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Characterization of a b-metric space



completeness via the existence of a fixed point of Ciric-Suzuki type quasi-contractive multivalued operators and applications


Hanan Alolaiyan, Basit Ali, and Mujahid Abbas


Abstract


The aim of this paper is to introduce Ciric-Suzuki type quasi-contractive
 multivalued operators and to obtain the existence of fixed points of
 such mappings in the framework of b-metric spaces. Some examples are
 presented to support the results proved herein. We establish a char-
 acterization of strong b-metric and b-metric spaces completeness. An
 asymptotic estimate of a Hausdorff distance between the fixed point sets
 of two Ciric-Suzuki type quasi-contractive multivalued operators is ob-
 tained. As an application of our results, existence and uniqueness of
 multivalued fractals in the framework of b-metric spaces is proved.



1 Introduction and preliminaries


Let (X, d) be a metric space. Let CB(X) (P(X)) be the family of nonempty
 closed and bounded (nonempty subsets ofX). ForA, B∈CB(X),let


H(A, B) = max{δ(A, B), δ(B, A)}


where d(x, B) = infw∈Bd(x, w) and δ(A, B) = sup


x∈A


d(x, B). The mapping H
 is said to be a Hausdorff metric on CB(X) induced byd. The metric space


Key Words: b-metric space, multivalued mapping, fixed point, stability, multivalued
 fractals.
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(2)(CB(X), H) is complete if (X, d) is complete. For f :X →X andT :X →
 P(X), the pair (f, T) is called a hybrid pair of mappings. The fixed point
 problem of T is to find anx ∈X such that x∈ T x (fixed point inclusion).


The solution of a fixed point inclusion problem ofT is called a fixed point of
 T. The set F(T) denotes the set of fixed points of T. A point x ∈ X is a
 coincidence point (common fixed point) of (f, T) iff x ∈T x(x=f x∈T x).


DenoteC(f, T) andF(f, T) by the set of coincidence and common fixed point
 of (f, T),respectively. The hybrid pair (f, T) is w-compatible ([1]) iff(T x)⊆
 T(f x) for allx∈C(f, T). A mappingf is T-weakly commuting at x∈X if
 f2(x)∈T(f x).The lettersR+andN∗ will denote the set of nonnegative real
 numbers and the set of nonnegative integers, respectively.


A mappingT :X →CB(X) is called amultivalued weakly Picardoperator
 (A MWP operator) ([34]), if for allx∈X and for somey ∈T x, there exists
 a sequence{xn}satisfying (a1)x0=x, x1=y, (a2)xn+1∈T xn,n∈N∗ (a3)
 {xn}converges to somez∈F(T).


The sequence{xn}satisfying (a1) and (a2) is called a sequence of successive
 approximations (ssa at (x, y)) ofT starting from (x, y).


If a single valued mapping T satisfies (a1) to (a3), then it is a Picard
 operator.


Let T : X −→ P(X) be a MWP operator. Define the mapping T∞ :
 G(T)→P(F(T)) by


T∞(x, y) ={z: there is an ssa at (x, y) ofT that converging toz}


where G(T) = {(x, y) : x ∈ X, y ∈ T x} is called graph of T. A mapping
 f :X →X is called a selection ofT :X −→P(X) ifC(f, T) =X.


Definition 1.1. ([34]) Let (X, d) be a metric space and c > 0. A MWP
 operator T : X −→ P(X) is called c−multivalued weakly Picard (c−MWP)
 operator if there exists a selectiont∞ofT∞such thatd(x, t∞(x, y))≤cd(x, y)
 for all(x, y)∈G(T).


One of the main result dealing withc−MWP operators is the following.


Theorem 1.2. ([34]) Let (X, d)be a metric space and T1, T2:X →P(X).


If Ti is a ci−MWP operator for each i∈ {1,2} and there exists λ >0 such
 thatH(T1x, T2x)≤λfor allx∈X.Then


H(F(T1), F(T2))≤λmax{c1, c2}.


Banach contraction principle (BCP) [7] states that if (X, d) is a complete
 metric space andf :X→X satisfies


d(f x, f y)≤rd(x, y) (1.1)



(3)for allx, y∈X withr∈(0,1),thenf has a unique fixed point.


Due to its applications in mathematics and other related disciplines, BCP
 has been generalized in many directions. Suzuki [39] proposed a contraction
 condition that does not imply the continuity of a mappingf. Suzuki type fixed
 point theorems are remarkable in the sense that these results characterize the
 completeness of underlying metric spaces ([39, Theorem 3]) whereas BCP does
 not ([15]).


A mappingf :X →X is called quasi-contraction [12, Theorem 1] if
 d(f x, f y)≤rmax{d(x, y), d(x, f x), d(y, f y), d(x, f y), d(y, f x)} (1.2)
 for allx, y∈X withr∈[0,1).


Nadler [31] proved a multivalued version of BCP as follows.


Theorem 1.3. Let (X, d)be a complete metric space andT :X −→CB(X).


If for allx, y∈X,


H(T x, T y)≤rd(x, y)
 holds for somer∈[0,1),then F(T)is nonempty.


Amini-Harandi [2] generalized Theorem 1.3 as follows.


Theorem 1.4. [2] Let(X, d)be a complete metric space andT :X →CB(X).


If for allx, y∈X,


H(T x, T y)≤rmax{d(x, y), d(x, T x), d(y, T y), d(x, T y), d(y, T x)} (1.3)
 holds for somer∈



 0,1


2
 


.ThenF(T)is nonempty.


Define the mapping ξ1: [0,1)→
 1


2,1
 


byξ1(r) = 1
 1 +r.


Kikkawa and Suzuki [28] obtained an interesting generalization of Theorem
 1.3 as follows.


Theorem 1.5. [28] Let (X, d) be a complete metric space and T : X →
 CB(X). If there exists anr∈[0,1) such that


ξ1(r)d(x, T x)≤d(x, y)implies that H(T x, T y)≤rd(x, y). (1.4)
 for allx, y∈X. ThenF(T) is nonempty.


The mapping satisfying (1.4) is calledr−KS multivalued operator.


Using axioms of choice, Haghi et al. [21] proved the following lemma.


Lemma 1.6. [21] For a nonempty setX andf :X →X, there exists a subset
E⊆X such that f(E) =f(X)andf :E→X is one-to-one.



(4)Euclidean distance is an important measure of ”nearness” between two real
 or complex numbers. This notion has been generalized further in one to many
 directions (see [3]). Among which one of the most important generalization is
 the concept of a b-metric initiated by Czerwik [17]. The reader interested in
 fixed point results in setup of b-metric spaces is referred to ([3, 9, 14, 13, 16,
 17, 18, 22, 29, 35]).


