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A model theory approach to structural limits


Jaroslav Neˇsetˇril, Patrice Ossona de Mendez


Abstract. The goal of this paper is to unify two lines in a particular area of graph
 limits. First, we generalize and provide uniﬁed treatment of various graph limit
 concepts by means of a combination of model theory and analysis. Then, as an
 example, we generalize limits of bounded degree graphs from subgraph testing
 to ﬁnite model testing.


Keywords: graph, graph limits, model theory, ﬁrst-order logic
 Classification: 05C99


1. Introduction


Recently, graph sequences and graph limits are intensively studied, from diverse
 point of views: probability theory and statistics, property testing in computer
 science, ﬂag algebras, logic, graphs homomorphisms, etc. Four standard notions
 of graph limits have inspired this work:


– the notion ofdense graph limit [4], [15];


– the notion ofbounded degree graph limit [3], [2];


– the notion ofelementary limit e.g. [12], [13];


– the notion ofleft limit developed by the authors [20], [21].


Let us brieﬂy introduce these notions. Our combinatorial terminology is stan-
 dard and we refer to the standard books (such as [12], [17], [21], [23]) or original
 papers for more information.


The ﬁrst approach consists in randomly picking a mapping from a test graph
 and to check whether this is a homomorphism. A sequence (Gn) of graphs will
 be said to beL-convergent if


t(F, Gn) =hom(F, Gn)


|Gn||F|
 converges for every ﬁxed (connected) graphF.


The second one is used to deﬁne the convergence of a sequence of graphs with
 bounded degrees. A sequence (Gn) of graphs with bounded maximum degrees
 will be said to be BS-convergent if, for every integerr, the probability that the
 ball of radiusrcentered at a random vertex ofGn is isomorphic to a ﬁxed rooted
 graphF converges for everyF.
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(2)The third one is a general notion of convergence based on the ﬁrst-order proper-
 ties satisﬁed by the elements of the sequence. A sequence (Gi)i∈Niselementarily
 convergent if, for every sentenceφ there exists an integernφ such that either all
 theGi withi > nφ satisfyφor none of them do.


The fourth notion of convergence is based on testing existence of homomor-
 phisms from ﬁxed graphs: a sequence (Gn) is said to beleft-convergentif, for every
 graphF, either all but a ﬁnite number of the graphsGn contain a homomorphic
 image ofF or only a ﬁnite number ofGn does. In other words, left-convergence
 is a weak notion of elementary convergence where we consider primitive positive
 sentences only.


These four notions proceed in diﬀerent directions and, particularly, relate to
 either dense or sparse graphs. The sparse–dense dichotomy seems to be a key
 question in the area.


In this paper we provide a unifying approach to these limits. Our approach is
 a combination of a functional analytic and model theoretic approach and thus ap-
 plies to more general structures (rather than graphs). Thus we use termstructural
 limits.


The paper is organized as follows: In Section 2 we brieﬂy introduce a gen-
 eral machinery based on the Boolean algebras and dualities, see [10] for standard
 background material. In Section 3 we apply this to Lindenbaum-Tarski alge-
 bras to get a representation of limits as measures (Theorem 1). In Section 4 we
 mention an alternative approach by means of ultraproducts (i.e. a non-standard
 approach) which yields another representation (of course ineﬀective) of limits
 (Proposition 4). In Section 5 we relate this to examples given in this section and
 particularly state results for bounded degree graphs, thus extending Benjamini-
 Schramm convergence [3] to the general setting of FO-convergence (Theorem 5).


In the last section, we discuss the type of limit objects we would like to construct,
 and introduce some applications to the study of particular cases of ﬁrst-order
 convergence which are going to appear elsewhere.


2. Boolean algebras, Stone representation, and measures


Recall that a Boolean algebra B is an algebra with two binary operations ∨
 and ∧, a unary operation ¬ and two elements 0 and 1, such that (B,∨,∧) is a
 distributive lattice with minimum 0 and maximum 1 which is complemented (in
 the sense that the complementation¬satisﬁesa∨ ¬a= 1 and a∧ ¬a= 0).


The smallest Boolean algebra, denoted2, has elements 0 and 1. In this Boolean
 algebra it holds 0∧a= 0, 1∧a=a, 0∨a=a, 1∨a= 1, ¬0 = 1, and¬1 = 0.


Another example is the powerset 2X of a set X which has a natural structure
 of Boolean algebra, with 0 = ∅,1 = X, A∨B = A∪B, A∧B = A∩B and


¬A=X\A.


Key examples for us are the following:


Logical Example 1. The class of all ﬁrst-order formulas on a languageL, con-
sidered up to logical equivalence, form a Boolean algebra with conjunction ∨,



(3)disjunction ∧ and negation ¬ and constants “false” (0) and “true” (1). This
 Boolean algebra will be denoted FO(L).


Also, we denote by FO0(L) the Boolean algebra of all ﬁrst-order sentences
 (i.e. formulas without free variables) on a language L, considered up to logical
 equivalence. Note FO0(L) is a Boolean sub-algebra of FO(L).


Logical Example 2. Consider a logical theory T (with negation). The Lin-
 denbaum-Tarski algebraLT of T consists of the equivalence classes of sentences
 ofT (here two sentences φand ψ are equivalent if they are provably equivalent
 inT). The set of all the ﬁrst-order formulas that are provably false fromT forms
 an ideal IT of the Boolean algebra FO0(L) and LT is nothing but the quotient
 algebra FO0(L)/IT.


With respect to a ﬁxed Boolean algebra B, a Boolean function is a function
 obtained by a ﬁnite combination of the operations∨,∧, and¬.


Recall that a functionf :B →B′ is ahomomorphism of Boolean algebras if
 f(a∨b) =f(a)∨f(b), f(a∧b) =f(a)∧f(b),f(0) = 0 and f(1) = 1. A ﬁlter
 of a Boolean algebra B is an upper set X (meaning that x ∈ X and y ≥ x
 implyy ∈X) that is a proper subset ofB and that is closed under ∧operation
 (∀x, y∈X it holds x∧y∈X). It is characteristic for Boolean algebras that the
 maximal ﬁlters coincide with theprime filters, that is, the (proper) ﬁltersX such
 that a∨b∈X implies that either a∈X orb ∈X. One speaks of the maximal
 (i.e. prime ﬁlters) as ofultrafilters(they are also characterized by the fact that for
 eachaeithera∈Xor¬a∈X). It is easily checked that the mappingf 7→f−1(1)
 is a bijection between the homomorphismsB →2and the ultraﬁlters onB.


A Stone space is a compact Hausdorﬀ space with a basis of clopen subsets.


