) =µh6′(sA,a) from
 the note after the definition of the mappings s....


Let A = (A, α, β), B = (B, γ, δ) be algebras. Let µ : A → B be a natural
 transformation. We will check that µ = µh for some homomorphism h : A → B
 proving the fullness of Φ.


Claim 5. Let g: 6→6, b∈B. Then Im(g)∈Flt(sB,bg−1).


Proof. Take the factorization g =ih, where i: Im(g) → 6 is the inclusion. Then
clearlyF i(sB,bh−1) =sB,bg−1.
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Proof. We should check that sA,a(R) = sA,ag−1(R) (= sA,a(g−1(R))) for every
 R ⊆ 6. This is true, since |g−1(R)| = |R| and the value of sA,a on some subset
 S⊆6 depends only on the cardinality ofS.


From these two claims, it follows that the only elements s∈B6 with Flt(s) =
 {6} are the elementssB,b (b∈B). Combining this with Proposition 1.4, we obtain
 Flt(µ6(sA,a)) ={6}, hence


µ6(sA,a) =sB,h(a)


for someh(a)∈B. Now we aim to show, that thish:A→B is a homomorphism
 of the algebrasA,B.


Let dA,a :P2→A∪ {o, j}be the following mapping (R⊆2):


dA,a(R) =











o ifR= 0,


a ifR={0}orR={1},
 j ifR= 2.


Claim 7. Let a∈A, R⊆6. Then


dA,a = AχR,6(sA,a), if |R|= 1,
 dA,α(a) = AχR,6(sA,a), if |R|= 2,
 dA,β(a) = AχR,6(sA,a), if |R|= 3.


In particular dA,a∈A2.


Proof. This is an easy calculation.


Of course, a similar claim holds for b, γ, δ and the functor B.
 Claim 8. Let a∈A. Then µ2(dA,a) =dB,h(a).


Proof. We use the naturality ofµforχR,6: 6→2, where|R|= 1, and the preceding
 claim.


BχR,6(µ6(sA,a)) =BχR,6(sB,h(a)) =dB,h(a)=


=µ2(AχR,6(sA,a)) =µ2(dA,a).


Claim 9. Let a∈A. Then h(α(a)) =γ(h(a)).


Proof. We use the naturality ofµforχR,6 : 6→2, where|R|= 2, and the last two
 claims.


BχR,6(µ6(sA,a)) =BχR,6(sB,h(a))) =dB,γ(h(a))=


=µ2(AχR,6(sA,a)) =µ2(dA,α(a)) =dB,h(α(a)).


Because the mappingsdB,b, dB,b′ are distinct for distinct b, b′ ∈B, we have
γ(h(a)) =h(α(a)).
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Proof. The proof is similar to the previous – use a subset R ⊆6 such that|R|=
 3.


We have proved, that h is a homomorphism. To conclude the proof, we must
 observe:


Claim 11. µ=µh.


Proof. Let g: 6 →X be an arbitrary mapping, a∈A. From the naturality of µ,
 we have


Bg(µ6(sA,a)) =Bg(sB,h(a)) =sB,h(a)g−1=


=µX(Ag(sA,a)) =µX(sA,ag−1).



3 Rigid proper class of accessible set functors


LetF be a filter on a setX and f :X →Y be a mapping. By an f-image ofF is
 meant the following filter on Y:


f(F) = {S⊆Y |f[R]⊆S for someR∈ F}=


= {f−1(R)⊆Y |R∈ F}.


It is known and easy to see that the filter functor Fdefined by
 FX = {F | F is a filter onX} for a setX,


Ff(F) = f(F) for a mappingf :X→Y


is a faithful connected set functor. In this functor Flt(F) =F for everyF ∈FX.


For an infinite cardinal κ, we put


Fκ ={R ⊆κ| |κ−R|< κ}.


It is easy to see thatFκ is a filter onκ.


Let C be a nonempty class of regular cardinals. For a set X and a mapping
 f :X →Y we define


CX = {g(Fκ)|κ∈ C, g:κ→X},
 Cf(g(Fκ)) = f g(Fκ).


