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Introduction 


This  thesis  presents  a  comparison  of  methods  for  calculating  the  deflection 
 of composite  beams.  The  task  of  this  thesis  is  to  compare  several  methods 
 of calculation  of  deflection  composite  beams.  The  objective  is  to  compare  of 
 analytical methods with calculations made by using FEM. It compares the results 
 of  calculations  performed using  the  Bernoulli’s method,  a  method  of  calculation 
 using  ABD  matrix  and  FEM  models  based  on  the  conventional  shell,  the 
 continuum  shell  and  the  volume  models.  The  results  will  be  used  to  determine 
 the appropriate method to analyze a deformation of composite beams. 


The work is created to facilitate the design of composite beams. It compares the 
 known  methods  of  the  analysis  of  the  deflection  of  composite  beams  for  the 
 different  composition  of  the  composite  material.  It  is  proved  that  the  use  of 
 different  calculation  methods  for  the  same  composite  material  composition  and 
 the  same  geometry  leads  to  different  results.  The  objective  of  this  work  is  to 
 specify, which methods lead to comparable results with the experiment. 


In this work, two programs designed in MATLAB® to calculate the deflection of 
any  composite  beams  were  created.  Several  models  designed  to  calculate  the 
deflection  by  FEM  were  created  too.  The  comparison  of  all  the  mentioned 
methods yielded interesting results, which are presented in this thesis.  
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1  Mathematical Description of Fibre Composite Material 



1.1  Description of Anisotropic Material 


For anisotropic material, with general anisotropy (there is not a single plane of 
 symmetry  of  elastic  properties),  both  the  stiffness  matrix   and  the  compliance 
 matrix    has  21  independent  elements.  Matrices  are  based  on  Hooke’s  law. 


[1],[6] In system       the Hooke’s law is expressed as follows 


        


        


        


        
         
         


        


        


        


        
         
         


    


(1.1) 


where   is a symmetric matrix. The formula can be rewritten as 


        (1.2) 


The equation can be expressed also in the inverse form  


        (1.3) 


Matrix   is also symmetric and it has a form 


   


        


        


        


        


        


        


        


        


        


        


        


        


    


(1.4) 


From comparison of relations (1.2) and (1.3) follows  


             (1.5) 


But  this  work  will  deal  mainly  with  orthotropic  or  transversely  isotropic 
 materials; in those cases the numbers of independent variables are significantly 
 reduced.  


1.1.1 Orthotropic Material 


Orthotropic  material  has  three  mutually  perpendicular  planes  of  symmetry  of 
elastic  properties.  The  stiffness  matrix    (and  also  the  compliance  matrix  )  of 
orthotropic material contains only 9 independent elements.  
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(1.6) 


When elastic  modules are  used  and  substituted to  the  compliance  matrix  ,  we 
 obtain the relation 


         


         


         


     
      
      


     
      
      


  


  


  


    


(1.7) 


        (1.8) 


where      are modules of elasticity in the main directions of anisotropy;  


              are shear modules in the planes parallel with the respective plane of 
 symmetry of the elastic properties      ; 


             are Poisson’s ratio, where the first index corresponds to the direction 
 of  the  normal  stress  and  the  second  direction  which  results  in  a  corresponding 
 deformation in the transverse direction. 


Because  the  matrix  S  and  C  are  symmetric  matrices,  these  are  the  equalities 
 between certain elements of the matrix 


                                 (1.9) 
From  Hooke’s  law  it  is  clear,  that  components  of  normal  deformations  are 
dependent  only  on  components  of  normal  stress  and  shear  deformations  are 
dependent only on shear components of stress. In this material, therefore, these 
shear and normal components are not tied. [6] 
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Figure 1.1:  Orthotropic material [1] 


1.1.2 Transversely Isotropic Material 


It  is  a  material,  which  has  a  plane  of  symmetry  of  the  elastic  properties.  This 
 plane  is  the  same  as  a  plane  of  isotropy,  because  the  elastic  properties  in  this 
 plane in all directions are the same. [1] If we substitute material constants into 
 compliance matrix  , we get 


   


         


         


         


     
      
      


     
      
      


  


  


  


(1.10) 