With a Boolean algebraB associate a topological space
 S(B) = ({x, xis a ultraﬁlter in B}, τ),


where τ is the topology generated by all the KB(b) ={x, b∈x} (the subscript
 B will be omitted if obvious). Then S(B) is a Stone space. By the well-known
 Stone Duality Theorem [24], the mappings B 7→ S(B) and X 7→ Ω(X), where
 Ω(X) is the Boolean algebra of all clopen subsets of a Stone spaceX, constitute a
 one-one correspondence between the classes of all Boolean algebras and all Stone
 spaces.


In the language of category theory, Stone’s representation theorem means that
 there is a duality between the category of Boolean algebras (with homomorphisms)
 and the category of Stone spaces (with continuous functions). The two contravari-
 ant functors deﬁning this duality are denoted byS and Ω and deﬁned as follows:


For every homomorphismh:A→B between two Boolean algebra, we deﬁne
the map S(h) : S(B) → S(A) by S(h)(g) = g◦h (where points of S(B) are
identiﬁed with homomorphisms g : B → 2). Then for every homomorphism
h:A→B, the mapS(h) :S(B)→S(A) is a continuous function. Conversely,
for every continuous function f :X →Y between two Stone spaces, deﬁne the
map Ω(f) : Ω(Y)→ Ω(X) by Ω(f)(U) = f−1(U) (where elements of Ω(X) are



(4)identiﬁed with clopen sets ofX). Then for every continuous functionf :X →Y,
 the map Ω(f) : Ω(Y)→Ω(X) is a homomorphism of Boolean algebras.


We denote byK = Ω◦S one of the two natural isomorphisms deﬁned by the
 duality. Hence, for a Boolean algebraB,K(B) is the set algebra{KB(b) :b∈B},
 and this algebra is isomorphic toB.


Thus we have a natural notion for convergent sequence of elements of S(B)
 (from Stone representation follows that this may be seen as the pointwise conver-
 gence).


Logical Example 3. LetB = FO0(L) denote the Boolean Lindenbaum-Tarski
 algebra of all ﬁrst-order sentences on a languageLup to logical equivalence. Then
 the ﬁlters ofBare the consistent theories of FO0(L) and the ultraﬁlters ofB are
 thecomplete theories of FO0(L) (that is maximal consistent sets of sentences). It
 follows that the closed sets ofS(B) correspond to ﬁnite sets of consistent theories.


According to G¨odel’s completeness theorem, every consistent theory has a model.


It follows that the completeness theorem for ﬁrst-order logic — which states that
 a set of ﬁrst-order sentences has a model if and only if every ﬁnite subset of
 it has a model — amounts to say that S(B) is compact. The points of S(B)
 can also be identiﬁed withelementary equivalence classes of models. The notion
 of convergence of models induced by the topology of S(B), called elementary
 convergence, has been extensively studied.


An ultraﬁlter on a Boolean algebraB can be considered as a ﬁnitely additive
 measure, for which every subset has either measure 0 or 1. Because of the equiv-
 alence of the notions of Boolean algebra and of set algebra, we deﬁne theba space
 ba(B) ofB as the space of all bounded additive functionsf :B→R. Recall that
 a functionf :B →Risadditive if for all x, y∈B it holds


x∧y= 0 =⇒ f(x∨y) =f(x) +f(y).


The space ba(B) is a Banach space for the norm
 kfk= sup


x∈B


f(x)− inf


x∈Bf(x).


(Recall that the ba space of an algebra of sets Σ is the Banach space consisting of
 all bounded and ﬁnitely additive measures on Σ with the total variation norm.)


Lethbe a homomorphismB→2and letι:2→Rbe deﬁned byι(0) = 0 and
 ι(1) = 1. Thenι◦h∈ba(B). Conversely, iff ∈ba(B) is such thatf(B) ={0,1}


thenι−1◦f is a homomorphismB →2. This shows that S(B) can be identiﬁed
 with a subset of ba(B).


One can also identify ba(B) with the space ba(K(B)) of ﬁnitely additive mea-
sure deﬁned on the set algebraK(B). As vector spaces ba(B) is isomorphic to
ba(K(B)) and thus ba(B) is then clearly the (algebraic) dual of the normed vector
space V(B) (of so-called simple functions) generated by the indicator functions
of the clopen sets (equipped with supremum norm). Indicator functions of clopen



(5)sets are denoted by1K(b)(for someb∈B) and deﬁned by
 1K(b)(x) =


(1 if x∈K(b)
 0 otherwise.


The pairing of a functionf ∈ba(B) and a vectorX =Pn


i=1ai1K(bi)is deﬁned
 by


[f, X] =
 Xn
 i=1


aif(bi).


That [f, X] does not depend on a particular choice of a decomposition of X
 follows from the additivity of f. We include a short proof for completeness:


Assume P


iαi1K(bi) =P


iβi1K(bi). As for everyb, b′ ∈B it holds f(b) =f(b∧
 b′) +f(b∧ ¬b′) and1K(b)=1K(b∧b′)+1K(b∧¬b′)we can express the two sums as
 P


jα′j1K(b′


j)=P


jβ′j1K(b′


j)(whereb′i∧b′j= 0 for everyi6=j), withP


iαif(bi) =
 P


jα′jf(b′j) andP


iβif(bi) =P


jβj′f(b′j). Asb′i∧b′j= 0 for everyi6=j, forx∈
 K(b′j) it holdsα′j =X(x) =βj′. Henceα′j =βj′ for everyj. Thus P


iαif(bi) =
 P


iβif(bi).


Note thatX 7→[f, X] is indeed continuous. Thus ba(B) can also be identiﬁed
 with the continuous dual ofV(B). We now show that the vector space V(B) is
 dense in the spaceC(S(B)) of continuous functions fromS(B) to R, hence that
 ba(B) can also be identiﬁed with the continuous dual ofC(S(B)):


Lemma 1. The vector spaceV(B)is dense inC(S(B)) (with the uniform norm).


Proof: Letf ∈C(S(B)) and letǫ >0. Forz∈f(S(B)) letUz be the preimage
 byf of the open ballBǫ/2(z) ofRcentered inz. Asf is continuous,Uzis a open
 set ofS(B). As {K(b) : b ∈ B} is a basis of the topology of S(B), Uz can be
 expressed as a unionS


b∈F(Uz)K(b). It follows thatS


z∈f(S(B))


S


b∈F(Uz)K(b) is
 a covering ofS(B) by open sets. AsS(B) is compact, there exists a ﬁnite subset
 F ofS


z∈f(S(B))F(Uz) that coversS(B). Moreover, as for everyb, b′∈B it holds
 K(b)∩K(b′) =K(b∧b′) and K(b)\K(b′) =K(b∧ ¬b′) it follows that we can
 assume that there exists a ﬁnite familyF′such thatS(B) is covered by open sets
 K(b) (for b ∈ F′) and such that for everyb ∈ F′ there existsb′ ∈ F such that
 K(b)⊆K(b′). In particular, it follows that for everyb∈ F′,f(K(b)) is included
 in an open ball of radiusǫ/2 ofR. For eachb∈ F′ choose a pointxb∈S(B) such
 thatb∈xb. Now deﬁne


fˆ= X


b∈F′


f(xb)1K(b)


Letx∈S(B). Then there exists b∈ F′ such thatx∈K(b). Thus


|f(x)−fˆ(x)|=|f(x)−f(xb)|< ǫ.


