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 hoto probl´emu pro nestlaˇcitelnou tekutinu s tlakovˇe z´avislou viskozitou pˇri volbˇe okra-
 jov´ych podm´ınek typu perfect-slip a no-slip. Jiˇz na ´urovni analytick´ych ˇreˇsen´ı, kter´e
 lze obdrˇzet uv´aˇzen´ım jist´ych fyzik´alnˇe ospravedlniteln´ych zjednoduˇsen´ı, je uk´az´ano,
 ˇze zvolen´y model vykazuje zaj´ımav´e odchylky ve srovn´an´ı s klasick´ym modelem pro
 vazkou tekutinou (Navier-Stokes). V r´amci diplomov´e pr´ace je pak vyv´ıjena nume-
 rick´a simulace pro no-slip squeeze flow, coˇz je probl´em s volnou hranic´ı, a to za pouˇzit´ı
 metody body-fitted curvilinear coordinates a spektr´aln´ı metody. Zaj´ımav´e chov´an´ı je
 oˇcek´av´ano v roz´ıch v´ypoˇcetn´ı oblasti, kde jsou obvykle lokalizov´any tlakov´e singu-
 larity. Numerick´e v´ysledky vˇsak odhaluj´ı z´akladn´ı nedostatky pouˇzit´eho fyzik´aln´ıho
 modelu, pˇriˇcemˇz jeho moˇzn´e vylepˇsen´ı je diskutov´ano v z´avˇeru pr´ace.
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 squeeze flow has not been solved for fluids-like materials with pressure-dependent ma-
 terial moduli. In the main scope of the present thesis, an incompressible fluid whose
 viscosity strongly depends on the pressure is studied in both the perfect-slip and the
 no-slip squeeze flow. It is shown that such a material model can provide interest-
 ing departures compared to the classical model for viscous (Navier-Stokes) fluid even
 on the level of analytical solutions, which are obtained using some physically rele-
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Nomenclature


Symbol Meaning


α pressure-viscosity coefficient


γ surface tension


ǫ˙ compression rate(ǫ˙=H˙/H=h˙/h)
 µ0 reference viscosity


ξ sample radius


π0 ambient pressure


̺ sample density


Σ free surface


τ tangent vector on free surface
 Ω physical domain occupied by fluid
 A0 initial contact area(A0 =πR02)


Ca Capillary number


D symmetric part of velocity gradient


f external forces


F normal force exerted on plates


F deformation gradient


H plate separation(H =2h)


H0 initial plate separation(H0 =2h0)


I unit tensor


L characteristic length scale


L velocity gradient


n normal vector on free surface


N set of natural numbers


p pressure (mean normal stress)
 R0 initial sample radius


Rp radius of plates


R set of real numbers


Re Reynolds number


t time


T Cauchy stress tensor


v velocity field


V characteristic velocity


Vcl constant closure speed (positive)
x position vector in current frame
X position vector in reference frame
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1. Introduction


The problem studied in the present thesis is that of the isothermal axisymmetric squeeze
 flow of homogeneous, incompressible fluids-like materials whose material moduli de-
 pend on the pressure. In order to describe those fluids, advanced material models have
 to be considered. We shall deal with a model which is used to describe an incom-
 pressible fluid with pressure-dependent viscosity primarily. We shall examine whether
 behaviour of such a model in the squeeze flow geometry can provide some interesting
 departures from solutions obtained for the classical Navier-Stokes fluid.


Figure 1: Illustration of an axisymmetric squeeze flow with constant mass of sample
 between plates.


By the term squeeze flow we shall understand the flow in which a constant mass
 of a material is compressed (squeezed) between two parallel plates approaching each
 other. Exactly this situation is sketched in Figure 1. To be more precise, we should call
 it an axisymmetric squeeze flow. During this compression process the sample of a ma-
 terial expands biaxially and shrinks along preferred axis. From this point of view one
 can meet frequently used synonyms for squeeze flows such as uniaxial compression or
 biaxial extension.


The squeeze flow phenomenon is found in many engineering, biology and also
 rheometry domains. In fact, it is one of the few deformations which has applications
 for a wide class of materials. Concerning the engineering domain, squeeze flows are
 involved in various technological issues such as compression moulding processes of
 metals and polymers, some types of dampers or bearings. On the other hand, com-
 pression with irregular and not exactly parallel plates poses similar but undoubtedly
 more complex problem, and so chewing between teeth or diathrodial joints – for ex-
 ample knee – are found to be relevant examples involving squeeze flows in biology
 and bioengineering respectively.


The situation described and depicted above provides an important technique in
rheology, where it is used for examining rheological properties of materials that create
difficulties in standard rheometers. Particularly, materials with extremely high vis-
cosity and fluids with apparent yield stress belong into the mentioned category. The
methodology is closely related to food processing, since various foodstuffs (cheese,
wheat flour dough, mustard, tomato paste, mayonnaise, etc.) has been examined using
several types of squeeze flow tests. Basically it is possible to carry out experiments
with constant plate speed, constant load or constant strain rate. Recent research in this



(9)field covers those and similar tests for personal care products and biomaterials.


Characterization of various materials is often associated with the development
 of solutions for specific models. Plenty of material models, including many non-
 Newtonian fluids, has been examined using the squeeze flow geometry. At this point
 the reader is referred to the nice review article by Engmann et al. (2005). However,
 the problem has not been solved, to our best knowledge, for fluids-like materials with
 pressure-dependent material moduli.


The influence of pressure on material properties was systematically investigated by
 Bridgman. In his pioneering work Bridgman (1926) showed that the viscosity (of many
 organic fluids) can dramatically increase with the applied pressure while the density is
 almost constant. It implies that it is reasonable to consider models for incompressible
 fluids with pressure-dependent viscosity. Later, pressure dependent material moduli
 were identified even for viscoelastic models, see the discussion by Ferry (1980) for
 instance, and they have their special place concerning material properties of polymers.


For example Sedl´aˇcek et al. (2004) fitted experimental data for several polymers using
 the modified White-Metzner model.