Definition 1.7. [16] LetXbe a nonempty set. A mappingd:X×X→[0,∞)
 is said to be a b-metric onX if there exists some real constantb≥1such that
 for anyx, y, z∈X,the following condition hold:


(b1) d(x, y) = 0 if and only ifx=y,
 (b2) d(x, y) =d(y, x),


(b3) d(x, y)≤bd(x, z) +bd(z, y).


The pair(X, d)is termed as b-metric space with b-metric constantb. If (b3)
 is replaced by


(b4) d(x, y)≤d(x, z) +bd(z, y)


then (X, d) is called a strong b-metric space (Kirk and Shahzad [26]) with
 strong b-metric constant b≥1.


If b = 1, then strong b-metric space is a metric space. Every metric is a
 strong b-metric and every strong b-metric is b-metric but converse does not
 hold in general ([4, 5, 13, 16, 35]).


Consistent with [16, 17, 18, 35], the following (definitions and lemmas) will
 be needed in the sequel.


Lemma 1.8. [16, 17, 18, 35] Let (X, d) be a b-metric space, x, y ∈ X and
 A, B∈CB(X).The following statements hold:


c1) (CB(X), H)is a b-metric space.


c2) d(x, B)≤H(A, B)for allx∈A.


c3) d(x, A)≤bd(x, y) +bd(y, A).


c4) Forh >1andz∈A, there is aw∈B such thatd(z, w)≤hH(A, B).


c5) For everyh >0andz∈A,there is aw∈B such thatd(z, w)≤H(A, B) +h.


c6) d(w, A) = 0if and only ifw∈A¯=A.


c7) For{xn} ⊆X,d(x0, xn)≤bd(x0, x1)+...+bn−1d(xn−2, xn−1)+bn−1d(xn−1, xn).


Definition 1.9. Let (X, d) be a b-metric space. A sequence {xn} in X is
called:



(5)c8) a Cauchy sequence if for any > 0, there exists n()∈ N such that for
 eachn, m≥n(),we have d(xn, xm)< ,


c9) a convergent sequence if there existsx∈X such that for any >0,there
 existsn()∈Nwithd(xn, x)< for alln≥n(). In this case, we write
 limn→∞xn=x.


Lemma 1.10. [36] If a sequence {un} in a b-metric space (X, d) satisfies
 d(un+1, un+2)≤hd(un, un+1) for all n∈N and for some0 ≤h <1, then it
 is a Cauchy sequence inX provided that hb <1.


Equivalently, a sequence {xn} in b-metric space X is Cauchy if and only
 if limn→∞d(xn, xn+p) = 0 for all p∈ N. A sequence{xn} is convergent to
 x∈X if and only if limn→∞d(xn, x) = 0.


Lemma 1.11. Let(X, d) be a b-metric space,A, B∈P(X). If there exists a
 λ >0 such that (i) for each ˜a∈A, there exists a˜b∈B such thatd(˜a,˜b)≤λ,
 (ii) for each˜b∈B,there exists an˜a∈Asuch thatd(˜a,˜b)≤λ,thenH(A, B)≤
 λ.


A subsetY ⊂X is closed if and only if for each sequence{xn}inY which
 converges to an elementx, we must havex∈Y.A subsetY ⊂X is bounded if
 diam(Y) is finite, where diam(Y) = sup{d(a, b), a, b∈Y}. A b-metric space
 (X, d) is said to be complete if every Cauchy sequence inX is convergent in
 X.


An et al. [4] studied the topological properties of b-metric spaces. In a
 b-metric space (X, d), d is not necessarily continuous in each variable. In a
 b-metric space (X, d),Ifdis continuous in one variable, thendis continuous
 in other variable. A ballBε(x0) ={x:d(x, x0)< ε}in b-metric space (X, d)
 is not necessarily an open set. A ball in a b-metric space (X, d) is open ifdis
 continuous in one variable (see [4]).


In what follows we assume that a b-metricdis continuous in one variable.


Aydi et al. [6] proved the following result as a generalization of Theorem
 1.4 ([2, Theorem 1.4]).


Theorem 1.12. [6] Let (X, d) be a complete b-metric space and T : X →
 CB(X). If there exists somer∈[0,1)with r < 1


b2+b such that
 H(T x, T y)≤rmax{d(x, y), d(x, T x), d(y, T y), d(x, T y), d(y, T x)}


holds for allx, y∈X, thenF(T)is nonempty.


Define the mapping ξ2: [0,1)→
 1


2,1
 


byξ2(r) = 1
1 +br.



(6)Kutbi et al. [29] obtained the following Suzuki type fixed point theorem
 result in the setup of b-metric spaces.


Theorem 1.13. [29] Let (X, d) be a complete b-metric space and T :X →
 CB(X). If there exists somer∈[0,1)with r < 1


b2+b such that


ξ2(r)d(x, T x)≤bd(x, y) (1.5)
 implies that


H(T x, T y)≤rd(x, y) (1.6)


forx, y∈X,thenF(T)is nonempty.


Let (X, d) be a b-metric space,f :X →X,T :X →CB(X) andx, y∈X.


We use the notations


Mf(x, y) = max{d(x, y), d(x, f x), d(y, f y), d(x, f y), d(y, f x)},
 MT(x, y) = max{d(x, y), d(x, T x), d(y, T y), d(x, T y), d(y, T x)},


MTf(x, y) = max{d(f x, f y), d(f x, T x), d(f y, T y), d(f x, T y), d(f y, T x).}


Define


Λ =n


ξ:R+×R+→R:ξ(s, t)≤ s
 b −to
 whereb is the b-metric constant. Note that ξ(bt, t)≤0 and ξ


s,s
 b


≤0 for
 alls∈R+.


Example 1.14. Fori∈ {3,4}, defineξi:R+×R+→Rby


(1) ξ3(s, t) = ψ(s)−ϕ(t) , where ψ, ϕ : R+ → R+ are functions satisfying
 ψ(t)≤ t


b,t≤ϕ(t), andb≥1.


(2) ξ4(s, t) = s


b − ψ(s, t)


ϕ(s, t)t , where ψ, ϕ : R+ ×R+ → R+ are functions
 satisfyingϕ(s, t)≤ψ(s, t)for alls, t≥0.


Definition 1.15. Let(X, d)be a b-metric space. A mappingT :X→CB(X)
 is called a Ciric-Suzuki type quasi-contractive multivalued operator if there
 exists anr∈[0,1)satisfying r < 1


b2+b such that


ξ(d(x, T x), d(x, y))≤0 (1.7)


implies that


H(T x, T y)≤rMT(x, y) (1.8)
for allx, y∈X,where ξ∈Λ.



(7)IfCB(X) ={{x}:x∈X},thenT :X→CB(X) is called a Ciric-Suzuki
 type quasi-contractive operator.