Hencekf−fˆk∞< ǫ. 



(6)It is diﬃcult to exhibit a basis ofC(S(B)) orV(B). However, every meet sub-
 semilattice of a Boolean algebraBgeneratingBcontains (via indicator functions)
 a basis ofV(B):


Lemma 2. LetX ⊆B be closed by ∧and such that X generatesB (meaning
 that every element of B can be obtained as a Boolean function of finitely many
 elements fromX).


Then {1b : b ∈ X} ∪ {1} (where 1 is the constant function with value 1)
 includes a basis of the vector spaceV(B).


Proof: Letb∈B. AsX generatesB there existb1, . . . , bk ∈X and a Boolean
 function F such that b = F(b1, . . . , bk). As 1x∧y = 1x1y and 1¬x = 1−1x
 there exists a polynomialPF such that1b = PF(1b1, . . . ,1bk). ForI ⊆[k], the
 monomial Q


i∈I1bi rewrites as 1bI where bI = V


i∈Ibi. It follows that 1b is a
 linear combination of the functions1bI (I ⊆[k]) which belong toX ifI 6=∅ (as
 X is closed under∧operation) and equal1, otherwise. 


We are coming to the ﬁnal transformation of our route: One can see that
 bounded additive real-value functions on a Boolean algebra B naturally deﬁne
 continuous linear forms on the vector space V(B) hence, by density, on the Ba-
 nach spaceC(S(B)) (of all continuous functions onS(B) equipped with supremum
 norm). It follows (see e.g. [23]) from Riesz representation theorem that the topo-
 logical dual ofC(S(B)) is the space rca(S(B)) of all regular countably additive
 measures on S(B). Thus the equivalence of ba(B) and rca(S(B)) follows. We
 summarize all of this as the following:


Proposition 1. LetB be a Boolean algebra, letba(B)be the Banach space of
 bounded additive real-valued functions equipped with the norm


kfk= sup


b∈B


f(b)−inf


b∈Bf(b),


let S(B) be the Stone space associated to B by Stone representation theorem,
 and letrca(S(B))be the Banach space of the regular countably additive measure
 onS(B)equipped with the total variation norm.


Then the mappingCK : rca(S(B))→ba(B)defined byCK(µ) =µ◦K is an
 isometric isomorphism. In other words,CK is defined by


CK(µ)(b) =µ({x∈S(B) : b∈x})
 (considering that the points ofS(B)are the ultrafilters onB).


Note also that, similarly, the restriction of CK to the space Pr(S(B)) of all
 (regular) probability measures onS(B) is an isometric isomorphism of Pr(S(B))
 and the subset ba1(B) of ba(B) of all positive additive functions f on B such
 thatf(1) = 1.


A standard notion of convergence in rca(S(B)) (as the continuous dual of
 C(S(B))) is the weak ∗-convergence: a sequence (µn)n∈N of measures is conver-
 gent if, for everyf ∈C(S(B)) the sequenceR


f(x) dµn(x) is convergent. Thanks



(7)to the density of V(B) this convergence translates as pointwise convergence in
 ba(B) as follows: a sequence (gn)n∈N of functions in ba(B) is convergent if, for
 everyb∈B the sequence (gn(b))n∈N is convergent. As rca(S(B)) is complete, so
 is rca(B). Moreover, it is easily checked that ba1(B) is closed in ba(B).


In a more concise way, we can write, for a sequence (fn)n∈N of functions in
 ba(B) and for the corresponding sequence (µfn)n∈Nof regular measures onS(B):


n→∞lim fn pointwise ⇐⇒ µfn⇒µf.
 The whole situation is summarized on Figure 1.


B≈K(B) S(B)


ba(B)≈ba(K(B)) rca(S(B))


C(S(B))
 Stone duality


Continuous
 dual


dense
 subspace
 (injection)


Continuous
 dual


V(B)


Figure 1. Several spaces deﬁned from a Boolean algebra, and
 their inter-relations.


The above theory was not developed for its own sake but in order to demon-
 strate a natural approach to structural limits. The next example is a continuation
 of our main interpretation, which we started in Logical examples 2 and 3.


Logical Example 4. LetB = FO0(L) denote the Boolean algebra of all ﬁrst-
 order sentences on a language L up to logical equivalence. We already noted
 that the points ofS(B) are complete theories of FO0(L), and that each complete
 theory has at least one model. Assume L is a ﬁnite language. Then for every
 n∈Nthere exists a sentenceφnsuch that for every complete theoryT ∈FO0(L)
 it holds φn ∈T if and only ifT has a unique model and this model has at most
 nelements. LetU =S


n≥1K(φn). Then U is open but not closed. The indicator



(8)function 1U is thus measurable but not continuous. This function has the nice
 property that for every complete theoryT ∈S(B) it holds


1U(T) =


(1, ifT has a ﬁnite model;


0, otherwise.


3. Limits via fragments and measures


We provide a unifying approach based on the previous section. We consider
 the special case of Boolean algebras induced by a fragment of the class FO(L) of
 the ﬁrst-order formulas over a ﬁnite relational language L. In this context, the
 languageLwill be described by itssignature, that is the set of non-logical symbols
 (constant symbols, and relation symbols, along with the arities of the relation
 symbols). An FO(L)-structure is then a set together with an interpretation of all
 relational and function symbols. Thus for example the signature of the language
 LG of graphs is the symbol ∼ interpreted as the adjacency relation: x ∼ y if
 {x, y} is an edge of the graph.


We now introduce our notion of convergence. Our approach is a combination
 of model theoretic and analytic approach.


Recall that a formula is obtained from atomic formulas by the use of the nega-
 tion (¬), logical connectives (∨and∧), and quantiﬁcation (∃and∀). Asentence
 (or closed formula) is a formula without free variables.


Thequantifier rank qrank(φ) of a formulaφis the maximum depth of a quan-
 tiﬁer inφ. For instance, the quantiﬁer rank of the formula


∃x((∃y (x∼y))∨(∀y ∀z¬(x∼y)∧ ¬(y ∼z)))
 has quantiﬁer rank 3.


The key to our approach is the following deﬁnition.


Definition 1. Letφ(x1, . . . , xp) be a ﬁrst-order formula withpfree variables (in
 the languageL) and letGbe anL-structure. We denote


(1) hφ, Gi= |{(v1, . . . , vp)∈Gp: G|=φ(v1, . . . , vp)}|


|G|p .