Cis a subfunctor of the filter functorF. Hence it is faithful and connected and
 Flt(F) =F for every F ∈CX. It isλ-accessible for every cardinal λgreater than
 all κ∈C.


Theorem 3.1. LetC,Dbe nonempty classes of regular cardinals. Then there exists
a natural transformation C→D, iff C ⊆ D. In this case, it is unique.
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LetU ⊆V ⊆X. LetFU,V,X,κ be the following filter onX:


FU,V,X,κ={R⊆X|U ⊆R, |V −R|< κ}.


Note that


• If U, U′ ⊆ X, U 6= U′, then FU,V,X,κ 6= FU′,V′,X,λ for every V, V′, where
 U ⊆V ⊆X,U′ ⊆V′ ⊆X, and κ, λ are regular cardinals.


• LetV, V′⊆κ,|V|=λ. ThenF0,V,κ,λ =F0,V′,κ,λ iff the symmetric difference
 (V −V′)∪(V′−V) has cardinality less thanλ.


Claim 1. Let κ be a regular cardinal, f : κ → X be a mapping. Let U =
 {x| |f−1({x})|=κ}, V =f[κ]. Then f(Fκ) =FU,V,X,κ. If U = 0 then|V|=κ.


Proof. The inclusion ”⊆”. Let R ∈ f(Fκ), so |κ−f−1(R)| < κ. If x ∈ U and
 x6∈R, then|κ−f−1(R)| ≥ |κ−f−1(X− {x})|=|f−1({x})|=κ, a contradiction,
 henceU ⊆R. Since moreover|f[κ]−R| ≤ |κ−f−1(R)|< κ, we haveR ∈ FU,V,X,κ.
 The inclusion ”⊇”. Let R ∈ FU,V,X,κ, so U ⊆ R, |V −R| < κ. Since κ−
 f−1(R) = ∪x∈V−Rf−1({x}), we have |κ −f−1(R)| < κ (the right hand side is
 a union of less then κ sets, each of cardinality less than κ, κ is regular). Thus
 R∈f(Fκ).


The last statement is obvious.


Now, let µ:C→D be a natural transformation.


Claim 2. Let κ∈ C. Then κ∈ D and µκ(Fκ) =Fκ.


Proof. Letλ∈ D,f :λ→κ,U ⊆V ⊆κ be such thatµκ(Fκ) =f(Fλ) =FU,V,κ,λ.
 Every bijection κ → κ is in the monoid of Fκ ∈Cκ. According to 1.4, every
 bijection is in the monoid ofFU,V,κ,λ. It is obvious that b(FU,V,κ,λ) =Fb[U],b[V],κ,λ,
 thus b[U] = U for every bijection b : κ → κ (see the note above), hence either
 U = 0 orU =κ.


SupposeU =κ. Letx∈κ be arbitrary. The setX− {x} is in the filter ofFκ,
 but it isn’t in the filter of Fκ,κ,κ,λ. This contradicts 1.4 (recall that Flt(F) =F).


Now, we have U = 0, thus λ = |V| (see the last statement in the previous
 claim). If |κ−V|=κ, we can find a bijection such that the symmetric difference
 (V −b[V])∪(b[V]−V) has cardinalityκ, henceF0,V,κ,λ 6=F0,b[V],κ,λ(see the note
 above again), a contradiction. Hence λ = κ and |κ−V| < κ. Then F0,V,κ,κ =
 F0,κ,κ,κ=Fκ.


We now know that C ⊆ D and µκ(Fκ) = Fκ. From the naturality of µ, it
 follows that for everyκ∈ C, set X and mappingf :κ→X


µX(f(Fκ)) =f(µκ(Fκ)) =f(Fκ).


Thus the transformationµis uniqely determined - it is the inclusion.
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 pairwise incomparable classes of regular cardinals. From the last theorem, it
 follows that {C| C ∈ E} is a rigid conglomerate of set functors. Putting E =
 {{κ} |κ is a regular cardinal}, we obtain:


Corollary 3.2. There exists a rigid proper class of accessible set functors.
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Chapter III



Varieties and interpretations


We prove that the category of varieties and interpretations, or in other words,
 the category of abstract clones and clone homomorphisms, is alg-universal.