Definition 1.16. Let (X, d) be a b-metric space, f :X → X and T : X →
 CB(X). A hybrid pair(f, T)is said to be Ciric-Suzuki type quasi-contractive
 hybrid pair if there exists anr∈[0,1)satisfying r < 1


b2+b such that


ξ(d(f x, T x), d(f x, f y))≤0 (1.9)
 implies that


H(T x, T y)≤rMTf(x, y) (1.10)
 for allx, y∈X and for someξ∈Λ.


In this paper, we obtain fixed point results for Ciric-Suzuki type quasi-
 contractive multivalued operators in b-metric space. Further, completeness
 characterization of strong b-metric and b-metric spaces via the existence of
 fixed point of Ciric-Suzuki type quasi-contractive operators is obtained. Our
 results extend, unify and generalize the comparable results in [2, 6, 12, 27, 29,
 31, 33, 39]. As applications of our results:


1 We prove the existence of coincidence and common fixed point of hybrid
 pair of Ciric-Suzuki type quasi-contractive single valued and multivalued
 operators.


2 We give an estimate of Hausdorff distance between the fixed point sets of
 two Ciric-Suzuki type quasi-contractive multivalued operators.


3 We show that for a uniformly convergent sequence of Ciric-Suzuki type
 quasi-contractive multivalued operators, the corresponding sequence of
 fixed points set is uniformly convergent.


4 We obtain a unique multivalued fractal with respect to iterated multifunc-
 tion system of Ciric-Suzuki type quasi-contractive multivalued operators.



2 Fixed points of Ciric-Suzuki type quasi-contractive mul- tivalued operators


In this section, we obtain some fixed point results of Ciric-Suzuki type quasi-
 contractive multivalued operators in the framework of complete b-metric spaces.


We start with the following result.


Theorem 2.1. Let(X, d)be a complete b-metric space andT :X−→CB(X)
a Ciric-Suzuki type quasi-contractive multivalued operator. ThenT is a MWP
operator.



(8)Proof. Let uandv be given points in X.If MT(u, v) = 0, thenu=v ∈T u.


Define a sequence{un}byun =u=v, for alln∈N∗.Clearly,un ∈T un and
 {un}converges tou=v∈F(T).Hence T is a MWP operator.


Suppose that MT(u, v) > 0 for all u, v ∈ X. As r < 1


b2+b, there exist
 α∈R+ such that r


2 +α= 1
 2


 1
 b2+b





.Clearly,
 0< r+α= 1


2
  1


b2+b+r
 


=β ( say)<1.
 Letu0 be any point inX andu1∈T u0.Note that


ξ(d(u0, T u0), d(u0, u1)) ≤ 1


bd(u0, T u0)−d(u0, u1)


≤ d(u0, T u0)−d(u0, u1)


≤ d(u0, u1)−d(u0, u1) = 0.


AsT is a Ciric-Suzuki type quasi-contractive multivalued operator, we obtain
 that


H(T u0, T u1)≤rMT(u0, u1). (2.1)
 By Lemma 1.8, there exists an elementu2∈T u1 such that


d(u1, u2)≤H(T u0, T u1) +αMT(u0, u1). (2.2)
 From (2.1) and (2.2), we have


d(u1, u2) ≤ H(T u0, T u1) +αMT(u0, u1)


≤ rMT(u0, u1) +αMT(u0, u1)


= βMT(u0, u1)


= βmax{d(u0, u1), d(u0, T u0),(u1, T u1), d(u0, T u1), d(u1, T u0)}


≤ βmax{d(u0, u1), d(u0, u1),(u1, u2), d(u0, u2), d(u1, u1)}


≤ βmax{d(u0, u1),(u1, u2), b(d(u0, u1) +d(u1, u2))}


= bβ(d(u0, u1) +d(u1, u2)).
 That is


d(u1, u2)≤bβ(d(u0, u1) +d(u1, u2)). (2.3)
 As


ξ(d(u1, T u1), d(u1, u2)) ≤ 1


bd(u1, T u1)−d(u1, u2)


≤ d(u1, T u1)−d(u1, u2)


≤ d(u1, u2)−d(u1, u2) = 0.



(9)We have


H(T u1, T u2)≤rMT(u1, u2). (2.4)
 Again by Lemma 1.8, there exists an elementu3∈T u2 such that


d(u2, u3)≤H(T u1, T u2) +αMT(u1, u2). (2.5)
 By (2.4) and (2.5), we obtain that


d(u2, u3) ≤ H(T u1, T u2) +αMT(u1, u2)


≤ rMT(u1, u2) +αMT(u1, u2)


= βMT(u1, u2)


= βmax{d(u1, u2), d(u1, T u1),(u2, T u2), d(u1, T u2), d(u2, T u1)}


≤ βmax{d(u1, u2), d(u1, u2),(u2, u3), d(u1, u3), d(u2, u2)}


≤ βmax{d(u1, u2),(u2, u3), b(d(u1, u2) +d(u2, u3))}


= bβ(d(u1, u2) +d(u2, u3)).
 That is


d(u2, u3)≤bβ(d(u1, u2) +d(u2, u3)). (2.6)
 Continuing this way, we can obtain a sequence{un}inXsuch thatun+1∈T un
 and it satisfies:


d(un, un+1)≤bβ(d(un−1, un) +d(un, un+1)) (2.7)
 n ∈ N∗. If δn = d(un, un+1), then from (2.7), we have δn ≤ γδn−1, where
 γ= bβ


1−bβ.Now byb≥1 andr < 1


b2+b,we have
 bβ= b


2
  1


b2+b +r
 


< 1


1 +b andγ= bβ
 1−bβ < 1


b.
 That isbγ <1. By Lemma 1.10 ,{un} is a Cauchy sequence and hence


n→∞limd(un, z) = 0 (2.8)


for somez∈X.Now we claim that


d(z, T x)≤rmax{d(z, x), d(x, T x)} (2.9)
 for all x6=z. As lim


n→∞d(un, z) = 0,there exists n0 ∈N such thatd(un, z)<



(10)1


3bd(z, x) for alln≥n0and x6=z.Note that
 ξ(d(un, T un), d(un, x)) ≤ 1


bd(un, T un)−d(un, x)


≤ 1


bd(un, un+1)−d(un, x)


≤ 1


b(bd(un, z) +bd(z, un+1))−d(un, x)


≤ 2


3bd(z, x)−d(un, x)


= 1


b
 


d(z, x)−1
 3d(z, x)





−d(un, x)


≤ 1


b(d(z, x)−bd(un, z))−d(un, x)


≤ 1


b(bd(un, x))−d(un, x) = 0
 for alln≥n0.That is


ξ(d(un, T un), d(un, x))≤0 (2.10)
 for alln≥n0.Thus


d(un+1, T x) ≤ H(T un, T x)


≤ rMT(un, x)


= rmax{d(un, x), d(un, T un), d(x, T x), d(un, T x), d(x, T un)}


≤ rmax{d(un, x), d(un, un+1), d(x, T x), d(un, T x), d(x, un+1)}


for all n ≥n0. Now, by taking limit as n → ∞ on both sides of the above
 inequality,it follows that


d(z, T x)≤rmax{d(z, x), d(x, T x), d(z, T x)}.
 If max{d(z, x), d(x, T x), d(z, T x)}=d(z, T x),then we obtain that


d(z, T x)≤rd(z, T x)< βd(z, T x)< d(z, T x),


a contradiction and hence (2.9) holds for allx6=z.Now we show thatz∈T z.