In other words, hφ, Gi is the probability that φ is satisﬁed in G when the p
 free variables correspond to a randomp-tuple of vertices of G. The valuehφ, Gi
 is called thedensity ofφinG. Note that this deﬁnition is consistent in the sense
 that although any formulaφwithpfree variables can be considered as a formula
 withq≥pfree variables withq−punused variables, we have


|{(v1, . . . , vq) : G|=φ(v1, . . . , vp)}|


|G|q = |{(v1, . . . , vp) : G|=φ(v1, . . . , vp)}|


|G|p .



(9)It is immediate that for every formulaφit holdsh¬φ, Gi= 1−hφ, Gi. Moreover,
 ifφ1, . . . , φn are formulas, then by de Moivre’s formula, it holds


h
 _n
 i=1


φi, Gi=
 Xn
 k=1


(−1)k+1


 X


1≤i1<···<ik≤n


h


^k
 j=1


φij, Gi
 


.


In particular, if φ1, . . . , φk are mutually exclusive (meaning that φi and φj


cannot hold simultaneously fori6=j) then it holds


h
 _k
 i=1


φi, Gi=
 Xk


i=1


hφi, Gi.


In particular, for every ﬁxed graphG, the mappingφ7→ hφ, Giis additive (i.e.


h ·, Gi ∈ba(FO(L))):


φ1∧φ2= 0 =⇒ hφ1∨φ2, Gi=hφ1, Gi+hφ2, Gi.


Thus we may apply the above theory to additive functionsh ·, Giand to struc-
 tural limits we shall deﬁne now.


Advancing this note that in the case of a sentenceφ(that is a formula with no
 free variables, i.e.p= 0), the deﬁnition reduces to


hφ, Gi=


(1, if G|=φ;


0, otherwise.


Thus the deﬁnition of hφ, Gi will suit to the elementary convergence. Ele-
 mentary convergence and all above graph limits are captured by the following
 deﬁnition:


Definition 2. LetX be a fragment of FO(L).


A sequence (Gn)n∈N of L-structures is X-convergent if for everyφ ∈ X, the
 sequence (hφ, Gni)n∈Nconverges.


For a Boolean sub-algebra X of FO(L), we deﬁne T(X) as the space of all
 ultraﬁlters onX, which we callcompleteX-theories. The spaceT(X) is endowed
 with the topology deﬁned from its clopen sets, which are deﬁned as the sets
 K(φ) = {T ∈ T(X) : T ∋ φ} for some φ ∈ X. For the sake of simplicity, we
 denote by1φ (forφ ∈X) the indicator function of the clopen setK(φ) deﬁned
 byφ. Hence,1φ(T) = 1 ifφ∈T, and1φ(T) = 0 otherwise.


It should be now clear that the above general approach yields the following:


Theorem 1. LetX be a Boolean sub-algebra of FO(L)and let G be the class
of all finiteL-structures.



(10)There exists an injective mappingG7→µG fromG to the space of probability
 measures onT(X)such that for everyφ∈X it holds


hφ, Gi=
 Z


1φ(T) dµG(T).


A sequence(Gn)n∈N of finiteL-structures isX-convergent if and only if the se-
 quence (µGn)n∈N is weakly convergent. Moreover, if µGn ⇒ µ then for every
 φ∈X it holds


n→∞limhφ, Gni=
 Z


1φ(T) dµ(T).


In this paper, we shall be interested in speciﬁc fragments of FO(L):


– FO(L) itself;


– FOp(L) (wherep∈ N), which is the fragment consisting of all formulas
 with at mostpfree variables (in particular, FO0(L) is the fragment of all
 ﬁrst-order sentences);


– QF(L), which is the fragment ofquantifier-free formulas (that is: propo-
 sitional logic);


– FOlocal(L), which is the fragment oflocal formulas, deﬁned as follows.


Letr∈N. A formulaφ(x1, . . . , xp) isr-local if, for everyL-structureGand every
 v1, . . . , vp∈Gp it holds


G|=φ(v1, . . . , vp) ⇐⇒ G[Nr(v1, . . . , vp)]|=φ(v1, . . . , vp),


whereNr(v1, . . . , vp) is the closedr-neighborhood ofx1, . . . , xpin theL-structure
 G(that is the set of elements at distance at mostrfrom at least one ofx1, . . . , xp


in the Gaifman graph ofG), and where G[A] denotes the sub-L-structure of G
 induced byA. A formula φis local if it is r-local for somer ∈N; the fragment
 FOlocal(L) is the set of all local formulas (over the language L). This fragment
 form an important fragment, particularly because of the following structure the-
 orem.


Theorem 2 (Gaifman locality theorem [9]). For every first-order formula
 φ(x1, . . . , xn)there exist integerst and rsuch thatφ is equivalent to a Boolean
 combination oft-local formulasξj(xi1, . . . , xis)and sentences of the form
 (2) ∃y1. . .∃ym


 ^


1≤i<j≤m


dist(yi, yj)>2r∧ ^


1≤i≤m


ψ(yi)
 


where ψ is r-local. Furthermore, if φ is a sentence, only sentences (2) occur in
 the Boolean combination.


From this theorem follows a general statement:


Proposition 2. Let(Gn)be a sequence of graphs. Then(Gn)isFO-convergent
if and only if it is bothFOlocal-convergent and elementarily-convergent.



(11)Proof: Assume (Gn)n∈Nis both FOlocal-convergent and elementarily-convergent
 and let φ ∈ FO be a ﬁrst order formula with n free variables. According to
 Theorem 2, there exist integers t and r such that φ is equivalent to a Boolean
 combination of t-local formula ξ(xi1, . . . , xis) and of sentences. It follows that
 hφ, Gican be expressed as a function of values of the formhξ, Giwhereξis either
 a local formula or a sentence. Thus (Gn)n∈Nis FO-convergent. 


Notice that ifφ1 andφ2 are local formulas, so areφ1∧φ2,φ1∨φ2and¬φ1. It
 follows that FOlocal is a Boolean sub-algebra of FO. It is also clear that all the
 other fragments described above correspond to sub-algebras of FO. This means
 that there exist canonical injective Boolean-algebra homomorphisms from these
 fragmentsX to FO, that will correspond to surjective continuous functions (pro-
 jections) fromS(FO) toS(X) and it is not hard to see that they also correspond
 to surjective maps from ba(FO) to ba(X) and to surjective pushforwards from
 rca(S(FO) to rca(S(X)).


Recall that a theory T is a set of sentences. (Here we shall only consider
 ﬁrst-order theories, so a theory is a set of ﬁrst-order sentences.) The theory T
 is consistent if one cannot deduce from T both a sentence φ and its negation.