Whereas the  


  is  the  modulus  of  elasticity  in  a  direction  perpendicular  to  the  plane  of 
 isotropy; 


     are modules of elasticity in the plane of isotropy; 


         are shear modules in direction perpendicular to the plane of isotropy; 


         are shear modules in the plane of isotropy; 


         are Poisson’s ratios  expressing the ratio shortening (elongation) in the 
 plane of isotropy to elongation (shortening) in the main direction of anisotropy; 


         are Poisson’s ratios in the plane of isotropy; 


the matrix   can be written in a form 
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(1.11) 


From  the  notation  of  matrix     it  is  obvious  that  this  matrix  has  only  five 
 independent elements (                       ), therefore the number of independent 
 material constants is also five (                     ). [1] 


From  the  Hooke’s  law  implies  that  the  transversely  isotropic  material  has  no 
 relation between the normal and shear components of stress and strain. [1]  


Figure 1.3:  Schematic of deformation [5] 


Figure 1.2:  Transversely isotropic material [1] 
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1.2  Modules of Elasticity 

 1.2.1 Longitudinal Modulus 

Figure 1.4:  RVE subject to longitudinal uniform strain [4] 


The assumption of the mathematical description of the composite material is that 
 the  two  materials  are  bonded  together.  More  concretely:  matrix    and  fiber   
 have  the  same  longitudinal  strain  value  noted   .  The  main  assumption  in  this 
 formulation  is  that  the  strains  in  the  direction  of  fibers  are  the  same  in  the 
 matrix and the fiber. This implies that the fiber-matrix bond is perfect. When the 
 material is stretched along the fiber direction, the matrix   and the fibers   will 
 elongate the same way as it is shown in the figure 1.4. This basic assumption is 
 needed  to  be  able  to  replace  the  heterogeneous  material  in  the  representative 
 volume  element  (RVE)  by  a  homogenous  one.  [4]  The  following  derivation  is 
 based on this assumption. 


By the definition of strains according to the figure 1.4 


       (1.12) 


Both  fiber  and  matrix  are  isotropic  and  elastic,  the  Hooke’s  law  has  a  form  for 
 fibre   


       (1.13) 


and for matrix    


           (1.14) 
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 The stress   can be expressed as the loading force   divided by the area where it 
 acts 


          (1.15) 


So the average stress    in the composite material acts in the entire cross section 
 of the RVE with area 


               (1.16) 


where    is  the  area  of  the  cross  section  of  the  fibre  and    is  the  area  of  the 
 cross section of the matrix. 


The applied total load is  


                     (1.17) 


Then 


                   (1.18) 


where 


                         (1.19) 


For the equivalent homogeneous material the stress is expressed as 


         (1.20) 


Then, comparing (1.18) with (1.20), it gives the result 


               (1.21) 


In the most cases, the modulus of the fibers is much larger than the modulus of 
the  matrix,  so  the  contribution  of  the  matrix  to  the  composite  longitudinal 
modulus is negligible. This indicates that the longitudinal modulus   is a fiber-
dominated property. 
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 1.2.2 Transverse Modulus 


Figure 1.5:  RVE subject to transverse uniform stress [4] 


In the determination of the modulus in the direction transverse to the fibers, the 
 main assumption is that the stress is the same in the fiber and the matrix. This 
 assumption is needed to maintain equilibrium in the transverse direction. Once 
 again,  the  assumption  implies  that  the  fiber-matrix  bond  is  perfect.  [4]  The 
 loaded RVE is in the figure 1.5. 


The cylindrical fiber has been replaced by a rectangular one (fig. 1.5), this is for 
 simplicity.  Even  micromechanics  formulations  do  not  represent  the  actual 
 geometry  of  the  fiber  at  all.  Both  the  matrix  and  the  fiber  are  assumed  to  be 
 isotropic materials. 


According to the situation in the figure 1.5, the stress in the matrix   and in the 
 fiber   is the same 


             (1.22) 


so the strain is according to the Hooke’s law for the fiber 


   (1.23) 


and for the matrix 


     (1.24) 


These strains act over a portion of RVE;    over   , and    over    , while the 
 average strain    acts over the entire width  . [4] The total elongation is  


                       (1.25) 
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 Cancelling    and  again  using  Hooke’s  law  for  the  constituents  the  relation  is 
 obtained 


           (1.26) 


Using  the  equation  (1.22)  it  is  obtained  the  relation  for  the  transversal 
 modulus  


     


     (1.27) 


It is evident from the figure 1.5 that the fibers do not contribute appreciably to 
 the stiffness in the transverse direction, therefore it is said that   is a matrix-
 dominated property. This is a simple equation and it can be used for qualitative 
 evaluation of different candidate materials but not for design calculations. [4] 



1.3  Stress and Deformation of Composite Material 


Fiber  reinforced  composite  is  one  of  the  most  frequently  used  composite 
 materials.  Great  use  is  mainly  due  to  the  variability  of  this  material.  The 
 laminates usually consist of several layers of one-dimensional composite, wherein 
 each layer is composed of fibers and matrix. 