Assume on contrary thatz6∈T z.Clearly,r < 1


b2+b implies that 2rb <1.We
 now choosea∈T zsuch thata6=zandd(z, a)< d(z, T z) + 2rb1 −1


d(z, T z).


That is


2brd(z, a)< d(z, T z). (2.11)



(11)Note that


ξ(d(z, T z), d(z, a)) ≤ 1


bd(z, T z)−d(z, a)


≤ d(z, T z)−d(z, a)≤d(z, a)−d(z, a) = 0.


Hence


H(T z, T a) ≤ rMT(z, a)


≤ rmax{d(z, a), d(z, T z), d(a, T a), d(z, T a), d(a, T z)}


≤ rmax{d(z, a), d(z, a), d(a, T a), d(z, T a), d(a, a)}


= rmax{d(z, a), d(a, T a), d(z, T a)}.
 If max{d(z, a), d(a, T a), d(z, T a)}=d(a, T a),then we have


d(a, T a)≤H(T z, T a)≤rd(a, T a)


which implies eithera∈T aor d(a, T a)< d(a, T a),a contradiction. Hence
 H(T z, T a)≤rmax{d(z, a), d(z, T a)}.


If max{d(z, a), d(a, T a), d(z, T a)}=d(z, T a),then (2.9) gives that
 H(T z, T a) ≤ rd(z, T a)


≤ r2max{d(z, a), d(a, T a)}


≤ rmax{d(z, a), d(a, T a)}.


As max{d(z, a), d(a, T a)}=d(a, T a), is not possible, we have


H(T z, T a)≤rd(z, a). (2.12)


From (2.9) and (2.12), we obtain that


d(z, T a)≤rmax{d(z, a), d(a, T a)} ≤rmax{d(z, a), H(T z, T a)} ≤rd(z, a).


(2.13)
 Now, by (2.11), (2.12), and (2.13), we have


d(z, T z) ≤ bd(z, T a) +bH(T z, T a)


≤ brd(z, a) +brd(z, a)


= 2brd(z, a)< d(z, T z),
 a contradiction. Hencez∈T z.


Remark 2.2. We obtain Theorem 1.12 as a special case of Theorem 2.1.



(12)Remark 2.3. Theorem 1.13 follows from 2.1. Indeed, define the mapping
 ξ by ξ(s, t) = ξ2(r)


b s−t, where ξ2(r) = 1


1 +br. Clearly, ξ(s, t) ≤ s
 b −t as
 ξ2(r)≤1. Takes=d(x, T x), t=d(x, y)and


max{d(x, y), d(x, T x), d(y, T y), d(x, T y), d(y, T x)}=d(x, y).


Corollary 2.4. Let (X, d) be a complete b-metric space and T : X −→


CB(X). If for anyx, y∈X, d(x, T x)≤bd(x, y)implies that


H(T x, T y)≤rmax{d(x, y), d(x, T x), d(y, T y), d(x, T y), d(y, T x)}


for somer∈
 


0, 1
 b2+b





. ThenT is a MWP operator.


Example 2.5. LetX ={x1, x2, x3, x4, x5}andd:X×X →R+ be defined as
 d(x1, x2) = d(x1, x3) = 3, d(x1, x4) =d(x1, x5) = 12, d(x2, x5) = d(x3, x4) =
 d(x3, x5) = 9, d(x2, x4) = 8, d(x2, x3) = 6, d(x4, x5) = 2, d(x, x) = 0 and
 d(x, y) =d(y, x) for all x, y∈X.As 12 =d(x1, x4)d(x1, x2) +d(x2, x4) =
 11, dis not a metric onX. On the other hand,(X, d)is a complete b-metric
 space with parameterb ≥ 12


11 >1. Suppose that ξ(s, t) = s


b −t ∈Λ, r= 2
 5.
 Thenr <121


276 = 1


b2+b.Define the mapping T :X −→CB(X)by
 T x=











{x1} if x=x1, x2, x3,
 {x2} if x=x4,
 {x3} if x=x5.


Note that H(T x, T y) = 0 ≤ rMT(x, y) for all x, y ∈ {x1, x2, x3}. If x =
 x1 and y ∈ {x4, x5}, then H(T x, T y) = d(x, y) = 3 ≤ 4.8 = rd(x, y) ≤
 rMT(x, y). If x= x2 and y =x4, then we have H(T x2, T x4) = d(x1, x2) =
 3≤3.2 = rd(x2, x4)≤rMT(x2, x4). For, x∈ {x2, x3} and y ∈ {x4, x5}, we
 haveH(T x, T y) = 3≤3.6 =rd(x, y)≤rMT(x, y).Note that


ξ(d(x4, T x4), d(x4, x5)) = 11d(x4, x2)


12 −d(x4, x5) = 16


3 >0, and
 ξ(d(x5, T x5), d(x5, x4)) = 11d(x5, x3)


12 −d(x5, x4) = 25
 4 >0.


Hence, for all x, y ∈ X, we have ξ(d(x, T x), d(x, y)) ≤ 0 implies that
 H(T x, T y) ≤ rMT(x, y). Thus all the conditions of Theorem 2.1 are satis-
 fied. On the other hand, if we takex=x4, y=x5,then we have


H(T x4, T x5) = d(x2, x3) = 6and


MT(x4, x5) = max{d(x4, x5), d(x4, T x4), d(x5, T x5), d(x4, T x5), d(x5, T x4)}


= max{d(x4, x5), d(x4, x2), d(x5, x3), d(x4, x3), d(x5, x2)}= 9.



(13)HenceH(T x4, T x5) = 66≤3.6 = 9r=rMT(x4, x5)for anyr < 121
 276 = 1


b2+b.
 Thus, Theorem 1.12 is not applicable in this case. Hence Theorem 2.1 is a
 proper generalization of Theorem 1.12 which in turn generalize Theorems 1.3,
 1.4 and [12, Theorem 1].