The theoryT issatisfiable if it has a model. It follows from G¨odel’s completeness
 theorem that, in the context of ﬁrst-order logic, a theory is consistent if and only if
 it is satisﬁable. Also, according to the compactness theorem, a theory has a model
 if and only if every ﬁnite subset of it has a model. Moreover, according to the
 downward L¨owenheim-Skolem theorem, there exists a countable model. A theory
 T is a complete theory if it is consistent and if, for every sentence φ∈FO0(L),
 eitherφor¬φbelongs toT. Hence every complete theory has a countable model.


However, a complete theory which has an inﬁnite model has inﬁnitely many non-
 isomorphic models.


It is natural to ask whether one can consider fragments that are not Boolean
 sub-algebras of FO(L) and still have a description of the limit of a converging
 sequence as a probability measure on a nice measurable space. There is obviously
 a case where this is possible: when the convergence of hφ, Gni for every φ in
 a fragment X implies the convergence of hψ, Gni for every ψ in the minimum
 Boolean algebra containingX. We prove now that this is an instance of a more
 general phaenomenon:


Proposition 3. LetXbe a fragment of FO(L)closed under(finite)conjunction


— that is: ameet semilatticeofFO(L)— and letBA(X)be the Boolean algebra
 generated byX (that is the closure of X by∨,∧and¬). ThenX-convergence is
 equivalent toBA(X)-convergence.


Proof: Let Ψ∈BA(X). According to Lemma 2, there existφ1, . . . , φk ∈X and
 α0, α1, . . . , αk∈Rsuch that


1Ψ=α01+
 Xk
 i=1


αi1φi.



(12)Let G be a graph, let Ω = S(BA(X)) and let µG ∈ rca(Ω) be the associated
 measure. Then


hΨ, Gi=
 Z


Ω


1ΨdµG=
 Z


Ω


α01+
 Xk


i=1


αi1φi


dµG=α0+
 Xk


i=1


αihφi, Gi.


Thus if (Gn)n∈Nis anX-convergent sequence, the sequence (hψ, Gni)n∈Ncon-
 verges for everyψ∈BA(X), that is (Gn)n∈N is BA(X)-convergent. 


Continuing to develop the general mechanism for the structural limits we con-
 sider fragments of FO quantiﬁed by the number of free variables.


We shall allow formulas with p free variables to be considered as a formula
 with q > p variables, q−p variables being unused. As the order of the free
 variables in the deﬁnition of the formula is primordial, it will be easier for us
 to consider sentences withpconstants instead of formulas with pfree variables.


Formally, denote by Lp the language obtained from L by adding p (ordered)
 symbols of constantsc1, . . . , cp. There is a natural isomorphism of Boolean al-
 gebras νp : FOp(L) → FO0(Lp), which replaces the occurrences of the p free
 variablesx1, . . . , xp in a formulaφ∈FOp by the corresponding symbols of con-
 stantsc1, . . . , cp, so that it holds, for every graphG, for everyφ∈FOpand every
 v1, . . . , vp∈G:


G|=φ(v1, . . . , vp) ⇐⇒ (G, v1, . . . , vp)|=νp(φ).


The Stone space associated to the Boolean algebra FO0(Lp) is the spaceT(Lp)
 of all complete theories in the languageLp. Also, we denote byTωthe Stone space
 representing the Boolean algebra T(FO0(Lω)) ≈FO. One of the speciﬁc prop-
 erties of the spacesT(Lp) is that they are endowed with an ultrametric derived
 from the quantiﬁer-rank:


dist(T1, T2) =


(0 if T1=T2


2−min{qrank(θ):θ∈T1\T2} otherwise.


This ultrametric deﬁnes the same topology as the Stone representation theorem.


As a compact metric space,T(Lp) is (with the Borel sets deﬁned by the metric
 topology) a standard Borel space.


For each p≥0, there is a natural projection πp : Tp+1 →Tp, which maps a
 complete theoryT ∈Tp+1to the subset ofT containing the sentences where only
 thepﬁrst constant symbols c1, . . . , cp are used. Of course we have to check that
 πp(T) is a complete theory in the languageLp but this is indeed so.


According to the ultrametrics deﬁned above, the projectionsπpare contractions
(hence are continuous). Also, there is a natural isometric embeddingηp :Tp →
Tp+1 deﬁned as follows: for T ∈ Tp, the theory ηp(T) is the deductive closure
of T ∪ {cp = cp+1}. Notice that ηp(T) is indeed complete: for every sentence
φ∈FO(Lp+1), let φebe the sentence obtained fromφ by replacing each symbol



(13)cp+1 bycp. It is clear that cp=cp+1 ⊢φ↔φ. As eithere φeor¬φebelongs toT,
 eitherφor¬φbelongs toηp(T). Moreover, we deduce easily from the fact thatφe
 and φhave the same quantiﬁer rank that ηp is an isometry. Finally, let us note
 thatπp◦ηp is the identity ofTp.


For these fragments we shall show a particular nice construction, well non-
 standard construction, of limiting measure.


4. A non-standard approach


The natural question that arises from the result of the previous section is
 whether one can always ﬁnd a representation of the FO-limit of an FO-converging
 sequence by a “nice” measurableL-structure.


It appears that a general notion of limit object for FO-convergence can be ob-
 tained by a non-standard approach. In this we follow closely Elek and Szegedy [7].


We ﬁrst recall the ultraproduct construction. Let (Gn)n∈Nbe a ﬁnite sequence
 of ﬁniteL-structures and let U be a non-principal ultraﬁlter. Let Ge =Q


i∈NGi


and let ∼be the equivalence relation onVe deﬁned by (xn)∼(yn) if {n: xn =
 yn} ∈ U. Then the ultraproduct of the L-structures Gn is the quotient of Ge
 by∼, and it is denoted Q


UGi. For each relational symbol R with arity p, the
 interpretationRGeof Rin the ultraproduct is deﬁned by


([v1], . . . ,[vp])∈RGe ⇐⇒ {n: (v1n, . . . , vnp)∈RGn} ∈U.


The fundamental theorem of ultraproducts proved by  Lo´s makes ultraproducts
 particularly useful in model theory. We express it now in the particular case of
 L-structures indexed byNbut its general statement concerns structures indexed
 by a setIand the ultraproduct constructed by considering an ultraﬁlterU overI.


Theorem 3 ([14]). For each formula φ(x1, . . . , xp) and eachv1, . . . , vp ∈Q


iGi


we have
 Y


U


Gi|=φ([v1], . . . ,[vp]) iff {i: Gi|=φ(vi1, . . . , vpi)} ∈U.


Note that if (Gi) is elementary-convergent, thenQ


UGi is an elementary limit
 of the sequence: for every sentenceφ, according to Theorem 3, we have


Y


U


Gi|=φ ⇐⇒ {i: Gi|=φ} ∈U.