Although the fact that the material moduli can depend on the pressure is relatively
 well known, and the exact form of the functional dependence has been identified for
 various fluids, it is almost ignored in many applications1. For instance in polymer en-
 gineering materials are subjected to an extensive range of pressures and the mentioned
 property could play an important role.


Similar situation arises in the case of squeeze flows. Nature of the squeeze flow
 problem is substantially influenced by the choice of boundary condition at the sample-
 plate interfaces. It becomes the most interesting when the no-slip boundary condition is
 assumed there. As we shall see later, in such a case, pressure variation in the squeezed
 specimen is significant. Particularly, for an incompressible fluid with constant vis-
 cosity – classical Navier-Stokes fluid – we expect complex solution behaviour in the
 corners of the computational domain, with a possibility that the stress singularities will
 be located there. Hence, behaviour of fluids with pressure-dependent viscosity can be
 expected to be markedly different in such a case.


To close this introductory section let us remark that one can also meet a situation in
 which the space between plates is completely filled with a material. It is subsequently
 squeezed out from that region, while the contact area between the sample and plates
 remains constant. Some authors has also analysed conceptually simpler planar squeeze
 flow alongside the axisymmetric case. We shall not consider these variations here.


1Some exceptions can be found in elastohydrodynamics and hydrodynamic lubrication, see for ex-
ample Gwynllyw et al. (1996), Rajagopal and Szeri (2003), Lanzend ¨orfer (2011).
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2. Specification of the problem


In this chapter we shall specify the problem we want to solve. In the first part we shall
 formulate governing equations for the creeping flow of an incompressible fluid-like
 material with pressure-dependent material moduli, in the second part we shall provide
 a detailed description of the problem geometry and we shall point out all the simplifi-
 cations involved in the physical model.



2.1 Governing equations


In the present thesis we are interested in squeeze flows of fluids-like materials that are
 idealized as incompressible and homogeneous with constant density̺0. Influence of
 the temperature on material properties is neglected in the sense we consider an isother-
 mal process.



2.1.1 Kinematic considerations and balance equations


Let us mention a brief discussion about kinematics at this point. More information
 can be found for example in Ogden (1984), Gurtin (1981). From the viewpoint of
 continuum physics, a sample of a material forms a bodyBconsisting of continuously
 distributed matter. Formally, body B is a set of material points which occupy some
 region in a three dimensional Euclidian spaceE.


We define a configuration ofBto be one-to-one mappingκ∶ B →Ewhich takes the
 material points ofB to the places they occupy inE. By a motion ofB we mean a one
 parameter family of configurationsκt ∶ B →E, where the subscript identifies the time
 tas parameter. We shall refer toκ0(B) as to the reference configuration ofB at time
 t = 0, whereas κt(B) denotes the current configuration of B at any particular instant
 t∈R. It follows that all the material pointsP ∈ B can be uniquely identified with the
 points in the reference configuration throughout


X=κ0(P), P =κ−10 (X),


and consequently a motion ofB can be identified with a one-to-one mapping
 χ∶κ0(B) ×RÐ→κt(B).


We write


x=χ(X, t), X =χ−1(x, t). (2.1)
 We shall suppose that χ together with its inverse are sufficiently smooth1 to render
 the operations defined on it meaningful. As it is usual in continuum mechanics, we
 admit standard Lagrangian and Eulerian description of quantities – scalars, vectors
 and tensors – associated with bodyB.


For an arbitrary pointX ∈κ0(B), the set of points


{χ(X, t)∣t∈R} (2.2)


1It should be enough for our purposes to assume thatχis aC2-diffeomorphism.



(11)is called the trajectory (pathline) ofX. The velocity fieldvis then defined through
 v(X, t) = ∂χ


∂t(X, t). (2.3)


In Eulerian description we have


v(x, t) = ∂χ


∂t (X, t)∣


X=χ−1(x,t). (2.4)


As we have mentioned earlier, we are interested in modelling of fluids-like materials
 primarily, and thus the determination of the velocity field, as a part of the solution
 that is sought-after, will be the crucial issue for us. Another important quantity is the
 velocity gradient


L=gradv≡ ∂v


∂x, Lij = ∂vi


∂xj


, (2.5)


and especially its symmetric part


D=1


2(L+L⊺), Dij = 1
 2(∂vi


∂xj +∂vj


∂xi). (2.6)


The deformation gradientFis defined through


F=Gradχ≡ ∂χ


∂X, Fij = ∂χi


∂Xj


. (2.7)


An incompressible body naturally undergoes an isochoric flow. It means we have


detF=1 (2.8)


and consequently2


divv=0. (2.9)


Let us remark that the latter constraint is sometimes called the incompressibility condi-
 tion and it can be equivalently expressed in terms of the tensorial quantityD, through


trD=0, (2.10)


wheretr denotes the trace of a tensor.


The concept of balance of mass in its local form (from the “Eulerian perspective”)
 leads to the partial differential equation, also known as continuity equation,


∂̺


∂t +v⋅grad̺+̺divv=0. (2.11a)
 For an incompressible flow it immediately follows, with the use of (2.9), that


d̺


dt =0, (2.11b)


where ddt denotes the material time derivative. Since the material is supposed to be
 homogeneous with constant density̺0in the reference configuration, previous relation


2For details see the references stated at the beginning of this paragraph or any other textbook on
continuum mechanics.



(12)implies that̺≡̺0remains constant. Similarly, balance of linear momentum in its local
 form leads to the equation


∂(̺v)


∂t +div(̺v⊗v) =̺f +divT, (2.12a)
 where Tdenotes the Cauchy stress tensor (see the next paragraph) and f represents
 external forces (e.g. the gravitation force). Using the continuity equation one can write
 previous relation in the form


̺dv


dt =̺f +divT. (2.12b)


In what follows we put f equal to zero3. One can suppose the absence of internal
 couples for our purposes, so that balance of angular momentum implies the symmetry
 of the Cauchy stress tensor.


