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Abstract


Geometric models for moving points represent a valuable tool of modern computational geometry. In
 this work, we focus mainly on kinetic Delaunay triangulation which is a special case of the ordinary
 (static) Delaunay triangulation intended to be used together with moving points without losing its
 abilities. The first part of the following text describes the overall properties of Delaunay triangulation
 and the algorithms which are most commonly used for its construction. The following part describes
 the process of kinetization of the static data structure (together with the properties of the kinetic
 model). In the next part, we show some of the applications of kinetic Delaunay triangulation, such
 as collision detection, simulation of crowds, mathematical simulations in the field of fluid dynamics
 and motion interpolation. Finally, we present our own method for kinetic Delaunay triangulation
 management together with some new theoretical findings and two applications – kinetic Delaunay
 triangulation used as a tool for video representation and as a core part of an early warning system for
 air traffic control.
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Introduction


In order to be able to handle a set of moving data (in our case, these are most commonly represented
 by moving points), one has to upgrade the commonly used spatial division data structures so that they
 become able to incorporate the movement. There are several ways of doing so – the most straighfor-
 ward approach is to discretize the movement and exploit such a set of tools that allow both adding
 and removing the points into and from the data structure. The movement is then simulated by re-
 moving the points from the structure and reinserting them back on new positions according to their
 trajectories. Such structures are then calleddynamic. The other commonly used approach is based on
 the geometric features specific to the data structure. By computing the times when the data structure
 reaches a singular state due to the movement of the points, we are able to maintain its properties by
 introducing some kind of local geometry updates. The structures of this kind are calledkinetic. In my
 work, I will almost exclusively focus on the kinetic data structures.


As said before, the kinetic data structures represent a special kind of the usual spatial division data
 structures modified so that they can handle movement of the given generator set. Similarly to the
 ordinary planar spatial division methods, the given space (usually the Euclidean plane) is divided into
 cells according to a certain set of generators and a certain set of rules. The generators are in our case
 given as a set of points, but sometimes it is convenient to use more sophisticated generators such as
 weighted points, line segments, circles, general polygons or even more complex primitives. The con-
 struction rules determine the type and properties of the spatial division and most commonly take the
 form of minimizing a given function. The most commonly used kinetic data structures are represented
 by kinetic Voronoi diagram and especially by its dual structure – kinetic Delaunay triangulation – and
 their modifications (detail on these data structures may be found in [31, 40]).


The cells produced by using Voronoi diagram are composed of points that are closer to their generator
 (each cell belongs to one of the generators) than to any other primitive in the generator set. Together
 with the motion of the points inside the generator set, this basic feature is most commonly used
 in applications where general location or proximity of the generators plays an important role. Such
 applications may include collision detection (as in [22]), navigation in the virtual environments (shown
 in [8, 23]), mesh generation for various purposes, such as fininte element method (see [7]) and many
 others. As said before, the Delaunay triangulation is a structure dual to Voronoi diagram and thus have
 exactly the same features. Moreover, the triangles produced by the Delaunay triangulation are usually
 of very good quality (close to equillateral, prolonged and narrow triangles occur rarely) which makes
 it very useful for various applications where a triangular mesh needs to be generated and its quality is
 important.


My research is focused mostly on the problematics of kinetic Delaunay triangulations – their features
and various applications, however I will also briefly adress the problematics of other commonly used
types of kinetic data structures. This work is organized as follows: Chapter 2 describes the spatial
division structures that are most commonly used together with kinetic data, Chapter 3 provides an
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overview of the construction algorithms most suitable for the construction of the aforementioned data
 structures (with respect to the movement in the dataset). Chapter 4 describes the algorithms used for
 managing the movement of the points, Chapter 5 shows some of the applications of the kinetic data
 structures, Chapter 6 describes our contributions to the problematics, Chapter 7 outlines my future
 work and Chapter 8 concludes this report.


Additional information about my research on this topic, together with some demonstration video
 sequences, may be found at the homepages of this project which is located at the following adress:


http://graphics.zcu.cz/Projects/Kinetic-triangulation
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Spatial Division Types


In this chapter, we will describe the most common spatial division data structures that are being used
 together with moving data. These data structures will be only seen from the static point of view; the
 exact way of handling the movement in the generator set will be shown in Chapter 4.


Note. In computational geometry, we deal with many different data structures. These structures are
 usually defined by functions of the input data (e.g., the coordinates of the given points). We call these
 functionspredicates) and they very often take the form of defining the sign of a matrix determinant.


Some of the common predicates used in computational geometry will be shown later in this chapter
 and will be referred to in Chapter 4.



2.1 Voronoi Diagram


LetS ={p1, . . . ,pn}be a set ofnpoints inE2, then let us define:


Definition 2.1.1(Voronoi cell). A set of pointsV(pi), where:


V(pi)={x∈E2| ∀pj∈S :i, j:kpi−xk ≤ kpj−xk} (2.1)
 is called a Voronoi cell ofpi (pointpiis called the generator ofV(pi)).


Definition 2.1.2(Voronoi diagram). A set of Voronoi cells


VD(S)={V(p1), . . . ,V(pn)} (2.2)
 is called a Voronoi diagram ofS (S is called the set of generators ofVD(S)).


The boundaries of the Voronoi cells are also called theVoronoi edgesand are composed of such points
 that are equally distant to two of the generators. Points of conjuction of the Voronoi edges are called
 Voronoi verticesand represent points that are equally close to three or more of the generators. An
 example of a Voronoi diagram is shown in Fig. 2.1



2.2 Delaunay Triangulation


A planar triangulationT(S) of set ofnpointsS ={p1, . . . ,pn}may be defined in the following fashion:


Definition 2.2.1(Planar triangulation [31, 56]). A set of edges inE2that fulfill the following condi-
tions:
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• No two edgesE1,E2∈T(S) intersect at a point not inS.