The latticeL of interpretability types of varieties (of finitary mono-sorted uni-
 versal algebras) was first introduced and investigated in [34]. Then an issue [16]


of Memoirs of the AMS was devoted to the study of L. One of the many open
 problems formulated there, whether the breadth of this lattice is uncountable, was
 solved in [47]. The authors proved there (among other) that every poset can be
 embedded into L and that the existence of proper class antichain is equivalent to
 the negation of Vopˇenka’s principle (see [25]).


In fact, they investigated the category Clone of all abstract clones and all
 their homomorphisms and then used the well-known fact that L can be obtained
 by forming a partially ordered class from the category Clone in a standard way
 (we introduce a quasiordering on objects – A ≤B iff Clone(A, B) 6= ∅ and then
 make a partial ordering from ≤). They constructed a semifull embedding from
 the category of semigroups to Clone, i.e. a functor Φ : Smg→ Clone such that
 Smg(A, B)6=∅ precisely when Clone(ΦA,ΦB)6=∅, for everyA, B ∈Obj(Smg).


The mentioned results are consequences of the fact that the category of semigroups
 is alg-universal.


In the same article, the authors also proved that every group is isomorphic to
 the endomorphism monoid of some clone A, i.e. the category of clones is group-
 universal in a stronger sense.


Here we prove a substantial strengthening of both results by answering the
 open problem formulated there – the category Clone is alg-universal. Moreover,
 the clones will be idempotent. Let us use an alternative formulation (see the next
 paragraph).


The category of idempotent varieties and interpretations is alg-
 universal.


There are several ways how to view a variety: class of algebras, equational
theory, finitary monad overSet or clone (the last two describe variety up to term
equivalence). Clone homomorphisms then correspond to concrete functors (going



(20)in the opposite direction), interpretations and monad homomorphisms respectively.


We recall these well-known facts in Section 2


Some basic notions and results from the theory of rewriting systems, which we
 will need for the proof, are recalled in Section 3.


Section 4 contains the proof of the main theorem. To enhance readability,
 several facts are formulated there, their proofs are in Sections 5,6,7.



1 Auxiliary alg-universal category


To prove that a certain category is alg-universal, it suffices to fully embed any alg-
 universal category into it. The following auxiliary category will be used to prove
 the main result.


Definition 1.1. Alg∗(1,1)is the full subcategory ofAlg(1,1)consisting of algebras
 (A, α, β) such that a, α(a), β(a) are pairwise distinct for every a∈A.


Proposition 1.2. Alg∗(1,1) is alg-universal.


Proof. We will construct a full embedding Φ :Alg(1,1)→Alg(1,1) such that for
 everyA= (A, α, β)∈Alg(1,1), the algebra Φ(A) = (A, α, β) will satisfyα(a)6=a,
 α(a) 6=β(a) for all a∈ A. Moreover, if α(a) 6=afor every a∈A, thenβ(a) 6= a
 for everya∈A. Therefore ΦΦ will be a full embeddingAlg(1,1)→Alg∗(1,1).


For an algebra A= (A, α, β), let Φ(A) = (A, α, β) be as follows:


A = 3∪A×2,


α(0) = 1, α(1) = 0, α(2) = 1,
 α(a,0) = 2,


α(a,1) = (β(a),0),


β(0) = 2, β(1) = 2, β(2) = 0,
 β(a,0) = (a,1),


β(a,1) = (α(a),1).


For a homomorphismsf : (A, α, β)→(B, γ, δ), let
 Φ(f) =f =id3∪f ×2.


It is easy to see, that Φ is a faithful functor and that (A, α, β) has all required
 properties. It remains to prove that Φ is full. So, let g: (A, α, β)→(B, γ, δ) be a
 homomorphism. We have to prove thatg=f for some homomorphismf :A→B.
 1. Observe thatα(α(0)) = 0 and the only elementsb∈B for whichγ(γ(b)) =b
 are 0,1. Henceg(0)∈ {0,1}, sincegis a homomorphism.


2. Suppose g(0) = 1. Then g(1) = 0 (because g(1) =g(α(0)) = γ(g(0)) = 0),
 g(2) = 2 (because g(2) =g(β(1)) =δ(g(1)) = 2. But 0 =g(α(2)) =γ(g(2)) = 1, a
 contradiction.