Under above considerations, the system of governing equations for the flow of an
 incompressible, homogeneous fluid reads


divv =0, (2.13a)


̺dv


dt =divT, (2.13b)


T =T⊺. (2.13c)


In order to close this system, we need to provide a constitutive equation for the Cauchy
 stressT.



2.1.2 Constitutive equation for the Cauchy stress


In the main scope of the thesis we study behaviour of an incompressible fluid that can
 be described using the simple model


T=−pI+2µ(p)D. (2.14)


It is obvious thatTsatisfying the latter relation immediately satisfies (2.13c). More-
 over, taking (2.10) into account it follows that the Lagrange multiplier p in (2.14)
 fulfills


p=−1


3trT, (2.15)


thus it represents the mean normal stress which is simply called the pressure. Now it
 should be clear that the viscosity is, in fact, a function of the mean normal stress and so
 (2.14) provides an implicit relationship betweenTandD. From the theoretical point of
 view, the material model just presented belongs to the category of implicit constitutive
 relations satisfying


g(T,D) =0, (2.16)


whereg denotes an appropriate tensor function, and it fits into the thermodynamical
 framework developed by Rajagopal and Srinivasa (2008).


3We will generally assume that proportions of the sample in question are small enough (perhaps
a few centimeters) to safely neglect the gravitation force.



(13)It remains to determine a specific form of the function µ(p). Some simple flows
 of fluids satisfying above relations were studied by Hron et al. (2001), when they as-
 sumed different formulas relating the viscosity and the pressure. Here we shall use the
 exponential dependence


µ(p) =µ0eαp, (2.17)


whereµ0 should be understood as the reference viscosity atp=0(the reference pres-
 sure), while α is a material constant usually interpreted as the pressure-viscosity co-
 efficient. Such kind of functional dependence is often called the Barus law. As one
 would expect, and it is confirmed by experimental studies, the viscosityµ increases
 with increasing pressure, and thus we assume thatαis positive.


Some particular values of µ0 andαfor specific materials can be found in Table 1
 which was taken from Pr˚uˇsa et al. (2012) with permission. Another fluids obeying
 the above relation are some food products, see for example Schaschke et al. (2006),
 or various polymeric liquids and polymer solutions, see for example Liang (2001),
 Harris and Bair (2007).


Note that forα=0one obtains, from (2.14), the classical constitutive equation for
 an incompressible Navier-Stokes fluid


T=−pI+2µ0D. (2.18)


Fluid µ0[Pa⋅s] α[1/GPa]


Octamethyltrisiloxanea 0.12×10−3 13


Vegetable biodieselb 7.5×10−3 12


Diisodecyl phthalatec 123×10−3 26


Paraffinic oilsd 810×10−3 34


PαMSANe 1.08×103 35


a Data taken from King et al. (1992). (Our fit of original tabulated data.)


b Data taken from Paton and Schaschke (2009). Controlled temperature of
 20°C.


c Data taken from Harris and Bair (2007), sample B at 20 °C.


The authors have fitted the data fit for the formula µ=ea0+a1p+a2p2+a3p3.
 Here we have calculatedµ0andαfroma0anda1.


d Data taken from Neale (1973). (Generic cylinder paraffinic oil, temperature
 30 °C.)


e Data taken from Cardinaels et al. (2007). (Our fit of original data in Figure 8,
 temperature 210 °C, shear stress level 270 kPa.)


Table 1: Parameter values for some fluids with pressure dependent
 viscosity, fit of formula (2.17). Reprinted from Pr˚uˇsa et al. (2012)
 with permision.



2.1.3 Governing equations in dimensionless variables


Now we derive a dimensionless version of governing equations (2.13) and (2.14). Let
 Lbe a characteristic length,V a characteristic velocity andµ0 the reference viscosity
 as stated above. Using these characteristic quantities we define dimensionless counter-
 parts (denoted by asterisk) oft,x,v,DandTas follows,


t∗ =V


Lt, x∗= x


L, v∗ = v


V , D∗= L


V D, T∗= L
µ0V T.



(14)Let us remark that dimensionless pressurep∗ is naturally defined in the same way as
 the dimensionless Cauchy stress, i.e. p∗= µL0Vp, see (2.15). Dimensionless version of
 governing equations then reads


div∗v∗ = 0, (2.19a)


Redv∗


dt∗ = div∗T∗, (2.19b)


T


∗ = −p∗I+2eαpˆ ∗D∗, (2.19c)
 where the dimensionless Reynolds number is given asRe= ̺LVµ0 (the ratio of inertial
 and viscous forces). Another dimensionless parameter corresponding to the pressure-
 viscosity coefficient appears in (2.19c) and is given through


αˆ= µ0V


L α. (2.20)


Further, we shall follow the situation stated in the article by Engmann et al. (2005):


“In many practical applications one is dealing with very viscous fluids and/or slow
 plate movements so that the Reynolds number is small enough to safely neglect the left
 hand side of the equations.” In fact, we are neglecting inertia in this way and equation
 (2.19b) is reduced to


div∗T∗=0. (2.21)


Substituting (2.19c) to (2.21) we get the system of dimensionless equations4


div∗v∗=0, (2.22a)


−grad∗p∗+eαpˆ ∗(∆∗v∗+2 ˆαD∗grad∗p∗) =0. (2.22b)
 We would like to solve these equations for the axisymmetric squeeze flow setting de-
 scribed further.



2.1.4 Discussion on suitable material parameters


It is worth emphasizing that in order to stay consistent with all the assumptions made
 so far, one has to ensure the dimensionless parameter αˆ to be greater in magnitude
 than the Reynolds number (at least about one order). Otherwise, we should probably
 neglect also the terms appearing withα. If we did it, equations (2.22) would reduceˆ
 to become the well-known Stokes system5. Nevertheless, it is possible to meet the
 requirement as stated above, when parameters of the experiment are chosen carefully.


Let us have a look at the ratio ofαˆand the Reynolds number, which is
 αˆ


Re =αµ20


̺L2.