Example 2.6. Let X = {x1, x2, x3} and d : X ×X → R+ be defined as
 d(x1, x2) = 4, d(x1, x3) = 1, d(x2, x3) = 2, d(x, x) = 0 andd(x, y) =d(y, x)
 for allx, y∈X.As4 =d(x1, x2)d(x1, x3) +d(x3, x2) = 3, dis not a metric
 onX. Indeed(X, d)is a b-metric space with b≥ 4


3 >1. Define the mapping
 T :X −→CB(X)by


T x=


 {x1, x3} if x=x1, x3,
 {x1} if x=x2.
 Let ξ(s, t) = s


b −t ∈ Λ and r = 3


10. Clearly, r < 9


28 = 1


b2+b. If x, y ∈
 {x1, x3},then H(T x, T y) = 0≤rMT(x, y). Ifx∈ {x1, x3} andy=x2, then
 H(T x, T y) = 1 ≤ 1.2 ≤ rMT(x, y). Hence for any x, y ∈ X,
 ξ(d(x, T x), d(x, y)) ≤ 0 implies that H(T x, T y) ≤ rMT(x, y). Thus, all the
 conditions of Theorem 2.1 are satisfied. On the other hand, ifx=x2, y=x3,
 thenξ2(r)d(x3, T x3) = 0≤bd(x3, x2) = 2, andH(T x3, T x2) =d(x1, x3) = 1.


So,H(T x3, T x2) = 16≤0.6 = 2r=rd(x3, x2)for anyr < 9
 28 = 1


b2+b.Hence
 Theorem 1.13 is not applicable in this case. This implies that Theorem 2.1
 is a proper generalization of Theorem 1.13 which itself is a generalization of
 Theorem 1.5, and Theorem 1.3.


Corollary 2.7. Let (X, d) be a complete b-metric space and f : X −→ X
 a Ciric-Suzuki type quasi-contractive operator. Then F(f) = {u}, and the
 sequence{fnx} converges to ufor any choice of an elementx∈X.


Proof. It follows from Theorem 2.1 thatF(f) is nonempty and for allx∈X,
 the sequence fnx→uas n→ ∞. To prove the uniqueness of fixed point of
 f; let u, v ∈ F(f) with u 6=v. Note that ξ(d(u, f u), d(u, v)) ≤ 1bd(u, f u)−
 d(u, v) =−d(u, v)≤0.Thus, we have


d(u, v) = d(f u, f v)≤rMf(u, v)


= rmax{d(u, v), d(u, f u), d(v, f v), d(u, f v), d(v, f u)}


= rd(u, v)< d(u, v),
a contradiction and henceF(f) is singleton.



(14)Corollary 2.8. Let (X, d) be a complete b-metric space and f : X −→ X.


If for any x, y∈X, d(x, f x)≤bd(x, y) implies that d(f x, f y)≤rd(x, y) for
 somer∈



 0, 1


b2+b
 


.ThenF(f) ={u}and the sequence{fnx}converges to
 ufor any choice of an elementx∈X.


Corollary 2.9. Let (X, d)be a complete b-metric space and f :X −→X a
 mapping. If there exists a ξ ∈ Λ and an r ∈ [0,1) with r < b21+b such that
 ξ(d(x, f x), d(x, y)) ≤ 0 implies that d(f x, f y) ≤ rd(x, y) for all x, y ∈ X,.


ThenF(f) ={u}, and the sequence {fnx} converges to ufor any choice of
 an elementx∈X.


Proof. It follows from Corollary 2.7.


Corollary 2.10. Let (X, d) be a complete b-metric space and f :X −→X
 a mapping. If there exists ar∈[0,1) with r < b21+b such that η(r)d(x, f x)≤
 bd(x, y)implies that d(f x, f y)≤rd(x, y) for all x, y ∈X, whereη : [0,1) →
 (0,1]. ThenF(f) ={u},and the sequence{fnx}converges toufor any choice
 of an elementx∈X.


Proof. Consider ξ(s, t) = η(r)b s−t≤ sb−t.Henceξ∈Λ. Ifs=d(x, f x) and
 t=d(x, y) thenξ(d(x, f x), d(x, y)) = η(r)b s−t≤0.Hence result follows from
 Corollary 2.9.


Corollary 2.11. Let (X, d) be a complete strong b-metric space and f :
 X −→ X a mapping. If there exists a r ∈ [0,1) with r < b21+b such that
 η(r)d(x, f x) ≤ bd(x, y) implies that d(f x, f y) ≤ rd(x, y) for all x, y ∈ X,
 whereη: [0,1)→(0,1]. Then F(f) ={u}, and the sequence{fnx}converges
 toufor any choice of an elementx∈X.


Proof. It follows from Corollary 2.10 as every strong b-metric is b-metric.



3 Characterization of a b-metric space completeness


Connel studied properties of fixed point sets and presented an example [15,
Example 3] of a separable and locally contractible incomplete metric space
that has a fixed point property (FPP) for contraction mappings. This shows
that BCP does not characterize metric completeness (see also [20]). Kannan
[24, 25] proved a fixed point theorem which is independent of BCP. Subrah-
manyam [38] proved that if underlying metric spaceX has FPP for Kannan
type contractions, then X is complete. Suzuki [39] presented a fixed point
theorem that also characterize metric completeness of X. For more details
on FPP and completeness properties of metric spaces, see [11].



(15)In this section, we present some results about the strong b-metric and
 b-metric completeness characterizations via fixed point results obtained in
 section 2.


Jovanovic et al. [23] proved the following version of BCP in b-metric spaces.


Theorem 3.1. Let (X, d) be a complete b-metric space and T : X → X a
 map such that d(T x, T y) ≤rd(x, y) for all x, y ∈ X and some r ∈



 0,1


b
 


.
 ThenF(T)is singleton.


Dung et al. [19] replaced the condition 0 ≤ r < 1


b with 0 ≤r < 1 and
 proved that BCP can be transported in b-metric spaces without imposing any
 additional condition on a contraction constantr.


They proved the following result.


Theorem 3.2. Let (X, d) be a complete b-metric space and T : X → X a
 map such thatd(T x, T y)≤rd(x, y)for allx, y∈X and somer∈[0,1). Then
 F(T)is singleton.


Park and Rhoads [32] commented on characterization of metric complete-
 ness.


We present analogous comments in b-metric spaces.


Let (X, d) be a b-metric space and B a class of mappings of a b-metric
 space X such that if any map in B has a fixed point then X is complete.


LetA be a class of mappings of a b-metric space X containingB such that
 completeness ofX implies the existence of fixed point of any map inA.


Theorem 3.3. (compare [32]) If(X, d)is a b-metric space, then
 X is complete if and only if any map inAhas a fixed point.


Proof. IfX is complete then,any map inAhas a fixed point. Conversely, let
 any map inAhas a fixed point, then any map in B has a fixed point. Then
 by assumption onB,X is complete.


We present the following lemma that is needed to prove the main result in
 this section.


Lemma 3.4. Let (X, d) be a strong b-metric space and {xn} a Cauchy se-
 quence inX. Thend(x, xn)is a Cauchy sequence in Rfor allxinX.


Proof. Note that


d(x, xn)≤d(x, xm) +bd(xm, xn)



(16)for eachn, m∈N.Thus, we have


|d(x, xn)−d(x, xm)| ≤bd(xm, xn)


for eachn, m∈N.The result follows as{xn}is a Cauchy sequence in X.