3. We have g(0) = 0, thus g(1) = 1 (because g(1) = g(α(0)) = γ(g(0)) = 1)
and g(2) = 2 (becauseg(2) =g(β(0)) =δ(g(0)) = 2)).
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 only elements of B which are sent to 2 by γ are the elements (b,0). Therefore
 g(a,0) = (f(a),0) for some mapping f :M →N. Moreoverg(a,1) =g(β(a,0)) =
 δ(g(a,0)) =δ(f(a),0) = (f(a),1).


5. Now, we have g = f. It remains to prove that f is a homomorphism:


(f(β(a)),0) =g(α(a,1)) =γ(g(a,1)) =γ(f(a),1) = (δ(f(a)),0),and


(f(α(a)),1) = g(β(a,1)) = δ(g(a,1)) =γ(f(a),1) = (γ(f(a)),1). This concludes
 the proof.



2 Varieties, interpretations


The basic notions such as universal algebras, varieties, terms, etc. are used in the
 standard way, see e. g. [18], [33]. We recall several notions to fix the notation.


A (finitary, mono-sorted) signature is a set Σ of operational symbols together
 with a mapping arity : Σ → ω. To avoid some technical difficulties, we assume
 that there is no nullary operation in any signature. All signatures in this chapter
 have this property.


Let Vbe a (mono-sorted) variety of a (finitary) signature Σ. Let X be a fixed
 countably infinite set. In this chapter, we assume that {x, y, x0, . . . , x18} ⊂ X.


The absolutely free algebra on X in the signature Σ (the algebra of terms in
 the operational symbols in Σ over the set X) will be denoted by Term(Σ). An
 endomorphism of Term(Σ) is called a substitution, it is determined by values on
 variables.


The equational theory of V, i.e. the fully invariant congruence of Term(Σ)
 determined by V, will be denoted ≈V. The congruence ≈V is often given by its
 generating set –base.


V is said to be idempotent, if σ(x, . . . , x) ≈V x for all σ ∈ Σ or, equivalently,
 for all σ∈Term(Σ).


An (abstract) clone, in its algebraic definition, is an ω-sorted algebra


(Cn, Smn, eni) with underlying setsCnforn∈ω, constantseni ∈Cnfori < n∈ωand
 heterogeneous operations Smn :Cn×(Cm)n → Cm, where the following identities
 hold:


(i) Skn(u;Skm(v1;w1, . . . , wm), . . . , Skm(vn;w1, . . . , wm)) =


=Skm(Smn(u;v1, . . . , vn);w1, . . . , wm),
 (ii) Snn(u;en0, . . . , enn−1) =u,


(iii) Smn(eni;v0, . . . , vn−1) =vi


for any m, n, k ∈ω, u ∈Cn, v1, . . . , vn ∈Cm and w1, . . . , wm ∈ Ck. Clone homo-
 morphism f : (Cn, Smn, eni) → (Cn′, Sm′n, e′ni ) is a homomorphism of this heteroge-
 neous algebras – a family of mappingsf ={fn:Cn→Cn′ |n∈ω} respecting the
 operations.


From the variety V we can form its clone Clone(V) by putting Cn to be the
free algebra on the set {en0, . . . , enn−1} and Smn(u;v0, . . . , vn−1) to be the image of
u under the homomorphism Cn → Cm which takes each eni to vi. Conversely,
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 operations (see [40]).


Let V,W be varieties of signatures Σ, Γ respectively. By an interpretation of
 VinW, we mean a mappingν : Term(Σ)→Term(Γ) such that


(i) ν(x) =xfor everyx∈X. Ift∈Term(Σ) is a term overY ⊆X, thenν(t) is
 a term over Y.


(ii) ν preserves substitutions, i.e. ν(t(s0, . . . , sn)) =ν(t)(ν(s0), . . . , ν(sn)) if the
 left hand side is defined.


(iii) ν preserves equations, i.e. if s≈Vt, then ν(s)≈W ν(t).


We identify ν and ν′, if ν(s) ≈W ν′(s) for all s ∈ Term(Σ). More precisely, an
 interpretation should be defined as a mapping ν: Term(Σ)→Term(Γ)/≈W.