Although materials mentioned in Table 1 do not represent ideal exemplars to fit our
 assumptions (they were selected in the context of measurements with falling cylinder


4


D


∗gradp∗ is a vector obtained simply by application of the tensorD∗ on the vectorgradp∗, thus
 itsi-th component in Cartesian coordinates is given by∑3j=1D∗ij∂p∂x∗∗


j


.


5In fact, it is open to debate whether to neglect those terms or not. In comparison with the inertial
effects, the pressure and pressure gradients themselves could be quite large (especially in a corner). The
pressure-dependent viscosity, although withαˆbeing small, still can play an important role in such cases.



(15)viscometer), the reader can get the idea that the pressure-viscosity coefficientα takes
 the values of order about10−7–10−8 1/Pafor a wide class of materials. It should be clear
 that the requirement Reαˆ ≫ 1can be satisfied for those materials with relatively high
 reference viscosity and/or small density, when the characteristic length scale is small
 enough. For instance, taking into account materials with the reference viscosity of
 order105Pa⋅sand the density about103 kg/m3(e.g. some polymer melts), it is suitable
 to squeeze specimens with an initial height of several centimeters.



2.2 Axisymmetric squeeze flow


Once we have governing equations we need to specify a domain in which they have to
 be solved. At the same time we need to know boundary conditions that are expected
 to be satisfied on boundaries of the domain in question.



2.2.1 Geometry


A sketch of an axisymmetric squeeze flow problem is shown in Figure 1. According
 to geometry of the problem it is convenient to work within a cylindrical coordinate
 system{r, θ, z}6. Indeed, given axial symmetry causes that all quantities describing the
 problem are independent of the angular coordinateθ. In other words, the description
 of the problem does not depend upon the chosen angle and it suffices to restrict our
 observations to the plane{r, z}7.


We claimed above that the effect of external forces, including the gravitation force,
 is not considered here (the specimen between plates is quite small). Hence, one can
 also use the symmetry along the central plane parallel to both plates.


An appropriate coordinate system for this case is introduced in Figure 2. We shall
 describe the deformation process – the flow – during the time interval[0, tend]. Then
 H(t)denotes the distance between plates at some particular time instant, whileh(t)=


1


2H(t)is the distance between the upper plate and the central plane8. For initial values
 we use the notationH0,h0 respectively. Let us suppose that both plates are identical,
 their radiusRpis constant and much larger than the initial radius of the sample,R0.


Since we consider the sample of an incompressible material to be compressed, it
 has to expand in radial direction during the compression itself. Therefore the sample
 radiusξevolves in time and simultaneously it is a function ofz (except the case when
 the perfect-slip boundary condition is prescribed, as we shall see later). Further it is
 assumed that the sample forms an ideal cylinder at the beginning of our observation,
 thus we have


ξ(z,0)=R0, ∀z ∈[−h0, h0]. (2.23)
 Now it should be clear that it is not necessary to consider whole inherently transient
 domain occupied by the fluid, but it suffices to restrict our attention to the upper-right


6See Appendix A for detailed information about cylindrical coordinates.


7More precisely we should probably say the plane{r,0, z} ∪ {r, π, z}, ∀r ∈[0,∞),∀z ∈R. For
 simplicity, let us introduce the notation


{−r, z}≡{r, π, z}, ∀r∈(0,∞),∀z∈R.


8Of course we supposeH(t)>0for allt∈[0, tend].



(16)Figure 2: Coordinate system for an axisymmetric squeeze flow with basic labels.


quadrant in the coordinate system just given. We denote


Ωt={(r, z)∶z ∈[0, h(t)], r∈[0, ξ(z, t)]} (2.24)
 the mentioned part of the physical domain at time t. With the knowledge of a solu-
 tion which pertains toΩt, the complete solution can be simply reconstructed due to
 symmetries.


Velocity of the upper plate is given as the time derivativeh˙ of the functionh, and
 quantity called compression rate,


ǫ˙= h˙


h, (2.25)


is introduced quite commonly. Various settings are available in order to examine ma-
 terial properties in the squeeze flow rheometry. One possibility is to use a constant
 load and observe, for instance, how much the sample shrinks its height. Another com-
 monly used test requires a constant closure speed (it means that the velocity of plates
 is constant) and measures, besides other things, the force exerted by the sample on the
 plate against the direction of plate motion. Last but not least, it is possible to consider
 experiments with a constant compression rateǫ.˙


In the present paper we are limiting ourselves to the case with constant closure
 speedH˙ =−Vcl,Vcl>0, and we putV = 12Vclto be the characteristic velocity discussed
 in Section 2.1.3. Motion of the upper plate is then given through


h(t)=h0−V t, h˙(t)=−V. (2.26)
 In order to avoid an abrupt (discontinuous) activation of the motion, which implies an
 inconsistency of initial conditions, it is more convenient to allow a smooth start-up, let
 us say during the time interval[0, t0]with0<t0 <tend. One possible choice is


h(t) =⎧⎪⎪⎪⎪⎪⎪


⎨⎪⎪⎪⎪⎪⎪⎩


h0+V (t
 t0)3(1


2t−t0), t∈[0, t0],
 h0+V (1


2t0−t), t∈(t0, tend],


(2.27a)



(17)h˙(t) =⎧⎪⎪⎪⎪


⎨⎪⎪⎪⎪⎩


V (t


t0)2(2t


t0 −3), t∈[0, t0],


−V, t∈(t0, tend].


(2.27b)


It is important that for allt∈[0, tend]we know the exact value ofhandh˙ respectively.



2.2.2 Boundary conditions


LetΩtis the domain given in (2.24). Its boundary∂Ωtconsists of three different parts,
 see Figure 3. It is the sample-plate interface, the artificial boundaries along both axes
 of symmetry and the free surfaceΣt. Quantitiesvr, vθ, vz are used to denote physical
 components of vectorvin cylindrical coordinates and similarlyTrr,Trθ,Trz, etc., rep-
 resent physical components of the second order symmetric tensorT(see Appendix A
 for detailed information). Let us consider squeeze flow without superimposed rotation.