Stiffness  of  unidirectional  composites  is  expressed  by  the  same  relationships, 
 which  are  used  for  conventional  materials  (e.g.  steel).  The  number  of  material 
 constants  is  only  increased.  From  the  point  of  view  of  micromechanics  it  is 
 possible  to  monitor  tension  only  in  the  fiber  or  in  the  matrix.  In  this  case,  we 
 compute in terms of macromechanics so we will consider tension across the whole 
 layer of the laminate. This is called an intermediate stress in the layer. 


Figure 1.6:  An example of the unidirectional composite material [1] 
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 Such  a  composite  material  can  be  regarded  as  the  orthotropic  respectively 
 transversely isotropic material. One-dimensional composite is represented in the 
 coordinate system      . Fibres are oriented in the direction of the axis  . 
 The axis    is perpendicular to the fibres. Often the coordinate system       
 is  often  used,  where    means  the  longitudinal  direction,    is  the  transverse 
 direction and    is the direction perpendicular to the lamina plane. Because the 
 thickness of one lamina is much smaller than its width and length, it is possible 
 to express the dependence between the stress and the deformation as in the case 
 of  the  plane  stress.  This greatly  simplifies  the  task  and  the  results  are  close  to 
 reality. [1],[6] 


Figure 1.7:  An example of the unidirectional composite in the coordinate system       [1] 


The relation between stress and deformation is derived from assuming that the 
 lamina  is  a  linearly  elastic  material.  Consider  orthotropic  lamina  is  loaded  by 
 tension    in the fiber direction. Deformations are 


                                       (1.28) 
 where    is the longitudinal tensile modulus and     is a Poisson’s ratio defined 
 here. 


In case of transversal tension the expressions are similar 


                                       (1.29) 
 where    is the transversal tensile modulus and     is the transversal Poisson’s 
 ratio. 


For shear deformation we have 


     


             (1.30) 
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 where     is shear modulus in the plane   . 


The  superposition  principle  can  be  used.  Then  the  stress  components  have  the 
 form 


                                            


            (1.31) 
 Component of deformation in the direction    is for the case of the plane stress 


                         (1.32) 


where            are transversal Poisson’s ratios. 


The above relations can be summarized into a matrix equation 


  


  


          


             


              


  


     
      
      


     
      
      


   


   


  
   


    


(1.33) 


The compliance matrix   for orthotropic material then has a form 


   


        


        


        


     
      
      
      


     
      


  
   


  


    


(1.34) 


Because the matrix   is symmetric, the following relations hold. 


             


  


           


  


       
                                  


(1.35) 


As  it  is  written  in  the  introduction  to  this  chapter,  this  is  a  case  of  the  plane 
 stress. The tension vector has only three non-zero components. Expression (1.33) 
 can be rewritten as  


  


               


  


     


  


     
        


(1.36) 


For the inverse of equation (1.36) one writes 


  


               


  


     


  


      (1.37) 
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where 


             (1.38) 


The  elements  specified  stiffness  matrix  can  be  expressed  by  material  constants 
                and    . From these expressions it follows that for computation of 
 stress only four independent constants              are needed. 


                              


                                    


             


                            


        


(1.39) 


The specific property of unidirectional composites is their change of strength and 
 stiffness depending on the direction in the plane   . It is necessary to transform 
 stiffness quantities in different directions. 


Figure 1.8:  Unidirectional composite material in the two coordinate systems [1] 


Figure 1.8 shows the unidirectional composite and two coordinate systems. The 
 system       is rotated with respect to the system       by an angle   
 around  the  axis       .  The  formula  for  calculation  of  stress  in  the  system 
       is  


              (1.40) 


where    is  a  transformation  matrix  for  the  stress  vector  and    is  the  stress 
 vector in the coordinate system      . 