It is clear thatν is determined by values on the terms σ(x0, . . . , xn),σ ∈Σ and
 that in (iii) it suffices to consider only equations from some base of≈V.


An interpretation ν : Term(Σ)→ Term(Γ) determines a clone homomorphism
 Clone(V)→Clone(W) and vice versa, see [40].


We can also form a concrete functor (i.e. a functor which commutes with the
 forgetful functors)W→Vfrom an interpretation in a natural way, and vice versa,
 see [12].


Finally, interpretations between varieties precisely correspond to monad homo-
 morphisms between their monads. For these notions and related results, we refer
 to [4].


Altogether, the following categories are equivalent.


(i) The category of varieties and interpretations.


(ii) The dual of the category of varieties and concrete functors.


(iii) The category of abstract clones and clone homomorphisms.


(iv) The category of finitary monads overSet and monad homomorphisms.


Remark 2.1. Strictly speaking, (i) and (ii) are not correct formulations, because
 a variety is a classof algebras. But this can be obviously avoided.



3 Terms, rewriting systems


Here we recall some notions and results about terms and term rewriting systems,
 see [3] for their proofs.


Let Σ be a signature.


A term t over X (in the signature Σ) can be viewed as a labeled tree, where
 leaves are labeled by elements of X, nodes are labeled by elements of σ ∈ Σ and
 every node labeled byσ has arity(σ) sons.


Aheight ht(t) of a termthas its obvious meaning, we should just mention that
height of a variable is 0.
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 0,1,. . . . The concatenation of addressesR,S is denoted by RˆS. By a subterm of
 tat the address R, we mean the termt[R] defined inductively by


1. t[∅] =t.


2. IfR=Sˆi,t[S] =σ(t0, t1, . . . , tn) and i≤n, thent[R] =ti; otherwiset[R] is
 undefined.


Ift[R] is defined, we say thatR is a valid address int. We say thatsis a subterm
 oft and write s⊆t, ifs=t[R] for some valid addressR.


Anequation (E) (called alsorewriting rulein some situations) is a pair of terms
 (E) = (u, v) often written in the form (E) =u≈v.


We say that a term s can be rewritten in one step to t using (E) and write
 s −→(E)1 t, if there exists a valid address A in s and a substitution f such that
 s[A] =f(u) andtis obtained by replacing the subtermf(u) byf(v) atA. We can
 also say that (E) can be applied to s at the address A and t is the result of the
 application.


Let S be a set of equations (called also rewriting system) and ≈ denote the
 equational theory it generates. We writes−→S nt, if s=r0


(S1)


−→1 r1. . .(S−→n)1 rn=t
 for some (Si) ∈ S, and write s −→S t (and say that s can be rewritten to t), if
 s−→S nt for somen. A termt is called reduced, if no rewriting rule from S can be
 applied tot.


It is known and easy to see that s≈t, iff there exists a sequence r0, . . . , rn of
 terms such thats=r0 −→S 1 r1 ←−S 1 r2 −→ . . . rn=t. Such a sequence is called a
 derivation of s≈t.


S is said to befinitely terminating, if every sequence of the formt0−→S 1t1 −→S 1


t2. . . is finite. It is said to be confluent (resp. locally confluent), if for arbitrary
 terms t, s0, s1 such that t −→S s0, s1 (resp. t −→S 1 s0, s1), there exists a term r
 such that s0, s1 −→S r. If S is finitely terminating and locally confluent, then it
 is confluent. In this situation, every term scan be rewritten to a unique reduced
 term RedS(s) calledreduced form ofs. Moreover s≈t iff RedS(s) = RedS(t).


To verify that S is locally confluent it is enough to consider critical overlaps
 (see [3], pp 134-141 ). It is such a situation, when we have a term t, two rules
 (E0),(E1)∈ S and a substitutionf such that (E0) can be applied to f(t) at∅and
 (E1) can be applied tof(t) atA, whereAis a valid address oftand not an address
 of some leaf.


By a reduced height of a term sis meant the height of the reduced form of s.