It means that there is no velocity component inθ-direction (vθ =0everywhere in the
 physical domain occupied by the fluid, and consequently the shear stresses Trθ, Tzθ
 are also zero).


Figure 3: Specification of the boundary∂Ωt.


Conditions enforcing symmetry of the solution have to be prescribed along each of
 both axes. We put


vz∣z=0=0, Trz∣z=0 =0, vr∣r=0 =0, Trz∣r=0=0. (2.28)
 On the free surface one has to prescribe two different kinds of boundary conditions.


The dynamic boundary condition is usually given in the form


Tn=−π0n+γ(1
 ξ + 1


ψ)n, (2.29)


wherenis the outward unit vector normal to the free surface, π0 is the ambient pres-
 sure, γ is the surface tension and ξ, ψ are the principal radii of curvature of the free
 surface. The ambient pressure is usually set to zero and it is used as the reference value
 for the pressure scale9.The dynamic condition rewritten in dimensionless variables then
 reads


T


∗n= 1
 Ca( 1


ξ∗+ 1
 ψ∗)n,


9It can be understood that we redefine the Cauchy stress to be˜


T=T+π0I.



(18)withξ∗ = L1ξ, ψ∗ = L1ψ and Capillary numberCa =µ0V γ−1 (the ratio of viscous and
 surface tension forces). Since we are dealing with very viscous fluid,Ca is typically
 very large10 and the latter condition is reduced to no traction condition


T


∗n=0. (2.30)


Before we formulate another condition (this time a kinematic one), which has to be
 satisfied on the moving free surface, we definef(r, z, t)=def r−ξ(z, t)to be a function
 that enables to describe the free surface at timetimplicitly as a set of points


Σt={(r, z)∶f(r, z, t)=0}. (2.31)
 The free surface naturally creates a material surface at any time instant, thus it has to
 satisfy the condition


(∂f


∂t +v⋅gradf)∣


Σt


=0. (2.32)


It means that the material derivative of f has to be zero on the free surface. This
 statement is also known as Lagrange criterion and it is proved for example in the book
 of Marˇs´ık (1999), pages 83-85. In our case the kinematic condition reads


(−∂ξ


∂t +vr−vz


∂ξ


∂z)∣


r=ξ


=0. (2.33)


At the sample-plate interfaces boundary conditions play an important role concern-
 ing the nature of the flow. At first, we assume that no fluid can penetrate into the plate,
 thus in the vertical direction we set


vz∣z=h=h.˙ (2.34)


If the sample is able to move freely without friction at the interface in question, we
 use perfect-slip in the form


Trz∣z=h=0. (2.35a)


As we shall see later, there is no curvature of the free boundary during the compression
 and solution of the problem can be obtained in a quite straightforward manner. How-
 ever, it is very complicated (even almost impossible) to ensure such type of condition
 in practice. Chatraei et al. (1981) introduced a “lubricated squeeze flow” technique to
 obtain a nearly pure biaxial extension.


On the other hand, one can consider no-slip boundary condition with the sample
 being fixed at the sample-plate interfaces. It means that no motion along radial axis is
 allowed there and


vr∣z=h=0. (2.35b)


Curvature of the free surface of the specimen between plates is observed in this case
 and one needs to solve a free boundary problem. The fact that the outward unit normal
 nis unknown makes it cumbersome to use the condition (2.30) in search for an exact
 solution of the problem. As we shall see later, there is a way how to use the dynamic
 condition in a numerical treatment of the problem, however, for analytical computa-
 tions an assumption about the pressure or normal stress at the edge of the plates is
 usually made (see the following section).


10It means that surface tension effects are negligible.



(19)Presence of the well-known phenomenon of moving contact line further compli-
 cates the situation, see for example Huh and Scriven (1971), Bonn et al. (2009). Ap-
 parent motion of the contact line11is observed due to “barrelling” of the sample along
 plates and it has been nicely illustrated experimentally and numerically for example by
 Mavridis et al. (1992). This phenomenon is discussed again in Section 5.2.1.


Finally, there are several possibilities how to employ partial-slip at the interfaces
 (see the discussion by Engmann et al. (2005) together with references therein). One
 possible option, known as Navier slip boundary condition, is obtained as a combination
 of the two extreme cases mentioned above and it reads


−λTrz∣z=h+(1−λ)vr∣z=h=0, λ∈(0,1). (2.35c)
 The same condition is sometime used in the form


vr∣z=h=βTrz∣z=h,


whereβ= 1−λλ is the “slip coefficient” with values from(0,∞). It is worth noting that
 limiting behaviour forλ→0+andλ→1−(alternativelyβ→0+, β→∞) recovers the
 no-slip and the perfect-slip respectively.



2.2.3 Dimensionless variables


At this point we need to specify characteristic quantities introduced in Section 2.1.3.


Scaling lengths withL=h0, velocities withV = 12Vcland time with VL, we put


Ω∗t ={(r∗, z∗)∶z∗ ∈[0, h∗(t∗)], r∗∈[0, ξ∗(z∗, t∗)]} (2.36)
 to be the corresponding dimensionless version of the domainΩtwhere governing equa-
 tions (2.22) have to be solved. For initial radius we haveξ∗(z∗,0)=Rˆ0 with


Rˆ0 = R0


L = R0


h0


. (2.37)


Relations (2.26) and (2.27) in their dimensionless form read12


h∗(t∗)=1−t∗, h˙∗(t∗)=−1, (2.38)
 and


h∗(t∗) =⎧⎪⎪⎪⎪⎪⎪


⎨⎪⎪⎪⎪⎪⎪⎩


1+(t∗
 t∗0)


3


(1


2t∗−t∗0), t∗∈[0, t∗0],
 1+1


2t∗0−t∗, t∗∈(t∗0, t∗end],


(2.39a)


h˙∗(t∗) =⎧⎪⎪⎪⎪⎪⎨


⎪⎪⎪⎪⎪


⎩
 (t∗


t∗0)


2


(2t∗


t∗0 −3), t∗∈[0, t∗0],


−1, t∗∈(t∗0, t∗end].