• The edges divide the convex hull ofS into triangles.


• The spatial division of the convex hull is maximal.


Now we may define the Delaunay triangulation as a special case of a planar triangulation:


Definition 2.2.2(Delaunay triangulation [31]). TriangulationT(S) that fulfills the condition:


• No pointpi∈S lies inside a circumcircle of any of the triangles inT(S).


is calledDelaunay triangulationofS, orDT(S).


The added condition is also sometimes called the Delaunay condition or the empty circumcircle con-
 dition. An example of a Delaunay triangulation, together with a Voronoi diagram is shown in Fig. 2.1.


In this figure, the duality between these two data structures may be clearly seen – for each point in
 the generator set, there is a cell inVD(S). The number of edges this cell has is equal to the number
 of other points in the generator set, to which is this generator connected (i.e., for each edge separat-
 ing two generator points in the Voronoi diagram, there is a corresponding edge connecting these two
 points in the Delaunay triangulation).


Figure 2.1:Voronoi diagram (grey lines) and its dual structure, the Delaunay triangulation (black lines).


This duality between Delaunay triangulation and Voronoi diagram may be used for various purposes.


The most straighforward use is represented by the possibility to construct one of these structures from
the other (e.g., constructVD(S) from a givenDT(S) or vice versa). However, this case is used rarely,
because it is often more convenient to create the wanted structure directly. On the other hand, if we
are given a set of points and want to exploit some of the properties of a Voronoi diagram over this set,
we will often constructDT(S) rather than the Voronoi diagram. This is caused by the fact, that the
Delaunay triangulation is composed of only one type of primitives (triangles versus general convex
polygons) and thus it is often much simpler to construct and maintain.
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Uniqueness and Singular Configurations


As long as there are no four cocircular points in the generator set, the Delaunay triangulation will be
 unique for the given set. This property is caused by the feature that defines the Delaunay triangulation
 (no point may lie inside a circumcircle of any triangle inDT) – if there are four (or more) cocircular
 points in the generator set, then there will be two possible legal triangulations that fulfill all the given
 criteria, see Fig. 2.2 – these points are then said to be in asingular state. It is important to note that
 the singular states are crucial for handling the movement of the generating points (see further).



~


Figure 2.2:Two legal topologic configurations in Delaunay triangulation.


Locality


As shown by Delaunay himself in [11], any triangulation which is locally Delaunay, is also globally
 Delaunay. This means that if each pair of adjacent triangles in the triangulation fulfills the abovemen-
 tioned Delaunay condition (i.e., if we construct the circumcircle of arbitrary one of the two adjacent
 triangles, the remaining point of the quadruple will not lie inside this circle), then each point in the
 triangulation fullfills this condition against each of its triangles.


Higher Dimension Embedding


Let us first define some of the terms we will need in order to inspect the relationship between Delaunay
 triangulations inE2and convex hulls inE3:


Definition 2.2.3(Lifted point, lifted space). Given a pointp=(x,y) inE2, its lifted pointp+ ∈E3is
 given as:


p+=(x,y,x2+y2) (2.3)


and similarly for higher dimensions. If plies in ad−dimensional Euclidean space, p+will lie on a
 paraboloid in a (d+1)−dimensional space, calledlifted space.


It is well known (see [16, 31]) that Delaunay triangulations (as well as Voronoi diagrams) are closely
 related to higher dimension convex hulls. Given a set of pointsS and a set of corresponding lifted
 pointsS+={p+1,p+2, . . . ,p+n}, the Delaunay triangulationDT(S) will be equal to planar projection of
 lowerCH(S+).


In other words, if we project the points in the generator set on a paraboloidz = x2+y2, construct a
convex hull of this projection and project the lower facets of this convex hull back onto the original



(10)Chapter2. SpatialDivisionTypes


plane using a planar projection, we obtain a Delaunay triangulation of the original point set. An
 illustration of this relationship is given in Fig. 2.3(a).


(a) 2D triangulation example (b) 1D illustrational example
 Figure 2.3:Relationship between a convex hull and a Delaunay triangulation.


We can see in this figure a set of points in E2 represented by the red balls. These points are then
 projected on a paraboloid using the relation in Eq. 2.3 (the projections are markded by the green
 balls). A convex hull constructed over the set of the projections is shown and its lower facets are then
 projected back intoE2where they form the Delaunay triangulation of the original (red) points.


Nearest Pair


As said before, the Voronoi edges ofVD(S) are composed entirely of points that are equally distant
 to two of the generators. Considering the duality betweenVD(S) and DT(S) we may see that in
 theDT(S), each of the generators is connected to several other nearby points. The exact number of
 such connections depends on the exact locations of each of the generators, but each generator will be
 connected to its nearest neighbor.


2.2.2 Incircle Test


As stated before, the Delaunay criterion ensures that no point pi ∈ S in the generator set lies inside
 a circumcircle of any of the triangles in DT(S). There are numerous ways to determine whether
 a point lies inside a circumcircle of a given triangle, but the most commonly used one is based on
 the relationship between the Delaunay triangulation and the higher dimension convex hulls which
 we described earlier. An illustration is shown in Fig. 2.3(b), where we may see a one-dimensional
 illustration of the situation. The lifted pointsp+i are projected on a parabola. The 1D variant of the
 incircle test is then in fact represented by an orientation test – in order to determine ifp3lies between
 p1 andp2we have to check if p+3 lies below the line defined by p+1 and p+2. The situation in higher
 dimensions is then very simillar.