A measure ν extending the normalised counting measures νi of Gi is then
 obtained via the Loeb measure construction. We denote byP(Gi) the Boolean
 algebra of the subsets of vertices ofGi, with the normalized measureνi(A) = |G|A|


i|.
 We deﬁne P = Q


iP(Gi)/I, where I is the ideal of the elements{Ai}i∈N such
 that{i: Ai =∅} ∈U. We have


[x]∈[A] iﬀ {i: xi∈Ai} ∈U.



(14)These sets form a Boolean algebra overQ


UGi. Recall that the ultralimit limUan


deﬁned for every (an)n∈N∈ℓ∞(N) is such that for everyǫ >0 we have
 {i: ai∈[lim


U an−ǫ; lim


U an+ǫ]} ∈U.


Deﬁne


ν([A]) = lim


U νi(Ai).


Then ν : P → R is a ﬁnitely additive measure. Remark that, according
 to Hahn-Kolmogorov theorem, proving that ν extends to a countably additive
 measure amounts to prove that for every sequence ([An]) of disjoint elements of
 P such that S


n[An]∈ P it holdsν(S


n[An]) =P


nν([An]).


A subset N ⊆ Q


UGi is a nullset if for every ǫ > 0 there exists [Aǫ] ∈ P
 such thatN ⊆[Aǫ] andν([Aǫ])< ǫ. The set of nullsets is denoted by N. A set
 B⊆Q


UGi ismeasurable if there existsBe∈ Psuch thatB∆Be∈ N.
 The following theorem is proved in [7]:


Theorem 4. The measurable sets form aσ-algebraBU andν(B) =ν(B)e defines
 a probability measure onBU.


Notice that this construction extends to the case where to eachGiis associated
 a probability measureνi. Then the limit measureν is non-atomic if and only if the
 following technical condition holds: for everyǫ >0 and for every (An)∈Q


Gn, if
 forU-almost allnit holds νn(An)≥ǫthen there exists δ >0 and (Bn)∈Q


Gn


such that forU-almost allnit holdsBn⊆Anand min(νn(Bn), νn(An\Bn))≥δ.


This obviously holds ifνn is a normalized counting measure and limU|Gn|=∞.


Let fi : Gi → [−d;d] be real functions, where d > 0. One can deﬁne f :
 Q


UGi→[−d;d] by


f([x]) = lim


U fi(xi).


We say thatf is theultralimit of the functions{fi}i∈Nand thatf is anultralimit
 function.


Letφ(x) be a ﬁrst order formula with a single free variable, and letfiφ:Gi→
 {0,1}be deﬁned by


fiφ(x) =


(1 if Gi|=φ(x);


0 otherwise
 and letfφ:Q


UGi → {0,1}be deﬁned similarly on theL-structureQ


UGi. Then
 fφ is the ultralimit of the functions{fiφ} according to Theorem 3.


The following lemma is proved in [7].


Lemma 3. The ultralimit functions are measurable onQ


UGi and
 Z


Q


UGi


fdν = lim


U


P


x∈Gifi(x)


|Gi| .



(15)In particular, for every formulaφ(x) with a single free variable, we have:


ν 
 [x] :Y


U


Gi|=φ([x]) = lim


U hφ, Gii.


Letψ(x, y) be a formula with two free variables. Deﬁnefi:Gi→[0; 1] by
 fi(x) =|{y∈Gi: Gi|=ψ(x, y)}|


|Gi|
 and let


f([x]) =µ 
 [y] :Y


U


Gi |=ψ([x],[y] .


Let us check thatf([x]) is indeed the ultralimit offi(xi). Fix [x]. Let gi:Gi→
 {0,1}be deﬁned by


gi(y) =


(1 if Gi |=ψ(xi, y)
 0 otherwise
 and letg:Q


UGi→ {0,1} be deﬁned similarly by
 g([y]) =


(1 if Q


UGi|=ψ([x],[y])
 0 otherwise.


According to Theorem 3 we have
 Y


U


Gi|=ψ([x],[y]) ⇐⇒ {i: Gi |=ψ(xi, yi)} ∈U.


It follows that g is the ultralimit of the functions {gi}i∈N. Thus, according to
 Lemma 3 we have


ν 
 [y] :Y


U


GI |=ψ([x],[y]) = lim


U


|{y∈Gi:Gi|=ψ(xi, yi)}|


|Gi| ,
 that is:


f([x]) = lim


U fi(xi).


Hencef is the ultralimit of the functions {fi}i∈Nand, according to Lemma 3, we


have ZZ


1ψ([x],[y]) dν([x]) dν([y]) = lim


U hψ, Gii.


This property extends to any number of free variables. We formulate this as a
summary of the results of this section.



(16)Proposition 4. Let(Gn)n∈Nbe a sequence of finiteL-structures and letU be a
 non-principal ultrafilter onN. Then there exists a measureν on the ultraproduct
 Ge=Q


UGnsuch that for every first-order formulaφwithpfree variables it holds:


Z


· · ·
 Z


e
 Gp


1φ([x1], . . . ,[xp]) dν([x1]). . .dν([xp]) = lim


U hψ, Gii.


Moreover, the above integral is invariant by any permutation on the order of the
 integrations: for every permutationσof [p]it holds


limU hψ, Gii=
 Z


· · ·
 Z


e
 Gp


1φ([x1], . . . ,[xp]) dν([xσ(1)]). . . dν([xσ(p)]).


However, the above constructed measure algebra is non-separable (see [7], [5]


for discussion).


5. A particular case


Instead of restricting convergence to a fragment of FO(L), it is also interest-
 ing to consider restricted classes of structures. For instance, the class of graphs
 with maximum degree at mostD (for some integerD) received much attention.


Speciﬁcally, the notion oflocal weak convergence of bounded degree graphs was
 introduced in [3]:


A rooted graph is a pair (G, o), where o ∈V(G). Anisomorphism of rooted
 graphφ: (G, o)→(G′, o′) is an isomorphism of the underlying graphs which satis-
 ﬁesφ(o) =o′. LetD∈N. LetGDdenote the collection of all isomorphism classes
 of connected rooted graphs with maximal degree at most D. For simplicity’s
 sake, we denote elements ofGD simply as graphs. For (G, o)∈ GD andr≥0 let
 BG(o, r) denote the subgraph ofGspanned by the vertices at distance at mostr
 fromo. If (G, o),(G′, o′)∈ GD andr is the largest integer such that (BG(o, r), o)
 is rooted-graph isomorphic to (BG′(o′, r), o′), then set ρ((G, o),(G′, o′)) = 1/r,
 say. Also takeρ((G, o),(G, o)) = 0. Thenρis metric onGD. LetMD denote the
 space of all probability measures onGD that are measurable with respect to the
 Borelσ-ﬁeld ofρ. ThenMD is endowed with the topology of weak convergence,
 and is compact in this topology.