4 Main theorem


Theorem 4.1. The category IdempVar of idempotent varieties and interpreta-
 tions is alg-universal.


Remark 4.2. It is easy to see thatIdempVaris algebraic (see [47], for example).
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This is sufficient due to 1.2.


For an algebra A= (A, α, β) ∈ Alg∗(1,1), let ΣA be the signature consisting
 of 19-ary operational symbolsca,a∈Aand binary operational symbolsda,a∈A.


LetAbe the variety which equational theory is based by


(C) ca(x0, x1, . . . , x18) ≈ ca(xσ(0), xσ(1), . . . , xσ(18)) for every permutation σ on
 19,


(D1) ca(x,18y)≈da(x, y),
 (D3) ca(3x,16y)≈dα(a)(x, y),
 (D7) ca(7x,12y)≈dβ(a)(x, y),
 (E0) da(da(x, y), y)≈da(x, y),
 (E1) da(x, da(x, y))≈da(x, y),


(I) da(x, x)≈x.


Each row is to be understood as a set of equations, for example (C) says that for
 everya∈Aand every permutation on 19, we have the equation


ca(x0, x1, . . . , x18) ≈ ca(xσ(0), xσ(1), . . . , xσ(18)). In (D1),(D3),(D7) we use the
 following abbreviation: ca(3x,16y) denotes any term of the form ca(W), where
 there are 3 occurrences of x and 16 occurrences ofy in W, for example the term
 ca(y, y, x, y, x, y, x, y, y, . . . , y).


For a homomorphisms f : (A, α, β) → (B, γ, δ) we define an interpretation
 νf : Term(ΣA)→Term(ΣB) ofAin Bby


νf(da(x, y)) =df(a)(x, y), νf(ca(x0, . . . , x18)) =cf(a)(x0, . . . , x18).


The functor Φ : Alg∗(1,1) → IdempVar defined Φ(A) = A on objects and
 Φ(f) =νf on morphisms is the seeked full and faithful functor.


We postpone the proof of the following facts after the proof of the theorem.


Fact 1. The equations (D1),(D3),(D7),(E0),(E1),(I) form a finitely termi-
 nating confluent rewriting system. For any terms s, t in ΣA, we have s ≈A t iff
 Red(s)∼Red(t), where∼is the equational theory based by (C) and Red(s) is the
 reduced form ofsin the equational theory based by (D1), (D3), (D7), (E0), (E1),
 (I).


From now on by “reduced, reduced height, . . . ”, we mean reduced, reduced
 height with respect to the above rewriting system. It is clear that ift∼sand tis
 reduced, then sis also reduced.


Fact 2. Let t be a term over {x, y} in ΣA such that t(t(x, y), y) ≈A t(x, y),
 t(x, t(x, y))≈At(x, y). Then tis of reduced height at most 1.


Fact 3. Let P = {1,3,7,12,16,18}, P ⊆ {x0, x1, . . . , x18}, |P| ∈ P. The
substitutiongP sending all variables inP tox and all other variables toyis called
permissible substitution. Let t be a term over {x0, . . . , x18} in ΣA such that gP(t)



(25)is of reduced height at most 1 for every permissible substitution gP. Then the
 reduced height oftis at most 1.


First, observe that Φ is a correctly defined faithful functor. For better readabil-
 ity, we write ν(da) instead of ν(da(x, y)), ν(ca) instead of ν(ca(x0, . . . , x18)), and
 so on.


1. For everyA,Ais idempotent: The operationsdaare idempotent (I) and ca
 are idempotent because of the equations (D1) and (I), for instance.


2. Φ preserves the composition and the identities: This is clear.


3. Φ is faithful: From Fact 1 it follows that for distinct b, b′ ∈ B the terms
 db(x, y), db′(x, y) are inequivalent in B.


4. νf is an interpretation: The equations (C),(D1),(E0),(E1) and (I) are read-
 ily preserved. Preservation of (D3) follows from the fact thatfis a homomorphism:


νf(ca)(3x,16y) =cf(a)(3x,16y) ≈B dγ(f(a))(x, y) = df(α(a))(x, y) = νf(dα(a))(x, y).


The proof for (D7) is similar.