The following result gives the characterization of completeness of a strong
 b-metric space.


Theorem 3.5. Let (X, d) be a strong b-metric space. For r ∈ [0,1) with
 r < b21+b,letAr,η be a class of mappingsT on X which satisfies the following
 :


(a) For anyx, y∈X


η(r)d(x, T x)≤bd(x, y)implies that d(T x, T y)≤rd(x, y) (3.1)
 whereη: [0,1)→(0,1].


Let Br,η be the class of mappingsT onX satisfying (a) and the following:


(b) T(X)is countably infinite.


(c) Every subset of T(X)is closed.


Then the following are equivalent:


(i) (X, d)is complete,


(ii) Every mappingT ∈Ar,η has a fixed point for allr∈[0,1)withr < b21+b.
 (iii) There exists anr∈(0,1)withr < b21+b such that every mappingT ∈Br,η


has a fixed point.


Proof. It follows from Corollary 2.11 that (i) implies (ii). AsBr,η⊆Ar,η,so
 (ii) implies (iii). We now show that (iii) implies (i). Suppose that (X, d) is
 not complete. That is, there exists a Cauchy sequence {un} which does not
 converge. Define a functionf :X→[0,∞) byf(x) = lim


n→∞d(x, un) forx∈X.


By Lemma 3.4,{d(x, un)} is a Cauchy sequence in Rfor eachx∈X.Hence
 f is well defined. Note that f(x)>0 for every x∈ X and lim


n→∞f(un) = 0.


Consequently, for every x∈X there exists aυ∈Nsuch that
 f(uυ)≤


 rη(r)


3b3+rη(r)
 


f(x). (3.2)



(17)DefineT(x) =uυ.Then
 f(T x)≤


 rη(r)


3b3+rη(r)
 


f(x) andT x∈ {un:n∈N} (3.3)
 for all x∈X. From (3.3), we have f(T x)< f(x), and hence T x 6=xfor all
 x∈X.That is,T has no fixed point. As T(X)⊂ {un :n∈N}, so (b) holds.


It is easy to show that (c) holds. Note that, for allx, y∈X
 f(x)−f(y)≤bd(x, y)


f(y)−f(x)≤bd(x, y)


f(x)−f(T x)≤bd(x, T x) and
 d(T x, T y)≤f(T x) +bf(T y).


Fixx, y∈X such thatη(r)d(x, T x)≤bd(x, y).We now show that (3.1) holds.


Observe that











d(x, y)≥η(r)


b d(x, T x)≥η(r)


b2 (f(x)−f(T x))


≥ η(r)
 b2





1− rη(r)
 3b3+rη(r)





f(x) = 3bη(r)


3b3+rη(r)f(x).


(3.4)


We now divide the proof in two cases.


Case (1) Suppose thatf(y)≥2bf(x).Then
 d(T x, T y) ≤ f(T x) +bf(T y)


≤ rη(r)


3b3+rη(r)f x+ brη(r)
 3b3+rη(r)f y


≤ r


3b(f x+f y) +2r


3b(f y−2bf x) = r
 3


1
 bf x+1


bf y+2
 bf y−4


bf x
 


≤ r
 3


3
 bf y−3


bf x
 


≤r
 1


bf y−1
 bf x





≤rd(x, y).


Case (2) Iff(y)<2bf(x),then by (3.4) we have
 d(T x, T y) ≤ bf(T x) +f(T y)


≤ brη(r)


3b3+rη(r)f x+ rη(r)
 3b3+rη(r)f y


≤ brη(r)


3b3+rη(r)f x+ 2brη(r)
 3b3+rη(r)f x


= 3brη(r)


3b3+rη(r)f x=r 3bη(r)


3b3+rη(r)f x≤rd(x, y).



(18)Henceη(r)d(x, T x)≤bd(x, y) implies that
 d(T x, T y)≤rd(x, y)


for all x, y ∈ X. From (iii), a mapping T has a fixed point which gives a
 contradiction. HenceX is complete and consequently (iii) implies (i).


Remark 3.6. Let{xn}be a Cauchy sequence in ab−metric spaceX.If{xn}
 is convergent to some u∈ X, then for any x∈ X, {d(x, xn)} is convergent
 inRand hence Cauchy inR. If{xn} is not convergent, then from triangular
 inequality of b-metric, it does not follow necessarily the Cauchyness ofd(x, xn)
 inR. Assume thatzis the class of b-metricsdand for any Cauchy sequence
 {xn}in X and for anyxinX,{d(x, xn)}is Cauchy inR. Consider a metric
 space(X, ρ) with d(x, y) = (ρ(x, y))p forp > 1. Then d is a b-metric on X
 (see [26]). Hencezis nonempty.


Now we present the following result which deals with characterization of a
 completeness of b-metric space.


Theorem 3.7. Let (X, d) be a b-metric space such that d ∈ z. For r ∈
 [0,1) with r < b21+b, letAr,η be a class mappings T on X which satisfies the
 following:


(a) Forx, y∈X


η(r)d(x, T x)≤bd(x, y)implies that d(T x, T y)≤rd(x, y) (3.5)
 whereη: [0,1)→(0,1].


Let Br,η be the class of mappingsT on X satisfying (a) and the following
 conditions:


(b) T(X)is countably infinite.


(c) Every subset of T(X)is closed.


Then the following are equivalent:


(i) (X, d)is complete,


(ii) Every mappingT ∈Ar,η has a fixed point for allr∈[0,1)withr < b21+b.
 (iii) There exists anr∈(0,1)withr < b21+b such that every mappingT ∈Br,η


has a fixed point.



(19)Proof. By Corollary 2.10 (i) implies (ii). As Br,η ⊆ Ar,η, so we have (ii)
 implies (iii). Now we prove that (iii) implies (i). Assume that (iii) holds.


Suppose that (X, d) is not complete. Define the functionf :X →[0,∞) by
 f(x) = lim


n→∞d(x, un) forx∈X.By given assumption,{d(x, un)}is a Cauchy
 sequence inRfor eachx∈X.Hencef is well defined. Note thatf(x)>0 for
 every x∈X and lim


n→∞f(un) = 0.Consequently, for every x∈X,there exists
 aυ∈Nsuch that


f(uυ)≤


 rη(r)


3b4+rbη(r)
 


f(x). (3.6)


DefineT(x) =uυ,then we have
 f(T x)≤


 rη(r)


3b4+rbη(r)
 


f(x) andT x∈ {un:n∈N} (3.7)
 for allx∈X.The rest of the proof is obtained following similar arguments to
 those arguments similar to those in the proof of Theorem 3.7.