A sequence (Gn)n∈N of ﬁnite connected graphs with maximum degree at most
 DisBS-convergent if, for every integerrand every rooted connected graph (F, o)
 with maximum degree at mostD the following limit exists:


n→∞lim


|{v:BGn(v, r)∼= (F, o)}|


|Gn| .


This notion of limits leads to the deﬁnition of a limit object as a probability
measure onGD [3].



(17)However, as we shall see below, a nice representation of the limit structure
 can be given. To relate BS-convergence toX-convergence, we shall consider the
 fragment FOlocal1 of those formulas with at most 1 free variable that are local.


Formally, let FOlocal1 = FOlocal∩FO1.


Proposition 5. Let(Gn)be a sequence of finite graphs with maximum degreed,
 withlimn→∞|Gn|=∞.


Then the following properties are equivalent:


1. the sequence(Gn)n∈N is BS-convergent;


2. the sequence(Gn)n∈N isFOlocal1 -convergent;


3. the sequence(Gn)n∈N isFOlocal-convergent.


Proof: If (Gn)n∈Nis FOlocal-convergent, it is FOlocal1 -convergent;


If (Gn)n∈Nis FOlocal1 -convergent then it is BS-convergent as for any ﬁnite rooted
 graph (F, o), testing whether the ball of radiusrcentered at a vertexxis isomor-
 phic to (F, o) can be formulated by a local ﬁrst order formula.


Assume (Gn)n∈N is BS-convergent. As we consider graphs with maximum
 degreed, there are only ﬁnitely many isomorphism types for the balls of radiusr
 centered at a vertex. It follows that any local formulaξ(x) with a single variable
 can be expressed as the conjunction of a ﬁnite number of (mutually exclusive)
 formulasξ(F,o)(x), which in turn correspond to subgraph testing. It follows that
 BS-convergence implies FOlocal1 -convergence.


Assume (Gn)n∈N is FOlocal1 -convergent and letφ(x1, . . . , xp) be an r-local for-
 mula. LetFφbe the set of allp-tuples ((F1, f1), . . . ,(Fp, fp)) of rooted connected
 graphs with maximum degree at mostdand radius (from the root) at mostrsuch
 thatS


iFi|=φ(f1, . . . , fp).


Then, for every graphGthe sets


{(v1, . . . , vp) : G|=φ(v1, . . . , vp)}


and


]


((F1,f1),...,(Fp,fp))∈Fφ


Yp
 i=1


{v: G|=θ(Fi,fi)(v)}


diﬀer by at most O(|G|p−1) elements. Indeed, according to the deﬁnition of an
 r-local formula, the p-tuples (x1, . . . , xp) belonging to exactly one of these sets
 are such that there exists 1≤i < j≤psuch that dist(xi, xj)≤2r.


It follows that


hφ, Gi= X


((Fi,fi))1≤i≤p∈Fφ


Yp
 i=1


hθ(Fi,fi), Gi


+O(|G|−1).


It follows that FOlocal1 -convergence (hence BS-convergence) implies full FOlocal-


convergence. 



(18)According to this proposition, the BS-limit of a sequence of graphs with max-
 imum degree at mostD corresponds to a probability measure on S(FOlocal1 (L))
 (where L is the language of graphs) whose support is included in the clopen
 set K(ζD), where ζD is the sentence expressing that the maximum degree is at
 mostD. As above, the Boolean algebra FOlocal1 (L) is isomorphic to the Boolean
 algebra deﬁned by the fragment X ⊂ FO0(L1) of sentences in the language of
 rooted graphs that are local with respect to the root. According to this loca-
 lity, for any two countable rooted graphs (G1, r1) and (G2, r2), the trace of the
 complete theories of (G1, r1) and (G2, r2) on X are the same if and only if the
 (rooted) connected component (G′1, r1) of (G1, r1) containing the root r1 is el-
 ementary equivalent to the (rooted) connected component (G′2, r2) of (G2, r2)
 containing the root r2. As isomorphism and elementary equivalence are equiv-
 alent for countable connected graphs with bounded degrees it is easily checked
 that KX(ζD) is homeomorphic to GD. Hence our setting leads essentially to the
 same limit object as [3] for BS-convergent sequences.


We now consider how full FO-convergence diﬀers to BS-convergence for se-
 quence of graphs with maximum degree at most D. This shows a remarkable
 stability of BS-convergence.


Corollary 1. A sequence (Gn) of finite graphs with maximum degree at most
 d such that limn→∞|Gn| = ∞ is FO-convergent if and only if it is both BS-
 convergent and elementarily convergent.


Proof: This is a direct consequence of Propositions 2 and 5. 


Explicit limit objects are known for sequence of bounded degree graphs, both
 for BS-convergence (graphing) and for elementary convergence (countable graphs).


It is natural to ask whether a nice limit object could exist for full FO-convergence.


We shall now answer this question by the positive.


LetV be a standard Borel space with a measureµ. Suppose thatT1, T2, . . . , Tk


are measure preserving Borel involutions ofX. Then the system
 G= (V, T1, T2, . . . , Tk, µ)


is called ameasurable graphing [1]. Herexis adjacent toy, ifx6=yandTj(x) =y
 for some 1≤j ≤k. Now if V is a compact metric space with a Borel measure
 µ and T1, T2, . . . , Tk are continuous measure preserving involutions of V, then
 G= (V, T1, T2, . . . , Tk, µ) is atopological graphing. It is a consequence of [3] and
 [8] that every local weak limit of ﬁnite connected graphs with maximum degree
 at mostD can be represented as a measurable graphing. Elek [6] further proved
 the representation can be required to be a topological graphing.


For an integerr, a graphingG= (V, T1, . . . , Tk, µ) and a ﬁnite rooted graph
 (F, o) we deﬁne the set


Dr(G,(F, o)) ={x∈G, Br(G, x)≃(F, o)}.



(19)We shall make use of the following lemma which reduces a graphing to its
 essential support.


Lemma 4(Cleaning Lemma). LetG= (V, T1, . . . , Td, µ)be a graphing.


Then there exists a subset X ⊂ V with 0 measure such that X is globally
 invariant by each of the Ti and G′ = (V −X, T1, . . . , Td, µ) is a graphing such
 that for every finite rooted graph(F, o)and integerrit holds


µ(Dr(G′,(F, o))) =µ(Dr(G,(F, o)))
 (which means thatG′ is equivalent toG)and


Dr(G′,(F, o))6=∅ ⇐⇒ µ(Dr(G′,(F, o)))>0.


Proof: For a ﬁxed r, deﬁne Fr as the set of all (isomorphism types of) ﬁnite
 rooted graphs (F, o) with radius at mostrsuch thatµ(Dr(G,(F, o))) = 0. Deﬁne


X= [


r∈N


[


(F,o)∈Fr


Dr(G,(F, o)).


Thenµ(X) = 0, as it is a countable union of 0-measure sets.