It remains to prove that Φ is full. In other words, we have to prove that every
 interpretationνofAinBis of the formν =νf for some homomorphismf :A → B.


So, let ν: Term(ΣA)→Term(ΣB) be an interpretation.


1. Leta∈A. Putt=ν(da). The equations (E0),(E1) are satisfied inA, hence
 t(t(x, y), y) ≈B t(x, y) ≈B t(x, t(x, y)). Therefore t is of reduced height at most 1
 due to Fact 2.


2. LetgP be a permissible substitution. We havegP(ca(x0, . . . , x18))≈da′(x, y)
 in A for some a′ ∈ A (see the equations (D1),(D3),(D7)). Hence gP(ν(ca)) ≈B


ν(da′). We know from the preceding step that the right hand side is a term of
 reduced height at most 1. From Fact 3 it follows thatν(ca) is of reduced height at
 most 1.


3. The termca(x0, . . . , x18) is commutative inA(in the sense of (C)). Therefore
 the term ν(ca) is commutative in B. It is clear (see Fact 1 again) that the only
 commutative terms in B of height 1 are the terms cb(x0, . . . , x18). Thus ν(ca) =
 cf(a)(x0, . . . , x18) for some f(a)∈B.


4. Since ca(x,18y)≈Ada(x, y), we have


df(a)(x, y)≈Bcf(a)(x,18y) =ν(ca)(x,18y)≈Bν(da).


Henceν(da) =df(a)(x, y).


5. We have proved, that ν = νf. The last thing is to prove that f is a
 homomorphism. We have ca(3x,16y) ≈A dα(a), hence ν(ca)(3x,16y) ≈B ν(dα(a)).


The left hand side equals cf(a)(3x,16y) ≈B dγ(f(a))(x, y). The right hand side
 equalsdf(α(a))(x, y). Using Fact 1 we obtain γ(f(a)) =f(α(a)).


6. Analogically as in the previous step, using the equation ca(7x,12y) ≈A


dβ(a)(x, y), we get δ(f(a)) =f(β(a)) and the proof is complete.



5 Fact 1


Fact 1, first part. The equations(D1),(D3),(D7),(E0),(E1),(I)form a finitely
terminating confluent rewriting system.



(26)Proof. The system is finitely terminating, since each rewriting rule decreases the
 number of occurrences either ofcaorda. To prove its local confluency, it is enough
 to consider the critical overlaps (see Section 3). In our system, we have to consider
 the following cases:


1. We can apply two different rules (Di), (Dj) (i, j ∈ {1,3,7}) at the address


∅. Consider the case (D1),(D3), the other possibilities are analogical. All terms
 t[i],i∈19 are equal, say, to a termt0. We have


ca(t0,18t0)(D1)−→ da(t0, t0)−→(I) t0,
 ca(3t0,16t0)(D3)−→ dα(m)(t0, t0)−→(I) t0.


2. We can apply the rule (Ei) (i ∈ 2) at the address ∅ and the rule (Ej)
 (j ∈ 2) at the address j. First, let i = j = 0. We can apply (E0) at 0, thus
 t[0ˆ0] = da(t0, t1) and t[0ˆ1] =t1 for some terms t0, t1. We can apply (E0) at ∅,
 hencet[1] =t1. Thereforet=da(da(da(t0, t1), t1), t1). But the application of both
 rules gives the same result:


da(da(da(t0, t1), t1), t1)(E0,1)−→ da(da(t0, t1), t1).


Next, let i = 0, j = 1. We can apply (E1) at 0, hence t[0ˆ1] = da(t0, t1)
 and t[0ˆ0] = t0. We can apply (E0) at ∅, hence t[1] = da(t0, t1). Thus t =
 da(da(t0, da(t0, t1)), da(t0, t1)). We have


da(da(t0, da(t0, t1)), da(t0, t1))(E0)−→ da(t0, da(t0, t1))(E1)−→ da(t0, t1),
 da(da(t0, da(t0, t1)), da(t0, t1))(E1)−→da(da(t0, t1), da(t0, t1))−→(I) da(t0, t1).


The two cases i= 1, j= 0,1 are symmetric.