In 2D case the equation can be expressed in the form 
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A similar relation of course is applied for the transformation of strain 


              (1.42) 


where    is the transformation matrix for the strain vector. In components we get 


  


                       


                


              
      


  


      (1.43) 
 In  the  previous  paragraph  it  has  been  shown  that  the  magnitude  of  stress  and 
 strain are dependent on the direction in which they are examined. It is seen that 
 the  stiffness  matrix    and  the  compliance  matrix    are  not  only  dependent  on 
 materials  constants,  but  also  on  the  position  of  the  selected  coordinate  system. 


We are looking for formulas of the stiffness matrix and the compliance matrix for 
 system      ,  which  is  rotated  relatively  to  the  system      by  an 
 angle –  .  This  is  illustrated  in  the  figure  1.8.  The  stiffness  matrix  and  the 
 compliance matrix in the system       are given by relations 


                        (1.44) 


                       (1.45) 


The Hooke’s law for this rotated system can be expressed in a matrix form 


  
   


  


              
               
               


        
         
         


              


         
          


    


  
   
   


  


    


(1.46) 


Similarly, it is possible to form the relation for the deformation 


  
   
   


  


              
               
               


        
         
         


              


         
          


    


  
   


  


    


(1.47) 


The  assumption  that  the  width  and  length  of  the  laminates  are  considerably 
greater than its thickness is still valid. In this case it is still possible to consider 
the plane stress. The three components of the stress can be expressed using the 
three components of the deformation. For example, for the first component of the 
tension vector     the following relation is valid  
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                 (1.48) 
 In  analogy  the  both  the  stress  component      and      are  obtained.  These 
 relations can be written in the matrix form 


  
   
   


                    


        


     


  


      
        


(1.49) 


For reduced stiffness matrix elements     the following holds 


                 


                          (1.50) 
 By comparing the equations (1.37) and (1.49) the difference between the stiffness 
 matrix    and  the  reduced  stiffness  matrix   is  apparent.  The  matrix    has 
 generally  all  elements  nonzero.  That  is,  in  Hooke's  law  (1.49)  for  off-axis 
 components  of  stress  and  deformation,  the  normal  components  of  stress  (with 
 indices       ) are dependent also on the shear  component (index   ), inverse is 
 also true. 


1.3.1 The Theory of the Laminate Deflection 


Figure 1.9:  A part of laminate in the plane    [1] 


In  the  figure  1.9  there  is  a  part  of  the  laminate  in  the  plane   .  The  side   , 
which  is  in  undeformed  condition  straight  and  perpendicular  to  the  middle 
surface  of  the  laminate,  remains  even  after  deformation  straight  and 
perpendicular to the middle surface. Due to the deformation arising at mid-plane 
at  point    displacements      are  corresponding  to  the  directions  of  axes 
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        . Taking the derivatives of displacements we get the deformation field. This 
 can be written in the matrix form 


    


  
   
   


     
     
     
            


  


     


(1.51) 


where the deformation of midplane and the curvature stands for 


      
     
     
        


  
     
   
   


  
   


    


     


  


     
   
   
      


    


(1.52) 


Tension  in k-th  layer  of  the  laminate  can  be  expressed  by  equation  for  off-axis 
 strained layer of composite (1.49) 


        (1.53) 


where   is a reduced stiffness matrix.  


Using equations (1.51) and (1.53) we obtain an expression for tension in the k-th 
 layer of the laminate 


  
   
   


                  


        


   
     
     


                          


        


   


  


     


(1.54) 


Since  the  tension  in  the  laminate  thickness  varies  discontinuously,  resulting 
 forces  and  moments  acting  in  cross-laminate  are  to  be  solved  as  a  sum  of  the 
 effects of all the   layers. For forces it is therefore possible to write 


     


  


       


  
   
   


    


       


(1.55) 


and for the moments 


     


  


       


  
   
   


        


       


     (1.56) 


In these relations (1.55) and (1.56) the resultants of the forces            have a 
dimension  [       ]  i.e.  the  force  per  unit  length  and             have  a 
dimension [ ] i.e. the moment per unit length, because these are resultant forces 
and  moments  acting  on  the  cross  section  of  the k-th  layer  of  the  composite 
material. [1] 
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 On the basis of these relations a constitutive relation of the dependence of forces 
 and  moments  on  deformations  and  curvatures  can  be  formulated.  Substituting 
 equations (1.55) and (1.56) into the equation (1.54) and using the expressions for 
 the deformation of the middle surface and the curvature of the plate (1.52). The 
 following equations are obtained 