4 Coincidence and common fixed point of hybrid pair of Ciric-Suzuki type quasi-contractive operators


In this section, we apply Theorem 2.1 to obtain the existence of coincidence
 and common fixed point of hybrid pair of Ciric-Suzuki type quasi-contractive
 multivalued operators and single-valued self mappings in the setup of b-metric
 spaces.


Theorem 4.1. Let (X, d)be a b-metric space and(f, T)a Ciric-Suzuki type
 quasi-contractive hybrid pair withT(X)⊆f(X)andf(X)a complete subspace
 of X. Then C(f, T) is nonempty. Furthermore, F(f, T) is nonempty if any
 of the following conditions hold:


C1- The hybrid pair(f, T)isw−compatible, lim


n→∞fn(x) =ufor someu∈X
 andx∈C(f, T)andf is continuous at u.


C2- The mapping f isT−weakly commuting at some x∈C(f, T)andf2x=
 f x.


C3- The mappingf is continuous at at somex∈C(f, T)and lim


n→∞fn(u) =x
 for someu∈X.


Proof. By Lemma 1.6, there is a setE⊆X such thatf :E→Xis one-to-one
andf(E) =f(X). Define the mappingT:f(E)→CB(X) byTf x=T x for



(20)allf(x)∈f(E).The mappingT is well defined becausef is one–to-one. As
 (f, T) is Ciric-Suzuki type quasi-contractive hybrid pair, for anyx, y∈X


ξ(d(f x, T x), d(f x, f y))≤0
 implies that


H(T x, T y)≤rmax{d(f x, f y), d(f x, T x), d(f y, T y), d(f x, T y), d(f y, T x)}


(4.1)
 for somer∈



 0, 1


b2+b
 


andξ∈Λ.Thus for allf x, f y∈f(E),











ξ(d(f x,Tf x), d(f x, f y))≤0
 implies the


H(Tf x,Tf y)≤rmax{d(f x, f y), d(f x,Tf x), d(f y,Tf y), d(f x,Tf y), d(f y,Tf x)}


for somer∈
 


0, 1
 b2+b





andξ∈Λ.Asf(X) is complete so isf(E). It follows
 from Theorem 2.1 that the mapping T onf(E) is MWP operator. Thus we
 may choose a pointu∈f(E) such thatu∈Tu.Sinceu∈f(E) =f(X), there
 existsx∈Xsuch thatf x=u.Hencef x∈Tf x=T x,that is,x∈C(f, T).To
 proveF(f, T)6=∅: Suppose that (C1) holds. Now, lim


n→∞fn(x) = ufor some
 u∈X and the continuity off atuimply thatf u=uand hence lim


n→∞fn(x) =
 f u.Fromw−compatibility of a pair (f, T),we havefn(x)∈T(fn(x)),that is
 fn(x)∈C(f, T) for alln∈N.Suppose thatfn(x)6=f(u) for alln.Indeed, if
 fn(x) =f(u) for somen,then we haveu=f u=fn(x)∈T(fn−1(x)) =T(u)
 and hence the result. Note that


ξ d(fn(x), T fn−1(x)


), d(f fn−1(x), f u)


≤ 1


bd(fn(x), T fn−1(x)


)−d(f fn−1(x), f u) = 0−d(f fn−1(x), f u)<0.


Hence


d(fnx, T u) ≤ H(T fn−1x, T u)


≤rmax


d(fnx, f u), d(fnx, T fn−1x), d(f u, T u), d(fnx, T u), d(f u, T fn−1x)


≤rmax{d(fnx, f u), d(fnx, fnx), d(f u, T u), d(fnx, T u), d(f u, fnx)}


≤rmax{d(fnx, f u), d(fnx, fnx), d(f u, T u), d(fnx, T u), d(f u, fnx)}.


On taking limit asn→ ∞on both sides of the above inequality,we obtain that
 d(f u, T u)≤rd(f u, T u).Henced(f u, T u) = 0 implies thatu=f u∈T u.That
 is,F(f, T) is nonempty. If (C2) holds, thenf2x=f x for somex∈C(f, T).


Also,f isT−weakly commuting,f x =f2x∈T f x. Hence f x ∈F(f, T). If
 (C3) holds , then we have lim


n→∞fn(u) =xfor some u∈X and x∈C(f, T).



(21)By continuity of f, x = f x ∈ T x. Hence in all the three cases, we have
 F(f, T)6=∅.


Corollary 4.2. Let(X, d)be a b-metric space,f :X→X,T :X→CB(X)
 withT(X)⊆f(X)andf(X)a complete subspace ofX.If for anyx, y∈X


ξ(d(f x, T x), d(f x, f y))≤0 implies thatH(T x, T y)≤rd(f x, f y)
 wherer < 1


b2+b andξ∈Λ.ThenC(f, T)is nonempty. Furthermore,F(f, T)
 is nonempty if any of the following conditions hold:


C4- The hybrid pair(f, T)isw−compatible, lim


n→∞fn(x) =ufor someu∈X
 andx∈C(f, T)andf is continuous at u.


C5- The mapping f isT−weakly commuting at some x∈C(f, T)andf2x=
 f x.


C6- The mappingf is continuous at at somex∈C(f, T)and lim


n→∞fn(u) =x
 for someu∈X.



5 Stability and uniform convergence results


In this section, we find an upper bound of Hausdorff distance between the fixed
 point sets of two Ciric-Suzuki type quasi-contractive multivalued operators
 and then study the uniform convergence of such sets in the setup of b-metric
 spaces.


Theorem 5.1. Let (X, d) be a complete b-metric space and T1, T2 : X →
 P(X). Suppose that Ti is Ciric-Suzuki type quasi-contractive multivalued op-
 erator for eachi∈ {1,2}. If there exists λ >0 such that


H(T1x, T2x)≤λ (5.1)


for allx ∈X. Then F(Ti) is closed subset of X and Ti is a MWP operator
 for eachi∈ {1,2}. Also, the following holds:


H(F(T1), F(T2))≤ λ
 1−b max


i∈{1,2}γi (5.2)


where


γi= bβi


1−bβi, βi =ri+αi, andαi =1
 2


 1
 b2+b −ri





fori∈ {1,2}.



(22)Proof. By Theorem 2.1,F(Ti) is nonempty for eachi∈ {1,2}. Let{xn} be
 a sequence inF(T1) such thatxn→z asn→ ∞.Note that


ξ(d(xn, T1xn), d(z, xn)) ≤ 1


bd(xn, T1xn)−d(z, xn)


≤ d(xn, T1xn)−d(z, xn)


≤ d(xn, xn)−d(z, xn) =−d(z, xn)≤0.


Hence, we have


d(z, T1z) ≤ bd(z, xn) +bd(xn, T1z)


≤bd(z, xn) +bH(T1z, T1xn)


≤bd(z, xn) +br1max{d(z, xn), d(z, T1z), d(T1xn, xn), d(xn, T1z), d(z, T1xn)}


≤bd(z, xn) +br1max{d(z, xn), d(z, T1z), d(xn, T1z)}.