We shall now prove thatX is a union of connected components ofG, that is
 thatX is globally invariant by each of theTi. Namely, ifx∈X andy is adjacent
 to x, then y ∈ X. Indeed: if x ∈ X then there exists an integer r such that
 µ(D(G, Br(G, x))) = 0. But it is easily checked that


µ(D(G, Br+1(G, y)))≤d·µ(D(G, Br(G, x))).


Hencey ∈X. It follows that for every 1≤i≤dwe haveTi(X) =X. So we can
 deﬁne the graphingG′= (V −X, T1, . . . , Td, µ).


Let (F, o) be a rooted ﬁnite graph. Assume there exists x ∈ G′ such that
 Br(G′, r) ≃ (F, o). As X is a union of connected components, we also have
 Br(G, r)≃(F, o) andx /∈X.


It follows thatµ(D(G,(F, o)))>0 henceµ(Dr(G′,(F, o)))>0. 


The cleaning lemma allows us a clean description of FO-limits in the bounded
 degree case:


Theorem 5. Let (Gn)n∈N be a FO-convergent sequence of finite graphs with
 maximum degreed, withlimn→∞|Gn|=∞. Then there exists a graphingGand
 a countable graphGˆ such that


– Gis a BS-limit of the sequence,


– ˆGis an elementary limit of the sequence,
 – G∪Gˆ is anFO-limit of the sequence.


Proof: LetGbe a BS-limit, which has been “cleaned” using the previous lemma,
and let ˆG be an elementary limit ofG. It is clear thatG∪Gˆ is also a BS-limit



(20)of the sequence, so the lemma amounts in proving that G∪Gˆ is elementarily
 equivalent to ˆG.


According to Hanf’s theorem [11], it is suﬃcient to prove that for every integers
 r, tand for every rooted ﬁnite graph (F, o) (with maximum degreed) the following
 equality holds:


min(t,|Dr(G∪G,ˆ (F, o))|) = min(t,|Dr( ˆG,(F, o))|).


Assume for contradiction that this is not the case. Then|Dr( ˆG,(F, o))|< tand
 Dr(G,(F, o)) is not empty. However, asGis clean, this impliesµ(Dr(G,(F, o))) =
 α > 0. It follows that for every suﬃciently largen it holds |Dr(Gn,(F, o))| >


α/2|Gn|> t. Hence |Dr( ˆG,(F, o))|> t, contradicting our hypothesis.


Note that the reduction of the satisfaction problem of a general ﬁrst-order
 formula φ with p free variables to a case analysis based on the isomorphism
 type of a bounded neighborhood of the free variables shows that every ﬁrst-order
 deﬁnable subset of (G∪G)ˆ p is indeed measurable (we extendµto G∪Gˆ in the


obvious way, considering ˆGas zero measure). 


The cleaning lemma sometimes applies in a non-trivial way:


Example 5. Consider the graph Gn obtained from a De Bruijn sequence (see
 e.g. [17]) of length 2n as shown in Figure 2.


0
 0


0


0


1


1


1
 1 1


1
 1


1
 0


0


0


0


Figure 2. The graph Gn is constructed from a De Bruijn se-
 quence of length 2n.


It is easy to deﬁne a graphingG, which is the limit of the sequence (Gn)n∈N: as
vertex set, we consider the rectangle [0; 1)×[0; 3). We deﬁne a measure preserving



(21)functionf and two measure preserving involutionsT1, T2as follows:


f(x, y) =











(2x, y/2) if x <1/2 andy <1
 (2x−1,(y+ 1)/2) if 1/2≤xandy <1


(x, y) otherwise


T1(x, y) =











(x, y+ 1) if y <1
 (x, y−1) if 1≤y <2
 (x, y) otherwise


T2(x, y) =


























(x, y+ 1) if x <1/2 and 1≤y <2
 (x, y+ 2) if 1/2≤xandy <1
 (x, y−1) if x <1/2 and 2≤y
 (x, y−2) if 1/2≤xand 2≤y
 (x, y) otherwise


Then the edges ofGare the pairs{(x, y),(x′, y′)}such that (x, y)6= (x′, y′) and
 either (x′, y′) = f(x, y), or (x, y) = f(x′, y′), or (x′, y′) = T1(x, y), or (x′, y′) =
 T2(x, y).


If one considers a random root (x, y) inG, then the connected component of
 (x, y) will almost surely be a rooted line with some decoration, as expected from
 what is seen from a random root in a suﬃciently large Gn. However, special
 behaviour may happen whenxandyare rational. Namely, it is possible that the
 connected component of (x, y) becomes ﬁnite. For instance, ifx= 1/(2n−1) and
 y = 2n−1xthen the orbit of (x, y) under the action of f has length n thus the
 connected component of (x, y) inGhas order 3n. Of course, such ﬁnite connected
 components do not appear in Gn. Hence, in order to clean G, inﬁnitely many
 components have to be removed.


6. Conclusion and further works


In a forthcoming paper [22], we apply the theory developed here to the con-
 text of classes of graphs with bounded diameter connected components, and in
 particular to classes with bounded tree-depth [19]. Speciﬁcally, we prove that
 if a uniform bound is ﬁxed on the diameter of the connected components, FO-
 convergence may be considered component-wise (up to some residue for which
 FO1-convergence is suﬃcient).


The prototype of convenient limit objects for sequences of ﬁnite graphs is a
quadrupleG= (V, E,Σ, µ), where (V, E) is a graph, (V,Σ, µ) is a standard prob-
ability space, and E is a measurable subset of V2. In such a context, modulo
the axiom of projective determinacy (which would follow from the existence of
inﬁnitely many Woodin cardinals [16]), every ﬁrst-order deﬁnable subset ofVp is
measurable in (Vp,Σ⊗p) [18]. Then, for every ﬁrst-order formula φ with pfree



(22)variables, it is natural to deﬁne
 hψ,Gi=


Z


Vp


1φ dµ⊗p.


In this setting,G= (V, E,Σ, µ) is a limit — we do not pretend to have uniqueness


— of an FO-convergent sequence (Gn)n∈N of ﬁnite graphs if for every ﬁrst-order
 formulaψit holds


hψ,Gi= lim


n→∞hψ, Gni.


We obtain in [22] an explicit construction of such limits for FO-convergent se-
 quences of ﬁnite graphs bound to a class of graphs with bounded tree-depth. It is
 also there where we develop in a greater detail the general theory explained in the
 Sections 2 and 3. Notice that in some special cases, one does not need a standard
 probability space and a Borel measurable space is suﬃcient. This is for instance
 the case when we consider limits of ﬁnite connected graphs with bounded degrees
 (as we can use a quantiﬁer elimination scheme to prove that deﬁnable sets are
 measurable) or quantiﬁer-free convergence of graphs (deﬁnable sets form indeed
 a sub-algebra of theσ-algebra).


Acknowledgments. The authors would like to thanks the referee for his most
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