  


                       


        


   
     
     


                           


        


   


  


        


   


       


    


(1.57) 


  


                       


        


   
     
     


                         


        


   


  


        


   
    


   


   


(1.58) 


It is obvious that multiplying the integral with elements of the reduced stiffness 
 matrix    of the individual laminas and integrating over the entire thickness of 
 the composite we obtain following expressions 


  


                    


        


   
     
     


                        


        


   


  


     


(1.59) 


  


                    


        


   
     
     


                        


        


   


  


     


(1.60) 


where elements of the individual matrices are determined by relations 


          
    


               


        
    


               


        


   


              


(1.61) 


These relations can be expressed in a single equation 


  


  


        


        


        


        


        


        


        


        


        


        


        


        


    
     
     


  


    


(1.62) 


or 
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      (1.63) 


where   is the extensional stiffness matrix,   is the bending-extension coupling 
 stiffness matrix and   is the bending stiffness matrix. 


Constitutive  equation  of  the  laminate  plate  expresses  forces  and  moments 
 depending  on  the  curvature  and  on  the  mid-plane  deformations.  This  matrix  is 
 called the global stiffness matrix. For its notation, it is obvious that the matrix   
 binds  force  components  in  the  median  plane.  The  bending-extension  coupling 
 stiffness matrix   binds moment components and components of deformation in 
 the mid-plane and also components of vector of internal forces with components 
 of  the  curvature  of  the  plate.    matrix  expresses  the  relation  between  the 
 components  of  moments  and  the  curvature.  This  means  that  normal  and  shear 
 forces acting in the median plane not only cause the strain in the median plane, 
 but also the bending and the twisting of the middle area. Also components of the 
 bending moment cause strain in the median plane. [1],[4] 


The  relation (1.63) is  used  to  calculate  forces  and  moments  in  the  laminate.  In 
 practice most often stress and strain caused by external load are determined. A 
 form, which we want to achieve, is actually the inverse equation 


            
      


   


          (1.64) 


where 


                               
                            
                                 


(1.65) 


Matrices         and    are  called  tensile,  coupling  and  bending  compliance 
 matrices. [1] 


Ties  between  bend  and  tension  or  torsion  and  tension,  and  also  between  the 
normal forces of the middle layer of the laminate and shear deformations are not 
desirable  in  most  cases.  This  phenomenon  should  be  avoided  during  the 
production of laminate’s appropriate order orientation of the layers. 
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1.4  Common Laminate Types 


The notation used to describe laminates has its roots in the description used to 
 specify  the  lay-up  sequence  for  the  hand  lay-up  using  prepreg1.  Therefore,  the 
 laminae  are  numbered  starting  at  the  bottom  and  the  angles  are  given  from 
 bottom up. For example, a two-lamina laminate may be [30/-30], a three-lamina 
 one [-45/45/0], etc. [4] 


If  the  laminate  is  symmetric,  like  [30/0/0/30],  an  abbreviated  notation  is  used 
 where only a half of the stacking sequence is given and subscript (S) is added to 
 specify  symmetry.  The  last  example  becomes  [30/0]S.  If  the  thicknesses  of  the 
 laminae are different, they are specified for each lamina. For example: [      . If 
 the  different  thicknesses  are  multiples  of  a  single  thickness   ,  the  notation 
 simplifies to [      , which indicates one lamina of thickness   and two laminae 
 of the same thickness   at an angle  . Angle-ply combinations like        can be 
 denoted  as     .  If  all  laminae  have  the  same  thickness,  the  laminate  is  called 
 regular. [4] 


1.4.1 Symmetric Laminate 


A  laminate  is  symmetric  if  laminae  of  the  same  material,  thickness,  and 
 orientation  are  symmetrically  located  with  respect  to  the  middle  surface  of  the 
 laminate.  For  example:  [30/0/0/30]  is  symmetric  but  not  balanced,  while 
        is symmetric and balanced. [4] 


In terms of the stress it is highly advisable to remove the coupling between the 
 bending  and  the  extension  and  between  the  traction  and  the  torsion.  This 
 situation is obtained if the coupling stiffness matrix   is equal to zero. That is, 
 with respect to equations (1.61) and (1.62), must be true 


        
    


                   (1.66) 


Each  element  of  matrix   is  equal  to  zero,  if  to  the  each  contribution  of  the 
 lamina  above  the  middle  surface  exist  the  contribution  from  the  lamina  of  the 


      


1 Prepreg is a preimpregnated fiber-reinforced material where the resin is partially cured or 
thickened. [4] 
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 same  properties  and  orientation  in  the  same  distance  below  the  middle  surface 
 (see figure 1.10). 