Mathematically, we can formulate the Delaunay criterion in the form of a matrix determinant computa-
tion. Given a planar trianglepipjpkand a pointpl, we may determine ifpllies inside the circumcircle
ofpipjpk by computing the value ofincircle:
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xi yi x2i +y2i 1
 xj yj x2j+y2j 1
 xk yk x2k+y2k 1
 xl yl x2l +y2l 1








 (2.4)


wherepi =(xi,yi) and so forth forpj,pkandpl.


If the triangle defined by pointspipjpk is oriented counterclockwise, a positive value of (2.4) means
 thatpl lies inside the circumcircle of pipjpk, a negative value means that pl lies outside and a zero
 value shows that the point lies exactly on the circumcircle. If the orientation of the pointspipjpk is
 unknown, an orientation test needs to be made together with the incircle test (see [31] for details):


orient =detO=det








xi yi 1
 xj yj 1
 xk yk 1





 (2.5)


We may then compute theincirclevalue as follows:


incircle=incircle0·orient (2.6)


whereincircle0is in the exact same form as shown in (2.4) with the exception that it is not necessary
 to know the orientation ofpipjpk beforehand.


Note that the incircle test function is an example of a predicate which has been mentioned at the
 beginning of this chapter as it is a function of the input data and it is the only function we need to
 compute in order to determine if a triangulation is Delaunay or not.



2.3 Regular Triangulation and Power Diagram


Regular triangulation and its dual structure, the power diagram (see [17]), represent a generalization
 of the Delaunay triangulation and Voronoi diagram. The principle of this generalization lies in the
 fact, that instead of the ordinary points, we use a set of weighted points as generators (e.g., each of
 the pointspi ∈S is assigned a real numberwicalledweight). The weight of the points is then used to
 compute the distance of the generating points (it is then called power distance):


Definition 2.3.1(Power distance). Given a weighted pointp∈E2with weightwpand a pointx∈E2
 (which may be weighted, but it is not necessary), we compute the power distanceπp(x) between p
 andxas follows:


πp(x)=kpxk2−wp (2.7)


wherekpxkis the Euclidean distance betweenpandx.


The power distance may be seen as a square distance of a tangent betweenxand a circle with center
 inpand radius of √


wp– see Fig. 2.4.
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Figure 2.4:Power distance of two points.


Definition 2.3.2(Orthogonal points). Two pointspiandpjare said to be orthogonal ifkpipjk=wi+wj
 An example of two orthogonal points is shown in Fig. 2.5


Figure 2.5:Two orthogonal points.


Redundant Points


According to [17, 31], some points may occur in the generator set that will not become vertices in the
 final triangulation. These points are then calledredundant points. This feature has a close connection
 to the relationship between the triangulations and higher dimension convex hulls that was shown
 before.


Figure 2.6:Weighted point projection on the paraboloid.


As we can see in Fig. 2.6, the lifted versions of the weighted points are not projected directly onto
the paraboloid (which is the case in Delaunay triangulation) but their vertical coordinate is altered by
their weight, or more precisely – the weight of each of the points is substracted from its projected
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 shown in Eq. 2.3. The result of this alternation is then that there may occur some points that do not lie
 on the lower convex hull (as is the case ofp+4 in this figure which lies above the lower convex hull).


Power Incircle Test


Due to the difference in the computation of the distance between two points, there is also a change
 in the computation of the incicrcle test for the purposes of the regular triangulations: (2.4) has to be
 modified in order to include the weights of the generating points.


incircleRT =detI=det











xi yi x2i +y2i −wi 1
 xj yj x2j+y2j −wj 1
 xk yk x2k+y2k −wk 1
 xl yl x2l +y2l −wl 1








 (2.8)


Singular Point Configurations


As long as the weights assigned to the points inS are of the same value (it does not matter if this
 value is zero or nonzero), the topology of the regular triangulation will be exactly the same as if
 we constructed an ordinary Delaunay triangulation for the given set of (non-weighted) points. If the
 weights of the points are different, singular states will occur for quadruples of orthogonal points. A
 singular case in regular triangulation is shown in Fig. 2.7, where both available triangle pairs form a
 regular triangulation.


Figure 2.7: Singular case in a regular triangulation.
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Chapter 3



Construction Algorithms


There are many different algorithms that are commonly used in order to create various types of spatial
 division data structures. This chapter provides a brief overview of the most commonly used con-
 struction methods together with the data structures mentioned in the previous chapter. Furthermore, a
 more detailed description of the incremental insertion algorithm is given, because its properties make
 it extremely suitable for the given purpose.



3.1 Construction Method Properties


There are numerous properties that may be used to compare the construction algorithms. Among
 them, the most commonly used are the following (for others, see [9]):


Time and space complexity: the algorithms are often judged by the amount of time and space they
 need in order to function. Perhaps the most important feature of each algorithm is the depen-
 dency of the runtime it consumes on the size of the input dataset, but the amount of consumed
 memory is not less important, especially for algorithms that are designed to operate on large
 datasets.


Online property: we say that an algorithm is online if it allows addition of points into the set of
 generators after the initial construction step.


Parallelism: the possibility to parallelize an algorithm represents a valuable possibility to increase its
 performance, however some of the mentioned algorithms are unsuitable for parallel execution.