3. We can apply (Ei),i∈2 at ∅ and (I) at i. In this caset=da(da(t0, t0), t0)
 ort=da(t0, da(t0, t0)) which can be rewritten tot0.


Recall that the reduced form of a termtin this rewriting system is denoted by
 Red(t).


Fact 1, second part. Let s, t be terms. Thens≈t in A if and only if Red(s)∼
 Red(t), where ∼ is the equational theory based by (C).


Proof. Only the “only if” part is nontrivial. Let s≈tinA.


LetS={(Ei),(Dj),(I), i∈ {1,3,7}, j∈2}and≡denote the equational theory
 generated byS. Letp0, p1, p2 be terms. Observe that if p0 ←→(C)1 p1 ←→S 1 p2, then
 also p0 ←→S 1 p3 ←→(C)1 p2 for some term p3. Hence a derivation of s ≈ t can be
 rearranged to obtain a derivation of s ≡ s0 ∼ t, where s0 is a term. From the
 previous lemma and Section 3, we know that s −→S Red(s) ←−S s0 ∼ t. After
 further rearrangement we get s−→S Red(s) ∼s1 S


←− t for some term s1. Clearly,
every term∼-equivalent to a reduced term is reduced, thus s1 = Red(t).
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6 Fact 2


All terms in this section will be over{x, y}in the signature ΣA.


Fact 2. Let t be a term such that t(x, t(x, y))≈A t(x, y), t(t(x, y), y) ≈A t(x, y).


Thent is of reduced height at most 1.


Proof. Striving for a contradiction, suppose thattis a reduced term with ht(t)>1
 satisfying the equations. SinceA is idempotent,tcontains both variables x, y.


Letfx denote the substitution sendingx totandy toy. Symmetrically, let fy


denote the substitution sending x tox and y to t. The equation t(x, t(x, y)) ≈A


t(x, y) means fy(t)≈At. The equation t(t(x, y), y)≈At(x, y) means fx(t)≈At.


Lemma 6.1. Let s1, s2 be terms and fx(s1) =fx(s2). Then s1 =s2.


Proof. Assume fx(s1) = fx(s2) (the second case is symmetric). Assume ht(s1)≤
 ht(s2). We proceed by induction on ht(s1). First, let s1 = y. Then fx(s1) = y
 and clearly s2 =y. Next, suppose s1 =x, s2 6=x. Then fx(s1) = t. If s2 doesn’t
 contain xthen clearly fx(s1)6=fx(s2). If s2 containsx, then ht(s2)>ht(t).


The induction step is trivial.


Lemma 6.2. Let s1, s2 be terms, s2⊆t,fx(s1) =s2. Then s1 =y.


Proof. Evident.


Lemma 6.3. Let t be a reduced term. If fx(t) is not reduced, then t=da(s, y) or
 t=da(y, s), wherea∈A ands is a term. Iffy(t) is not reduced, thent=da(s, x)
 or t=da(x, s), where a∈A ands is a term.


Proof. We prove only the first part, the second part being symmetric.


Suppose that we can apply a rewriting rule to fx(t) at an addressR. Sincetis
 reduced,R is a valid address of tand R is not an address of a leaf oft.


We can not apply (D1),(D3),(D7),(I) at R: The termt is reduced, so, if one
 of these rules can be applied to fx(t), we have fx(t[Rˆi]) = fx(t[Rˆj])) for some
 i, j∈19 such that t[Rˆi]6=t[Rˆj], which contradicts 6.1.


Suppose, we can apply (E0) at R, hence t[R] =da(t0, t1). If t0 6= x, we have
 t0 =da(t2, t3) (because (E0) can be applied to fx(t) at R), and t1 6= t3 (because
 t is reduced). But fx(t1) =fx(t3) (again, because we can apply (E0) to fx(t) at
 R), which contradicts 6.1. So t0 =x. Then t=da(s0, s1) and s1 =fx(t1). By 6.2
 t1=y, hence s1 =y. Togethert=da(s0, y).


Suppose, we can apply (E1) at R, hence t[R] = da(t0, t1). As in the last
 paragrapht1 =x,t=da(s0, s1) and s0 =fx(t0). Hence t0 =y and s0 =y.


The last lemma contradicts our assumption ht(t)>1.
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