Figure 1.10:  Symmetric laminate [1] 


It must be true 


                                                   (1.67) 
 If each layer above the middle surface will correspond to the identical layer under 
 the  middle  surface,  it  is  the  symmetrical  laminate.  The  global  stiffness  matrix 
 from equation (1.63) will be in the form 


        


        


        


     
      
      
      


     
      


        


        


        


    


(1.68) 


A binding between tensions and the bending, which constitutes the matrix    is a 
 result  of  a  sequence  of  the  layers.  It  does  not  follow  from  the  anisotropy  or  the 
 orthotropic layers. It is the result of a sequence of layers. This relation also exists 
 in the composites made of two different metal isotropic materials (bimetal). Due 
 to changes in temperature the bending of the composite is visible. 


1.4.2 Antisymmetric Laminate 


An antisymmetric laminate consists of an even number of layers (see figure 1.11). 


It  has  a  pairs  of  laminae  of  opposite  orientation  but  of  the  same  material  and 
thickness  symmetrically  located  with  respect  to  the  middle  surface  of  the 
laminate.  For  example:  [30/-30/30/-30]  is  an  antisymmetric  angle-ply  laminate 
and [0/90/0/90] is an antisymmetric cross-ply. [4] 
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 Therefore, for each two plies of the same material properties is true 


                                  (1.69) 
 From this two conditions follows that both plies have the same thicknesses and 
 they are at the same distance from the middle surface.  


Figure 1.11:  Antisymmetric laminate [1] 


The global stiffness matrix from equation (1.63) of the antisymmetric laminates 
 has a form 


     
      


  


  
   
      
   


  
      


     
      


  


    


(1.70) 


Antisymmetric laminates have elements equal to zero 


                                              (1.71) 
 but they are not particularly useful nor they are easier to analyze than general 
 laminates because the bending extension coefficients          and          are 
 not zero for these laminates. [4] 


1.4.3 Quasi-isotropic Laminate 


Quasi-isotropic  laminates  are  constructed  to  create  a  composite,  which  behaves 
 as  an  isotropic  material.  The  in-plane  behaviour  of  quasi-isotropic  laminates  is 
 similar  to  that  of  isotropic  plates  but  the  bending  behaviour  of  quasi-isotropic 
 laminates is quite different than the bending behaviour of isotropic plates. [4]  


In a quasi-isotropic laminate, each lamina has an orientation given by 
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      (1.72) 


where   is the lamina number,   is the number of laminae (at least three), and  
 is  an  arbitrary  indicial  angle.  The  laminate  can  be  ordered  in  any  order  like 
 [         ] or [        ] and the laminate is still quasi-isotropic. 


Quasi-isotropic laminates are not symmetric, but they can be made symmetric by 
 doubling  the  number  of  laminae  in  a  mirror  (symmetric)  fashion.  For  e.g.  the 
 [         ]  can  be  made  into  a  [      ],  which  is  still  quasi-
 isotropic. The advantage of the symmetric quasi-isotropic laminates is that they 
 have the coupling stiffness matrix      . [4] 


The  tensile  stiffness  matrix    and  the  bending  stiffness  matrix    of  isotropic 
 plates  can  be  written  in  terms  of  the  thickness   of  the  plate  and  only  two 
 material properties, the modulus of elasticity   and the Poisson’s ratio   as 


      
      


   
    


       


(1.73) 


and 


      


        


   
    


       


(1.74) 


Quasi-isotropic  laminates  have,  like  isotropic  plates,          ,  but  they  have 


                  and        ,  which  makes  quasi-isotropic  laminates  quite 
 different from the isotropic materials as it is seen below 


               
   


(1.75) 


and 


                    


        


       (1.76) 