Extensibility to higher dimensions: even though our research only uses planar data and thus higher
 dimension functionality is of rather low importance for us, some of the described algorithms
 may not be extended to higher dimensions which may handicap them if this kind of a future
 development is considered.



3.2 Construction Methods Overview


Higher Dimension Embedding: as shown before, there is a relation betweenn−dimensional Delau-
nay triangulations andn+1−dimensional convex hulls which may be used for the purposes of
DT construction (see [4] for details). It is obvious that the properties of this algorithm depend
solely on the used method for convex hull construction. The time complexity is in the optimal
case equal toO(nlogn).



(15)Divide and Conquer: this type of algorithms is based on the idea that the initial dataset may be
 divided recursively – partialsub-triangulations are then created for the divided parts and con-
 nected together (see [9]). Divide and conquer algorithms are usually time optimal in the worst
 case, even although they are usually untrivial to implement. This approach is not online, easy to
 parallel but the extensibility to higher dimensions is difficult because of problems with sorting
 in higher dimensions. The time complexity of this approach isO(nlogn) in the worst case.


Local Optimization: starting with a random initial triangulation of the given dataset, we may ex-
 ploit the local optimality of Delaunay triangulation. By testing the satisfaction of the Delaunay
 property for each pair of convex adjacent triangles, we discover the locations where the De-
 launay property is violated and convert the given triangulation to DT by flipping the common
 edge of these triangle pairs. This method is not online, may not be reliably extended to three
 dimensions, is difficult to parallelize and its performance is dependent on the algorithm used
 for creating the initial construction. The time complexity of this approach is determined by the
 number of edge flips we need to perform. InE2, it isO(n2) in the worst case andO(n) expected.


Details may be found in [31, 34].


Incremental Construction: Delaunay triangulation may be constructed by starting with the shortest
 edge that may be constructed from the given dataset and successive construction of such tri-
 angles, that fulfill the Delaunay condition (see [12]). The time complexity of this approach is
 O(N3) in two dimensions if we do not use any acceleration data structures.


Sweep Construction: after sorting the given points along an axis, we create the Delaunay triangula-
 tion by adding them to a partial triangulation in the order given by the sorting. This approach
 is not online, may be parallelized, is extensible to three dimensions and runs inO(nlogn) time.


Examples of this approach may be found in [21, 47]


Incremental Insertion: starting with an initial triangle large enough to contain the given dataset, we
 add the points from the dataset one at a time, divide the triangle that contains the added point
 and locally repair the triangulation if the Delaunay condition is broken in the process. This
 algorithm will be described in detail in the following section.



3.3 Incremental Insertion Algorithm Details


3.3.1 Overall Functionality


The functionality of the incremental insertion algorithm (presented in [32]) for constructing a Delau-
nay triangulation is shown in Alg. 3.1. As we can see, the algorithm consists of four distinct parts –
first, the initial simplex is constructed that contains the whole area covered by the points inS, after
that, the points from the generator set are separately added to the current triangulation (which con-
tains only the auxiliary simplex at the beginning of this step) and during the addition of the points,
the triangulation is being constantly checked for edges that do not satisfy the Delaunay condition and
these edges are replaced by the other possible edges by using flipping. This process is called edge le-
galization. Finally, all the edges connecting the points from the auxiliary simplex with any other point
are removed from the triangulation (this step is usually not performed in the kinetic applications, see
further).
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Input: SetS ={p1,p2, . . . ,pn}ofndistinct points
 Output:DT(S)


DT(S)= p0p−1p−2containingS // Initialization


foreachpr ∈S do


Localize triangle pipjpksuch thatpr∈pipjpk
 if pris inside pipjpkthen


DT(S)= DT(S)\ {pipjpk}


DT(S)= DT(S)+{prpipj,prpjpk,prpkpi}
 // pipjpk is split into three triangles


else // pr lies on the edge common to pipjpk and pipjpl
 // The two adjacent triangles are split into four


DT(S)= DT(S)\ {pipjpk,pipjpl}


DT(S)= DT(S)+{prpipk,prpjpk,prplpi,prplpj}
 end


Legalize all newly created edges
 end


Remove all the edges containingpq∈ {p0,p−1,p−2}if needed


Algorithm 3.1:Overall functionality of the incremental insertion algorithm for DT construction
 3.3.2 Initial Triangle Construction


In order to be able to locate the point location performed in the following step, we need to make sure
 that a triangle containing the added point exists. This can be done by encapsulating the whole area
 covered by the triangulation by a single simplex1 that is large enough not to alter the edges of the
 convex hull of the original set. On the other hand, it must not be too large, because otherwise it could
 make the construction of the triangulation numerically unstable. The correct size of these simplices
 has been adressed by [34, 56] and experiments show that the ideal way to construct the initial simplex
 is the one illustrated in Fig. 3.1.


Figure 3.1:The ideal initial simplex construction for the incremental insertion algorithm.


1This simplex will be a triangleE2, a tetrahedron inE3, etc.



(17)As we can see in the figure, the ideal simplex inE2 should be constructed using the vertices with
 coordinates [K,0], [0,K] and [−K,−K] whereKis equal to approximatelyκ·max(xmax,ymax), where
 xmaxandymaxare the width and the height of the bounding box ofS as shown in Fig. 3.1 andκis a
 real constant. The referenced sources show thatκ=10 orκ=3.5 are good choices but other simillar
 numbers should work as well.


3.3.3 Point Location


As shown in Alg. 3.1, in order to add a point into the triangulation, the triangle containing its lo-
 cation has to be found. Generally, there are two different classes of approaches for point location –
 the approaches based on the walking algorithms and the approaches based on special location data
 structures.