(2.39b)
 The above functions are depicted in Figure 4 together with the dimensionless compres-
 sion rate


ǫ˙∗= h˙∗


h∗. (2.40)


11By contact line we mean the intersection of fluid, plate and surrounding medium.


12The superimposed dot this time denotes the time derivative with respect tot∗.
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(a)Positionh∗of the plate.
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(b)Velocityh˙∗of the plate.
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(c)Compression rateǫ˙∗.


Figure 4: Motion of the upper plate in agreement with (2.38) and (2.39) fort∗0 =0.2,
 t∗end=0.6.



2.2.4 Summary of simplifying assumptions


For clarity, before we formulate the dimensionless problem in cylindrical coordinates,
 let us summarize all the simplifying assumptions introduced throughout this section.


∎ KINEMATICS:


● Problem is axisymmetric, therefore all quantities are independent of coor-
 dinateθ.


● There is no superimposed rotation of the sample between plates, hence
 vθ=0.


∎ DYNAMICS:


● External forces are neglected (hence symmetry along the central plane is
 considered).


● Inertial effects are neglected (we deal with the creeping flow).


● Surface tension on the free surface is not considered.



(21)
2.2.5 Dimensionless problem in cylindrical coordinates


From now on we will use only dimensionless variables and hence we will omit asterisk
 denoting dimensionless variables in the equations above. Governing equations (2.22)
 in cylindrical coordinates read


0= ∂vr


∂r +vr


r +∂vz


∂z , (2.41a)


∂p


∂r = eαpˆ [∂2vr


∂r2 +1
 r


∂vr


∂r +∂2vr


∂z2 −vr


r2 +2 ˆα∂p


∂r


∂vr


∂r +αˆ∂p


∂z (∂vr


∂z +∂vz


∂r )],(2.41b)


∂p


∂z = eαpˆ [∂2vz


∂r2 +1
 r


∂vz


∂r +∂2vz


∂z2 +αˆ∂p


∂r(∂vr


∂z +∂vz


∂r )+2 ˆα∂p


∂z


∂vz


∂z ]. (2.41c)
 The remaining equation in (2.22b), corresponding toθ-direction, is identically satis-
 fied. System (2.41) is supplemented with boundary conditions discussed in Section
 2.2.2. These conditions, when they are rewritten using dimensionless variables, are of
 the same form as above. At this point, the set of boundary conditions is presented in a
 well arranged way and in the rest of the thesis we shall often reference ourselves to the
 following list.


• At the sample-plate interface (z = h) we consider either a couple of boundary
 conditions for the perfect-slip, it means


vz∣z=h=h,˙ Trz∣z=h=0, (2.42a)
 or for the no-slip, which is


vz∣z=h=h,˙ vr∣z=h=0. (2.42b)


• On the axes of symmetry (r=0, z=0) we have symmetry conditions


vr∣r=0 =0, Trz∣r=0=0, (2.43)


vz∣z=0 =0, Trz∣z=0=0. (2.44)


• No traction condition (2.30) on the free surface (r=ξ) provides two equations
 (Trr−∂ξ


∂zTrz)∣


r=ξ


=0, (Trz−∂ξ


∂zTzz) ∣


r=ξ


=0, (2.45)


since the outward unit normalnsatisfies
 n(ξ(z), z)=(1+(∂ξ


∂z)2)


−12⎡⎢⎢⎢


⎢⎢⎣
 1
 0


−∂z∂ξ


⎤⎥⎥⎥


⎥⎥⎦


, z∈[0, h].


• The kinematic condition reads
 (−∂ξ


∂t +vr−vz


∂ξ


∂z) ∣


r=ξ


=0. (2.46)



(22)
3. Analytical solutions


At the beginning of this section let us emphasize that we do not seek an exact solution
 of the problem discussed above. Even worse, in the case with no-slip boundary condi-
 tion we solve a slightly different problem obtained from the original one considering
 another simplifying assumptions. However, main purpose of this section is to provide
 some analytical results that can reveal in what way the pressure-dependent viscosity
 influences solution behaviour1, and moreover, later we will use the results obtained
 here to propose a benchmark problem for the numerical simulation (see Section 4.3).


Solutions will be obtained using the perturbation method with respect to parameter
 α, see for example Bush (1992). The method is based on the fact that we seek velocityˆ
 vand pressurepof the form


vr = vr,0+vr,1αˆ+vr,2αˆ2+. . . ,
 vz = vz,0+vz,1αˆ+vz,2αˆ2+. . . ,


p= p0+p1αˆ+p2αˆ2+. . . ,


⎫⎪⎪⎪⎪


⎪⎪⎬⎪⎪⎪


⎪⎪⎪⎭


(3.1)


which is usually called the perturbation expansion. Substitution of (3.1) into (2.41)
 and subsequent expansion of the exponential term,


eαpˆ =1+pαˆ+1


2p2αˆ2+O(αˆ3)=1+p0αˆ+(p1+1


2p20)αˆ2+O(αˆ3), (3.2)
 provide straightforward decomposition of the system of equations. Indeed, subsystem
 of orderk (for k = 0,1,2, . . .) is obtained comparing the terms that appear together
 withαˆk.


Of course, to each subsystem we add corresponding terms from the perturbation
 expansion of boundary conditions (then we talk about subproblems instead of subsys-
 tems). For example, the first condition in (2.42a) satisfies


(vz,0+vz,1αˆ+. . .) ∣z=h=h˙ +0 ˆα+. . . ,
 and similarly the first condition in (2.45) reads


(Trr,0−∂ξ0


∂zTrz,0+(Trr,1−∂ξ0


∂z Trz,1−∂ξ1


∂z Trz,0)αˆ+. . .)∣


r=ξ


=0+0 ˆα+. . . .
 To be more precise, let us do some remarks on notation used in the latter expression.