Therefore,  formulas  for  the  bending,  the  buckling  and  vibrations  of  isotropic 
plates  can  be  used  for  quasi-isotropic  laminates  only  as  an  approximation.  The 
formulas  for  isotropic  plates  provide  a  reasonable  approximation  only  if  the 
laminate  is  designed  trying  to  approach  the  characteristics  of  isotropic  plates 
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with            and             .  This  can  be  achieved  for  symmetric  quasi-
isotropic laminates, which are balanced and have a large number of plies.  
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2  The Theory of the Deflection 


The deflection is a kind of stress, in which a straight beam is curved to a plane or 
 a  three-dimensional  curve.  The  beam  is  called  a  straight  rod  that  it  is  loaded 
 mainly  to  the  bending.  The  beam  bending  is  one  of  the  most  common  types  of 
 stresses  at  all  (e.g.  all  shafts  are  beams).  The  properties  of  the  beam  are 
 substantially dependent on the type of its support. [2] 


This  work  deals  with  the  encastre  composite  beams  loaded  by  concentrated 
 force   at the end of its length. (Figure2.8) The bending of the beam will be solved 
 by determination of the deformation energy due to the bending moment and the 
 shear force. The deformation of the beam is determined using Bernoulli’s method. 


Every  cross-section  of  the  bended  beam  transfers  the  bending  moment    and 
 the shear force  . The shear forces and the bending moments are caused by one 
 common cause, namely the external loading. A relation between them is shown in 
 the figure 2.1. 


Figure 2.1:  Loaded beam and out of joint element with force effects [2]


In the right side of the figure 2.1 there is an element of the beam with the force 
 effects  acting  on  it.  The  element  of  the  beam  has  to  be  in  equilibrium.  The 
 equilibrium equations of this element are known as the Schwedler theorem.  [2] 


For the shear force we have 


     


            (2.1) 


and for the bending moment 


      


          (2.2) 
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 As a result of those effects of the shear force   and the bending moment    there 
 is  some  tension.  For  simplicity,  one  considers  only  the  case  of  load  by  bending 
 momentum. This case is called a pure bending. For a pure bending is proved the 
 validity  of  the  Bernoulli  hypothesis.  This  hypothesis  says  that  the  planar  cuts, 
 which  were  perpendicular  to  the  longitudinal  axis  of  the  beam  before  the 
 deformation,  remain  plane  after  deformation  and  are  perpendicular  to  the 
 deformed longitudinal  axis of  the  beam.  [2]  This is  shown  in  the  figure  2.2  and 
 1.9. 


Figure 2.2:  Deformation of the beam according the Bernoulli hypothesis [2]


From the figure 2.2 it is evident that an elongation     and a relative elongation 
   of the beam 


       (2.3) 



(38)39 
 are proportional to the distance   from the neutral axis   . As the Hooke’s law is 
 valid 


       (2.4) 


one can express as 


             2 (2.5) 


where   is stress,   is the bending moment,   is the moment of inertia to the 
 axis   and   is the distance from the neutral axis    to the top or the bottom of 
 the section, as it is shown in the figure 2.2.  


If one substitutes the relation (2.5) to the Hooke’s law (2.4), one gets 


               (2.6) 


where    is the relative elongation in a direction of the  -axis. 


The  important  characteristic  of  the  deformation  curve  of  the  beam  is  its 
 curvature  . From the figure 2.3 one can express the elongation as 


                   (2.7) 


The curvature of the beam is possible to express as 
       


2 The whole derivation is in the literature [2]. 


Figure 2.3:  The part of the beam with marked extension [2]
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                (2.8) 


From the equation (2.8) one derivates the differential equation of the deflection 
 line,  if  one  substitutes  the  known  relation  of  the  analytical  geometry,  which 
 express the curvature   of the planar curve     , to the equation of the curvature 
 of the beam. 


       


     
                 


(2.9) 
 To  the  deflection  referred  in  the  figure  2.3  corresponds  the  sign  minus        
 (          ). For the small values      one can neglect the term         . So the 
 simplified relation is obtained 


               


               (2.10) 


The differential equation of the elastic deflection line 


             
          


(2.11) 


presented the Swiss mathematician J. Bernoulli in 1694. [2] 



2.1  The Moment of Inertia 


If the coordinate system is defined as in the figure  2.4, the cross section lies in 
 the plane      . 


Figure 2.4:  The beam placed in coordinate system and the plane of the cross section [2] 


According  to  the  figure  2.4  one  removes  the  element      from  the  cross 
section    which has the coordinates   and   relative to the axes   and  . [2] 
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