The walking algorithms take advantage of the fact that no special data structure is needed. Each point
 location process starts in an arbitrary triangle and by following a given set of conditions traverses the
 triangulation until the triangle containing the given pointpr is reached. According to [48, 15], there
 are three main types of the walking algorithms, based on the type of traversal they use – see Fig. 3.2
 (all the walks start in the triangle containing the pointq).


q


pr


(a) Straight walk


q


pr


(b) Orthogonal walk


q


pr


(c) Stochastic walk
 Figure 3.2:Three main types of walking algorithms. Images courtesy of Jiˇr´ı Sk´ala.


Straight walk: Each triangle is traversed, which lies on the line segment connecting the starting
 triangle and the given point pr.


Orthogonal walk: Two axis-aligned line segments are created that connect the starting triangle with
 the given pointpr. The triangulation is then traversed along these two line segments. According
 to [48], the traversal may not end in the correct triangle and it is necessary to combine it with
 some other traversal type.


Stochastic walk: The next triangle of the stochastic walk algorithms traversal is chosen by randomly
picking an edge of the currently processed triangle and testing if the target point pr lies on
the other half-plane given by this edge than the rest of the current triangle (an orientation test
is usually used as shown in Eq. 2.5). If it does, the algorithm traverses to the neighbouring
triangle by walking over the chosen edge. In the other case, the next edge of the current triangle
is tested and so on. After three failed tests, we know that the traversal has reached the triangle
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containing pr (or more precisely, we know that we have reached the target triangle after two
 failed tests since we do not usually test the edge common with the previously visited triangle).


As shown in [38, 48] and others, the time needed by the walking algorithms to locate a point strongly
 depends on the selection of the starting triangle. Depending on the choice of the starting triangle, the
 expected time complexity of a walk algorithm may vary fromO(n1/2) toO(n1/4) which is worse than
 the optimalO(logn).


The other approach for triangle location uses special auxiliary data structures such as Directed Acyclic
 Graphs (DAG), skip-lists and others (see [10, 34, 14]). These special data structures usually work by
 creating a hierarchy of the triangles in the triangulation. Let us have a look at the DAG structure – as
 we can see in Fig. 3.3, we start with a simple triangulation. The associated DAG structure starts with
 a pointer to each of its triangles. As new points are being added into the triangulation and the edges
 are being flipped in order to maintain the Delaunay property of the triangulation, we may see that two
 things happen in the DAG. When a triangle is subdivided into three triangles (T2 → {T4,T5,T6}) a
 new level in the DAG is created and the original triangle is connected to its children with pointers.


When an edge flip occurs, all the upper level triangles that contain at least part of the newly created
 triangles are connected to them via new pointers. As we can easily see, the DAG structure is organized
 in a tree-like fashion and thus enables point location with expected time complexity ofO(logn).
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T1 T2 T1 T2 T3
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 T4
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T3 T3 T3
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T2
 T2


T7
 T7


T8
 T8


Figure 3.3:A simple triangulation and an associated DAG. Image courtesy of Jiˇr´ı Sk´ala.


3.3.4 Point Insertion and Edge Legalization


Once the triangle pipjpk containing the given point pr is located, two cases may occur (considering
two dimensional triangulation) –prmay either lie insidepipjpk or on one of its edges. Theoretically,
a third special case might occur whenpr is identical to one of the vertices of the target triangle, but



(19)only if we allow the set of input dataS contain multiple identical points (as shown in Alg. 3.1, we
 requireS to containn distinctspoints). The process of handling both the allowed cases is similar –
 see Fig. 3.4.


(a) pris added inside a triangle (b) pr is added on an existing
 edge


Figure 3.4:Triangle splitting after adding a new point into the triangulation.


In Fig. 3.4(a), we can see the case whenpr is added into an existing trianglepipjpk, dividing it into
 three new triangles. Fig. 3.4(b) shows the other possible case, whenpris added on the edge common
 to two triangles –pipjpkandpipkpl, these are then divided into four new triangles.


Because of the fact that new triangles are being added into the triangulation without paying respect
 to the Delaunay condition which has to be preserved, it is necessary to check if the newly created
 triangles satisfy this condition. If the newly added triangles do violate the Delaunay condition, they
 have to be flipped (let us call these edgesillegal):


Definition 3.3.1(Edge flip). Given two adjacent trianglespipjpk andpjpkpl, an edge flip performed
 on these triangles replaces them with trianglespipjpl andpiplpk.


After the illegal edges are flipped, the legality test is recursively performed on the outer edges of the
 new triangles, created by the flipping. This process is shown in Alg. 3.2.


Input:


• pr– a point being inserted intoT(S)


• pipj – the edge ofT(S) that may need to be flipped


• T(S) – a triangulation


Output: DT(S) – Delaunay triangulation
 if pipjis illegalthen


Let pipjpkbe the triangle adjacent toprpipjalong pipj


Replacepipjwith prpk // Flip pipj


LegalizeEdge(pr,pipk,T(S))
 LegalizeEdge(pr,pkpj,T(S))
 end


ReturnDT(S) // T(S)≡ DT(S)


Algorithm 3.2:Edge legalization in the process ofDT(S) construction.
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3.4 Summary


The incremental insertion algorithm for Delaunay triangulation construction is online (as we can eas-
 ily add new points later, they do not necessarily have to be in the initial generator set), it may be
 parallelized and extended to three dimensions. Its time and space complexity depend solely on the
 used method of point localization. Even although the special data structures enable us to run this al-
 gorithm in optimal time complexity, it is often more convenient to use the walk-based approach, since
 it is much easier to implement and maintain and its performance is usually good enough.