According to (2.19c), for therz-component of the stress tensor we have
 Trz =eαpˆ (∂vr


∂z +∂vz


∂r )=


= ∂vr,0


∂z +∂vz,0


∂r +(p0(∂vr,0


∂z +∂vz,0


∂r )+∂vr,1


∂z +∂vz,1


∂r )αˆ+O(αˆ2),
 thus


Trz,0 = ∂vr,0


∂z +∂vz,0


∂r , (3.3a)


Trz,1 = ∂vr,1


∂z +∂vz,1


∂r +p0(∂vr,0


∂z +∂vz,0


∂r ). (3.3b)


1In comparison to the case with an incompressible Navier-Stokes fluid.



(23)In the same way we deduce


Trr,0 = −p0+2∂vr,0


∂r , (3.4a)


Trr,1 = −p1+2∂vr,1


∂r +2p0


∂vr,0


∂r . (3.4b)


In what follows we deal only with subproblems of orders zero and one. We shall
 solve these subproblems step-by-step for the perfect-slip setting and then for the no-
 slip setting. Particular equations are listed below.


• Subsystem of order zero (or “zeroth-order subsystem”):


0= ∂vr,0


∂r +vr,0


r +∂vz,0


∂z , (3.5a)


∂p0


∂r = ∂2vr,0


∂r2 +1
 r


∂vr,0


∂r +∂2vr,0


∂z2 −vr,0


r2 , (3.5b)


∂p0


∂z = ∂2vz,0


∂r2 +1
 r


∂vz,0


∂r +∂2vz,0


∂z2 . (3.5c)


• Subsystem of order one (or “first-order subsystem”)2:
 0 = ∂vr,1


∂r +vr,1


r +∂vz,1


∂z , (3.6a)


∂p1


∂r =∆vr,1−vr,1


r2 +2∂p0


∂r


∂vr,0


∂r +
 +∂p0


∂z (∂vr,0


∂z +∂vz,0


∂r )+p0(∆vr,0−vr,0


r2 ), (3.6b)


∂p1


∂z =∆vz,1+∂p0


∂r (∂vr,0


∂z +∂vz,0


∂r )+2∂p0


∂z


∂vz,0


∂z +p0∆vz,0. (3.6c)
 It is worth emphasizing that the zeroth-order subproblem corresponds to axisymmetric
 squeeze flow of an incompressible fluid with constant viscosity. Hence, its solution is
 nothing but solution for the Navier-Stokes fluid. Higher order subproblems then repre-
 sent some perturbation which has to be added to this solution, and the most significant
 contribution is naturally provided by the first-order subproblem.



3.1 Perfect-slip at the sample-plate interface


Let us remind that in this paragraph we would like to solve governing equations in
 (2.41) together with the set of boundary conditions (2.42a), (2.43) – (2.46). Perfect-slip
 ensures that the sample moves freely without friction along sample-plate interfaces,
 therefore its deformation in this case corresponds to homogeneous biaxial extension
 with the velocity field given by


v=⎡⎢⎢⎢⎢⎢⎣
 vr


vθ


vz


⎤⎥⎥⎥


⎥⎥⎦


=⎡⎢⎢⎢⎢⎢⎣
 vr,0


0
 vz,0


⎤⎥⎥⎥


⎥⎥⎦


=⎡⎢⎢⎢⎢⎢⎣


−12ǫr˙
 0
 ǫz˙


⎤⎥⎥⎥


⎥⎥⎦


. (3.7)


2For the definition of Laplace operator in cylindrical coordinates see Appendix A.



(24)Compression rateǫ˙is defined in (2.40) (see also Figure 4c).


It is obvious that the velocity field of the form (3.7) automatically satisfies the
 incompressibility condition (2.41a). Moreover, since vr does not depend on z, free
 surface remains vertical and ∂ξ∂z ≡0. Kinematic condition (2.46) then reads


vr∣r=ξ= ∂ξ


∂t, (3.8)


which really means that radial velocity of material points lying on the free surface
 coincides with the velocity of the free surface. Relation (3.8) provides the ordinary
 differential equation


−ǫξ˙ =2 ˙ξ,


which is easily solved using the initial conditionξ(0)=Rˆ0, and results in radius
 ξ(t)=Rˆ0


√ 1


h(t). (3.9)


Once we know the velocity field, we can write


D=⎡⎢


⎢⎢⎢⎢


⎣


−12ǫ˙ 0 0
 0 −12ǫ˙ 0
 0 0 ǫ˙


⎤⎥⎥⎥


⎥⎥⎦


(3.10)
 and according to (2.19c) we have


T=−pI+2eαpˆ ⎡⎢⎢⎢


⎢⎢⎣


−12ǫ˙ 0 0
 0 −12ǫ˙ 0
 0 0 ǫ˙


⎤⎥⎥⎥


⎥⎥⎦


. (3.11)


The latter relation reveals that the shear stressTrz vanishes throughout the sample.


Now it is clear that our choice of the velocity field (3.7) under above considerations
 naturally satisfies all the conditions (2.42a), (2.43), (2.44), and also the relation on the
 right hand side in (2.45). On top of that, we can express governing equations (2.41b)
 and (2.41c) in the form


∂p


∂r =−ǫ˙αˆ∂p


∂reαpˆ , (3.12)


∂p


∂z =2 ˙ǫαˆ∂p


∂zeαpˆ . (3.13)


It is obvious thatphas to be homogeneously distributed throughout the sample (it can-
 not depend on spatial variablesrandz), nevertheless, it changes with time. Boundary
 condition in (2.45) on the left is usually used to determine pressure values. Unfortu-
 nately, in our case we have


Trr=−p−ǫe˙ αpˆ =0. (3.14)
 It means thatpis defined implicitly by the relationg(t, p)=0, where


g(t, p)=def −p−ǫ˙(t)eαpˆ (3.15)
 is continuously differentiable on an open setS1×S2 ⊂ R2, with [0, tend]⊂ S13. Let
 p⋆∈S2satisfies


g(0, p⋆)=0, and ∂g


∂p(0, p⋆)≠0. (3.16)


3To avoid discontinuity ofǫ˙we suppose thatsupS1<tcl, wheretclis the time needed to close the
gap between plates.