Due to its properties, the incremental insertion algorithm using a walk-based point location represents
the ideal choice for managing the kinetic dataset. This is caused by the facts, that no auxiliary data
structure is needed, the runtime is nearly optimal and we are able to add and remove points from
the triangulation relatively easily. The simplicity of the structure of a triangulation created by this
algorithm makes it extremely easy to handle and update as its topology changes due to the point
movement, the online property on the other hand allows us to manipulate the dataset at any moment
during the lifecycle of the application and (together with some point removal algorithm such as the
one presented in [13]) makes the triangulation extremely versatile and even allows us to simulate the
movement by the dynammic approach. Finally, the non-optimal construction time is of a relatively
little concern to us, since the construction step is usually performed as a preprocessing and does not
influence the movement of the points.
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This chapter describes the kinetic data structures with a focus on kinetic Delaunay triangulation. The
 problem of managing a planar Delaunay triangulation of a set of moving points is discussed in detail
 as it represents the main area of our research.


At first, the difference between the dynamic and the kinetic approach to point movement is shown.


After that, general functionality of the kinetic data structures (KDS) is presented with special re-
 spect to the kinetic Delaunay triangulation (KDT). Furthermore, the kinetic Delaunay triangulation
 is described in greater detail – the principle of kinetization of this data structure is shown and most
 commonly used methods for polynomial root finding are shown as the polynomial functions play a
 key role in the process of kinetization. Finally, general properties, which are most commonly used for
 kinetic data structures eveluation, are described and used for the evaluation of the kinetic Delaunay
 triangulation.



4.1 Kinetic & Dynamic Approach


In general, there are two different approaches for handling movement in the given dataset (in our case
 a set of points). The movement may be discretized and simulated by removing the points from the
 given data structure and reinserting them back at new possitions as if they moved there or it may
 be understood as a continuous change of the dataset. To distinguish between those two approaches,
 the discrete one is often referred to as the dynamic movement whereas the continuous one is often
 considered to be the true kinetic approach (first introduced in [5]).


Dynamic approach: there are several advantages of the dynamic approach – first of all, its perfor-
 mance is completely independent on the type of the movement of the points. The points may
 move along any type of trajectory with no restrictions on acceleration or other movement prop-
 erties. The runtime consumption is then dependent on the algorithms for point insertion and
 removal. On the other hand, the discretization of movement generates some drawbacks, for
 instance it cannot be reliably used for collision detection and similar problems; [37] shows that
 this type of data manipulation is most commonly used for simulating time-dependent datasets
 where some points are only used for a limited time period. Generally speaking, we may say
 that the dynamic approach to movement simulation tends to suffer from two problems – either
 it is oversampled and we are wasting computational resources on computing unnecessary data,
 or it is undersampled and we miss important events.


Kinetic approach: the over/under-sampling difficulties of the dynamic approach may be overcome
by using the kinetic approach – by computing a certain time events, we are able to determine
when the underlying data structure changes and needs our attention (topologic update, etc.).
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This type of simulation is then obviously strongly dependent on the type of the underlying data
 structure, the type of movement as these two properties determine the type of computation that
 needs to be performed in order to keep its properties. However, the data can be accessed at
 any given time without any loss of information. Furthermore, according to [25, 46], in certain
 applications, it is faster to simulate the movement using this type of approach.



4.2 Kinetic Data Structure Cornerstones


In order to be able to kinetize an ordinary (i.e., static) data structure, we have to understand the basic
 cornerstones of the kinetization process. These will be described in this section. Although the de-
 scribed properties are general and may be (and they often are) appplied to any type of different kinetic
 data structures, we will only use the special case of kinetic Delaunay triangulation as an example,
 because it is the only kinetic data structure within the scope of our work and it has also been described
 in the previous text in its static version.


4.2.1 Predicates and Certificates


As shown in Chapter 2, the spatial division data structures are often defined by special functions
 called predicates. Examples of such predicates include the incircle and orientation test as shown in
 Eq. 2.4 and Eq. 2.5 respectively. As shown in [5, 25], each geometric structure constructed over
 a set of geometric primitives may be proved valid by checking a finite numbers of predicates of
 these primitives. These checks are then calledcertificates. In the case of Delaunay triangulation, the
 certificates are represented by the incircle test functions (Eq. 2.6) because we are able to determine
 if any given triangulationT(S) is Delaunay by performing the incicrcle test on each pair of adjacent
 triangles in the triangulation (ifS is finite set, then the triangulation will have a finite number of edges
 and thus we will have to perform finite number of tests).


4.2.2 Point Movement Description


Since we want to manage a Delaunay triangulation over a set of moving points, it is necessary to
 define the point movement. Let us say that moving point is such a point which has time-dependent
 coordinates:


pi(t)=(xi(t),yi(t)) (4.1)


wheret ∈ Rrepresents the time variable. For the purposes of physics-based applications, it is most
 commonly reasonable to use only continuous functions of time for the point coordinates. Furthermore,
 in the field of kinetic data structures, only polynomial functions are usually used for the coordinates.


Theoretically, it is possible to use other functions than polynomials for describing the point movement,
but only polynomials are practically used. This is caused by the fact that they provide us with relatively
wide variety of options of the point behavior and are relatively easy to compute (see further). The
polynomials also represent one of the best choices because we usually require the given functions
to behave in an algebraic (or at least inpseudo-algebraic) fashion, which means that we require the
functions to have a finite number of roots (see [26]). Furthermore, the polynomials (albeit of high



(23)degrees) may be used to interpolate almost any physically tangible trajectory, for instance by using
 the Taylor expansions (see [1]).


4.2.3 Certificate Functions


If we allow the points to move continuously by replacing their coordinates by functions of time,
 the certificates themselves will become functions of time –certificate functions. The type of these
 functions depends both on the original certificates and on the type of point movement we allow. As
 we have already mentioned in Chapter 2, the certificates are most often functions of the input data and
 are commonly in the form of determinant of a matrix (such as the incircle test function in the case of
 the Delaunay triangulation – see Eq. 2.4). In this case, we have to compute a determinant of a 4×4
 matrix in order to determine if a point lies inside, outside or on a circumcircle of any given triangle
 (considering a planar triangulation). If we replace the static points by moving points as defined in
 Eq. 4.1, we obtain a time dependent matrix incircle test in the following form:


detI(t) =det











xi(t) yi(t) x2i(t)+y2i(t) 1
 xj(t) yj(t) x2j(t)+y2j(t) 1
 xk(t) yk(t) x2k(t)+y2k(t) 1
 xl(t) yl(t) x2l(t)+y2l(t) 1








 (4.2)


where (similarly to the static case) we may compute the position of pl(t) against a circumcircle of
 triangle pi(t)pj(t)pk(t) for any given timet ∈ R. Furthermore, we may use the certificate functions
 to determine if and whenthe certificate will cease to be valid (for instance when pl(t) enters the
 circumcircle ofpi(t)pj(t)pk(t)) – see further.


As we can see, if polynomial functions are used as the coordinate functions, the certificate function
 becomes a polynomial function itself. Especially, if only linear functions are used for the coordinates,
 the certificate function becomes a polynomial of the fourth or lower degree (in this case, the points
 move along linear trajectories without any acceleration). Certificate functions are quite common for
 various types of kinetic data structures.


4.2.4 Kinetic Events


As we have said, with the change of the time, the value of the certificate functions also changes.


As long as its sign remains unchanged, the certificate remains valid and the kinetic data structure
 remains unchanged (apart from the point movement). It is important to note that the movement of
 the points does not necessarily means the need to perform changes in the kinetic data structure. Let
 us for instance consider a situation when all the points inDT(S) move in the same direction with
 the same velocity – the whole triangulation would change its position but it would remain unchanged
 topologically.


On the other hand, in the common situations, instants in time will usually occur when the sign of
the certificate function changes. These instants indicate that the structure has lost its properties and in
order to preserve its validity, we have to perform a change in it (such as the case of a point entering the
circumcircle as we mentioned above). These instants are calledkinetic eventsbecause they are caused
by the movement of the points, or certificate failure times because they denote that the certificate
function has failed. In the particural case of kinetic Delaunay triangulation, we call themtopologic
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eventsbecause a change in the topology of the triangulation has to be made – in order to retain the
 Delaunay property, we have to perform an edge flip as defined in Def. 3.3.1.


Internal and External Kinetic Events


Two types of kinetic events are usually described in the literature (see [5, 26]) – theinternaland the
 externalkinetic events. The difference between these two types of events is that the external events
 (as defined in [26]) are those which directly change the configuration of the kinetic data structure.


An example of an external topologic event is the already mentioned edge flip in the kinetic Delaunay
 triangulation – it needs to be done in order to retain the Delaunay property of the triangulation and
 it changes its topology. The internal events only exist in some kinetic data structures (we do not find
 them in kinetic Delaunay triangulations) and they are not ”visible from the outside”, they are such
 events that need to be processed for the KDS to work correctly but do not directly change its structure.


They may be found for instance in the structures for managing closest pair relations on kinetic data
 sets (see [5]).


Event Queue


In order to be able to manage the kinetic structure continuously, it is vital to process the kinetic
 events in the correct order. If two different certificates fail (i.e., the corresponding certificate functions
 change signs), it is necessary to process the according changes in the kinetic data structures in the
 correct order. A priority queue is most commonly used for this task (see [5]) – the certificate failures
 are stored in the queue with the priority being the time when they will occur. The lifecycle of a kinetic
 data structure then usually consists of storing some events in the queue and then periodically popping
 some of them from the queue, computing new events, pushing them into the queue and so forth as
 needed – see further.



4.3 Kinetic Delaunay Triangulation


This section will provide an overview of the kinetization of the Delaunay triangulation as it is the data
 structure which is in the focus of my research.


4.3.1 Kinetization Principle


Because of the locality of the Delaunay condition (already mentioned in Section 2.2.1), we know that
 if a certificate becomes invalid, it is sufficient to flip the edge common to the two triangles involved in
 the certificate, deschedule the events that included the removed triangles and reschedule new events
 for the newly created triangles and their neighbours. There is only one type of certificates needed for
 proving that a given triangulation is Delaunay – the incircle test already shown in Eq. 2.4 (which is
 performed on a pair of adjacent triangles) and thus only one type of certificate functions needs to be
 evaluated. The whole process of KDT management is shown in Alg. 4.1.