(25)Then, according to well-known implicit function theorem4, there is a neighborhood
 U of t = 0 in R on which is defined a unique continuously differentiable function
 p∶UÐ→Rsuch thatp(0)=p⋆, andg(t, p(t))=0, t∈U.Moreover,


p˙(t)=− ǫ¨(t)


1+αˆǫ˙(t)eαp(t)ˆ eαp(t)ˆ , t∈U. (3.17)
 In what follows we shall verify conditions in (3.16) for two different settings de-
 pending on the choice ofh, see (2.38) and (2.39).


• Considering the case with constant closure speed, and so with h defined by
 (2.38), we haveǫ˙(0)=−1and we seekpsatisfying


−p+eαpˆ =0.


Sinceαˆ>0, the latter equation can be satisfied only for somep>1.


Let us suppose thatαˆ ∈(0, e−1). We consider a functionw∶ (0,∞)Ð→(0,∞)
 given by w(x) = x−1lnx, which is monotonically increasing on the interval
 (1, e) and maps this interval onto (0, e−1). It means that for each αˆ ∈ (0, e−1)
 there existsp⋆∈(1, e)such that


αˆ=w(p⋆)= lnp⋆


p⋆ .


The latter relationship betweenαˆandp⋆at the same time implieseαpˆ ⋆ =elnp⋆ =
 p⋆, thus


g(0, p⋆)=0


and ∂g


∂p(0, p⋆)=−1+αeˆ αpˆ ⋆ =−1+lnp⋆ ≠0.


Using (3.17) we see that


p˙(0)= p⋆


1−lnp⋆ >1.


It is worth noting that for an incompressible Navier-Stokes fluid one getsp(t)=


−ǫ˙(t), which givesp(0) =p˙(0) =1. It follows that for the fluid with pressure-
 dependent viscosity the initial pressure value together with the corresponding
 rate of change are larger.


• Now letǫ˙is defined usinghgiven by (2.39). Then we haveǫ˙(0)=0and condi-
 tions in (3.16) hold forp⋆ =0. Unfortunately, in this case with smooth start-up
 we have p(0) = p˙(0) = 0, which coincides with values of the solution for the
 Navier-Stokes fluid. Therefore, the observation similar to that in the previous
 case is not explicitly available this time.


In order to expresspas a function oftat least approximately, we shall use the pertur-
 bation method as described above.


4See for example Rudin (1976) or any other book on mathematical analysis.



(26)As we have already mentioned, normal force exerted on plates by the sample is
 usually measured in experiments with prescribed compression. The force exerted on
 the upper plate is defined as


F(t)=−2π∫0ξ(h,t)rTzz(r, h, t)dr. (3.18)
 Actual radiusξwas computed in (3.9). Supposing thatpis an exact solution satisfying
 (3.14), we have


F =−2π∫0ξ(−p+2 ˙ǫeαpˆ )rdr= 3p
 h


Aˆ0, (3.19)


withAˆ0 =πRˆ20denoting the dimensionless form of initial contact area.



3.1.1 Zeroth-order subproblem


We solve the system of equations (3.5) with boundary conditions


vz,0∣z=h=h,˙ vr,0∣r=0 =0, vz,0∣z=0=0,
 Trz,0∣z=h=0, Trz,0∣r=0 =0, Trz,0∣z=0=0.


Supposing that the free surface remains vertical during the compression, we seek a
 solution which further satisfies


Trr,0∣r=ξ=0, Trz,0∣r=ξ=0.


Using velocity components
 vr,0=−1


2ǫr,˙ vz,0=ǫz˙ (3.20)


in equations (3.5b) and (3.5c) we can see that


∂p0


∂r = ∂p0


∂z =0.


According to (3.4a) we haveTrr,0 =−p0−ǫ. Thus, the corresponding boundary condi-˙
 tion on the free surface provides


p0=−ǫ.˙ (3.21)


Finally, relation (3.19) yields


F0=−3 ˙ǫ
 h


Aˆ0. (3.22)



3.1.2 First-order subproblem


In the sense of previous discussion we shall seek a solution of the system (3.6) satisfy-
 ing boundary conditions


vz,1∣z=h=0, vr,1∣r=0=0, vz,1∣z=0=0,
Trz,1∣z=h=0, Trz,1∣r=0=0, Trz,1∣z=0=0,



(27)and


Trr,1∣r=ξ=0, Trz,1∣r=ξ=0.


Our choice of the velocity field (3.7) implies


vr,1=0, vz,1=0. (3.23)


Substituting these velocity components, together with (3.20) and (3.21), into equations
 (3.6b) and (3.6c) one obtains


∂p1


∂r = ∂p1


∂z =0.


An analogy of previous relations is obviously true also for higher order subproblems,
 hence our statement that pressure is homogeneously distributed throughout the sample
 seems to be confirmed also in this way. Pressure p1 is simply determined using the
 boundary condition


Trr,1∣r=ξ=−p1−p0ǫ˙=0,
 which yields


p1 =ǫ˙2. (3.24)



3.1.3 Results and discussion


In the sense of (3.1) we see that


p≈p0+p1αˆ=h˙
 h(αˆ


h˙


h−1) (3.25)


is a rough estimate of pressure values. Substituting the latter result into (3.19), we
 obtain an estimate for the normal force


F ≈ 3 ˙h
 h2 (αˆ


h˙


h −1)Aˆ0. (3.26)


Our calculations were based on the assumption that the velocity field (3.7), corre-
 sponding to homogeneous biaxial extension, is the same as for the Navier-Stokes fluid
 (see Figure 5). This seems to be reasonable as we have perfect-slip at the interface, ma-
 terials in question are incompressible and the compression is prescribed. It follows that


−2.5 −2 −1.5 −1 −0.5 0 0.5 1 1.5 2 2.5


−1


−0.5
 0
 0.5
 1


r


z


Figure 5: Dimensionless velocity field (3.7) for squeeze flow with perfect-slip at
t=0.3. Computed forh(t)=1−t,Rˆ0=1.5. Vectors are scaled by a factor of 0.15.
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