As we may see the lifecycle of KDT is composed of two steps. In the first step (which is called
the initialization step), we have to compute the first event that will occur for each pair of adjacent



(25)Input:DT(P) – Delaunay triangulation of kinetic data
 Auxiliary:


• tcurr– The current time of the triangulation


• Q– Priority queue
 // Initialization step


foreachAdjacent triangle pair Ti, Tjin DT(P)do


Try to compute the next future topological eventΣi j at timeti j
 ifΣi jexiststhen


Q.push(Σi j,ti j)
 end


end


// Iteration step


whileTime of Q.head()<tcurrdo
 Σ←Q.pop()


HandleΣ


Push new events intoQas required
 end


/* This step is repeated as required during the whole lifecycle for


increasing values of tcurr */


Algorithm 4.1:Lifecycle of a kinetic Delaunay triangulation.


triangles in the whole triangulation. These events are then stored in a priority queue, where they are
 ordered according to the time when they will occur. Since the iteration step has to be performed for
 each pair of adjacent triangles in the triangulation, we may see that the complexity of this step is
 O(3kSk+2kCk −3) whereS is the set of generating points andC ⊂ S are the generators located on
 the convex hull ofS.


The second step (called the iteration step) consists of repeated updating the time of the triangulation
 according to our needs (e.g., obtaining a single state for each frame during a rendering loop) and
 testing if an event occured between the last state and the wanted one. If there is an event on the head
 of the event priority queue, we pop it from the queue, handle it by flipping the common edge of the
 relevant triangle pair and recompute several new events which are then pushed into the queue. This
 step is repeated as long as there is an event at the head of the queue which takes place between the
 last valid state and the currently wanted one. The number of repeating the iteration step depends on
 several variables – the type of the point movement, the total amount and the location of the points
 in the triangulation (both moving and static points), etc. It has been adressed by many authors and
 represents a non-trivial problem – see [3].


An illustration of event handling in KDT is given in Fig. 4.1. In Fig. 4.1(a), we can see a point
marked asp4moving inside a static trianglep1p2p3(none of its points is moving). Asp4reaches the
circumcircle of p1p2p3 (shown in Fig. 4.1(b)), the assigned certificate function reaches a zero value
which causes the certificate to fail. In order to keep the Delaunay property, we have to perform an
edge flip (which is done by replacing the edgep1p2by the edgep3p4, as we can see in Fig. 4.1(c).
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(a) Initial situation (b) p4 enters the circumcircle of
 p1p2p3


(c) Edge flip is performed


Figure 4.1:Topologic event in the Delaunay triangulation.


It is important to say that not every scheduled event will be executed. Let us have a look at the
 example shown in Fig. 4.2. The situation shown in this figure is similar to the previous case – there
 is a static triangle p1p2p3and a point p4moving into its circumcircle. On top of that, there is also a
 pointp5moving towards the circumcircle of triangle of p2p4p3. The topologic events that are likely
 to occur with this point configuration are marked by the times when the points enter the circumcircles
 (t0 <t1). Let us then compute both of these events and push them into the priority queue. When the
 triangulation reaches timet=t0, event over pointsp2,p3,p4,p5is handled by flipping the edgep3p4
 forp2p5. At this moment, the triangle p2p4p3ceases to exist, making the event scheduled fort= t1
 invalid. Such an event must be dequeued and the time spent on its computation is lost.


5


Figure 4.2:Redundant topologic event.


4.3.2 Event Computation – Mathematical Preliminaries


As stated before, for several reasons, it is often convenient to restrict the allowed point movement to
 polynomial functions of time, let us also follow this restriction by defining the moving points as shown
 in Eq. 4.1 – i.e., with the point coordinatesxi(t),yi(t) being polynomial functions of variablet ∈ R.


In this case, the certificate function becomes polynomial of degree no greater than 4· maxi{degpi}.


Particullary for linear trajectories of the points, the certificate function will become a fourth or lesser
degree polynomial. Let us now have the certificate functions in the form of a polynomial:



(27)c(t)=detI(t)=


Xn


i=0


ai·ti (4.3)


whereI(t) is the certificate function for KDT as shown in Eq. 4.2,n ≤ 4· maxi{degpi} is the de-
 gree of the resulting polynomial,t ∈ Ris the time variable anda0, . . . ,anare the coefficients of the
 polynomial.


Before we describe the most commonly used methods for polynomial root location, let us first intro-
 duce some bounds on their position (note that we are only interested in the real roots of each certificate
 function):


Root Position Bounds


Given a polynomial equation as shown in Eq. 4.3, according to [30] the value of each of its real roots
 zimay be restricted as follows:


|zi|=max











1, 1


an


Xn


i=0


|ai|











 (4.4)


In other words, we may say that for each polynomial, there is an interval that contains all of its real
 roots. The size of this interval may be computed by using solely the coefficients a0, . . . ,an of this
 polynomial.


Descartes’ Rule of Sign


This simple rule (discussed for instance in [45]) allows us to simply obtain an upper bound on the
 number of the real roots of a polynomial on any given interval:


Theorem 4.3.1(Descartes’ Rule of Sign). Let us have a polynomial c(t)as in Eq. 4.3. If we denote
 V(c) the number of sign variations in the sequence(a0, . . . ,an), discarding all zero values, andkc+k
 the number of all the positive roots of c(t)with multiplicities, thenkc+k ≤V(c)and V(c)−kc+kis even.


Using the transformations of paramatertas shown in [45] will allow us to determine the number of
 real roots at any given interval.


Sturm Sequences of Polynomials


Definition 4.3.1(Sturm Sequences, [44]). The sequence of polynomials
 f1(x),f2(x), ...,fm(x)


will be Sturm sequence at intervalha,bi(aandbmay be infinite), if:


1. fm(x) is nonzero at the whole intervalha,bi


2. The two adjacent polynomials to the polynomial fk(x),k=2, ...,m−1 are nonzero at zero points
 of this polynomial and have the opposite signs there, thus:


fk−1(x)fk+1(x)<0
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