On taking the limit asn→ ∞we obtain that
 d(z, T1z)≤br1d(z, T1z)≤ 1


b+ 1d(z, T1z).


Asb≥1, sod(z, T1z) = 0,that is,z∈T1z.Hence F(T1) is closed. Similarly,
 F(T2) is a closed subset of X. Following arguments similar to those in the
 proof of Theorem 2.1, we conclude thatTiis MWP operator for eachi∈ {1,2}.


We now show that (5.2) holds for allxinX. Asri < 1


b2+b <1, there exist
 αi∈R+ such that ri


2 +αi= 1
 2


 1
 b2+b





which gives that


ri+α= 1
 2


 1
 b2+b+ri



 .


We setβi =ri+αi. Note that 0< βi <1 andαi >0.Following arguments
 similar to those in the proof of Theorem 2.1 withx0∈F(T1) and x1∈T2x0,
 we obtain a Cauchy sequence{xn}in X such thatxn+1∈T2xn for alln≥1
 and it satisfies:


d(xn, xn+1)≤γ2d(xn−1, xn)
 and


d(xn, xn+1)≤γ2d(xn−1, xn)≤(γ2)2d(xn−2, xn−1)≤...≤(γ2)nd(x0, x1).


(5.3)



(23)whereγ2= bβ2
 1−bβ2


.We choose an elementuinX such thatxn→uasn→ ∞
 andu∈T2u.From (5.3), we obtain that


d(xn, xn+p) ≤bd(xn, xn+1) +...+bp−1d(xn+p−2, xn+p−1) +bp−1d(xn+p−1, xn+p)


≤bγ2nd(x0, x1) +...+bp−1γ2n+p−2d(x0, x1) +bp−1γ2n+p−1d(x0, x1)


≤bγ2nd(x0, x1)
 


1 +bγ2+...+ (bγ2)p−2+1


b(bγ2)p−1
 


≤bγ2nd(x0, x1) 1 +bγ2+...+ (bγ2)p−2+ (bγ2)p−1


≤(bγ2)n(1−(bγ2)p)
 1−bγ2


d(x0, x1).


Thus, we have


d(xn, xn+p)≤(bγ2)n(1−(bγ2)p)
 1−bγ2


d(x0, x1). (5.4)
 On taking limit asp→ ∞on both sides of the above inequality, we have


d(xn, u)≤ (bγ2)n
 1−bγ2


d(x0, x1). (5.5)


Also, from (5.1) and (5.5), we have
 d(x0, u)≤ 1


1−bγ2


d(x0, x1)≤ λ
 1−bγ2


. (5.6)


Similarly, for eachz0∈T2z0,we getv∈T1v such that
 d(z0, v)≤ 1


1−bγ1d(z0, z1)≤ λ


1−bγ1. (5.7)


It follows from (5.6), (5.7) and Lemma 1.11 that
 H(F ix(T1), F ix(T2))≤ λ


1−max{bγ1, bγ2} = λ
 1−b max


i∈{1,2}γi.


The following theorem generalizes the results in [30, 37] for a sequence of
 Ciric-Suzuki type quasi-contractive multivalued operators in b-metric spaces.


Theorem 5.2. Let (X, d)be a complete b-metric space andTn:X→P(X),
 a sequence of Ciric-Suzuki type quasi-contractive multivalued operator for each
 n∈N.If{Tn}converges toT0 uniformly onX,then lim


n→∞H(F(Tn), F(T0)) =
0.



(24)Proof. Let γi for eachi∈N∗ be as given in the proof of Theorem 5.1. Then
 γi >0 for i∈N∗ andbmax


i∈N∗


γi <1. As{Tn} converges toT0 uniformly onX,
 so for anyε >0, there exists an integern0∈Nsuch that


sup


x∈X


H(Tn(x), T0(x))<





1−bmax


i∈N∗


γi



 ε


for alln ≥n0. If we set, λ =
 


1−bmax


i∈N∗γi





ε, then H(Tn(x), T0(x))< λ
 for alln≥n0 andx∈X.By Theorem 5.1, we have


H(F(Tn), F(T0))≤ λ
 


1−bmax


i∈N∗


γi


 =ε


for alln≥n0.



6 Multivalued fractals in b-metric spaces


Let (X, d) be a b-metric space andTi:X →K(X), where K(X) a collection
 of nonempty compact subsets ofX.


The systemT = (T1, T2, ..., Tk) is called an iterated multifunction system
 (briefly IMS). If Ti is upper semicontinuous for each i = 1,2, ..., k, then the
 single valued operator TT : K(X) → K(X) defined by TT(A) =


k


S


i=1


Ti(A)
 is called multi fractal generated by the IMS T = (T1, T2, ..., Tk). Since the
 image of a compact set under an upper semicontinuous multivalued mapping
 is compact, therefore operatorTT is well defined ([8, 10, 14]).


A set ˚A ∈ K(X) is called multivalued fractal with respect to IMS T =
 (T1, T2, ..., Tk) if and only if ˚A∈F(TT).


Theorem 6.1. Let (X, d) be a b-metric space and Ti : X → K(X) upper
 semicontinuous multivalued operators for each i ∈ {1,2, ..., k}. Suppose that
 for anyx, y∈X,


ξ(d(x, Tix), d(x, y))≤0 implies that


H(Tix, Tiy)≤rimax{d(x, y), d(x, Tiy), d(y, Tix)}


whereri< 1


b2+b for each i∈ {1,2, ..., k} andξ∈Λ. If 1


bd(x, Tix)≤d(x, y)
 for allx∈A, y∈B andi∈ {1,2, ..., k}. ThenTT : (K(X), H)→(K(X), H)
 is a Ciric-Suzuki type quasi-contractive operator, that is


ξ(H(A,TTA), H(A, B))≤0implies that


H(TTA,TTB)≤rmax{H(A, B), H(A,TTA), H(B,TTB), H(A,TTB), H(B,TTA)}


(6.1)



(25)for allA, B ∈K(X).Also, there exists a unique multivalued fractalA˚∈K(X)
 such that lim


n→∞H(TTnA,A) = 0˚ for every A∈K(X).


Proof. For each i ∈ {1,2, ..., k}, we have 1


bd(x, Tix) ≤ d(x, y) for all x ∈
 A, y∈B. Thus ξ(d(x, Tix), d(x, y))≤0 for allx∈A, y∈B.Hence, for each
 i∈ {1,2, ..., k}


H(Tix, Tiy)≤rimax{d(x, y), d(x, Tix), d(y, Tiy), d(x, Tiy), d(y, Tix)} (6.2)
 for allx∈A, y∈B.By (6.2), we have


δ(TiA, TiB) = sup


x∈A



 inf


y∈Bδ(Tix, Tiy)
 


= sup


x∈A


inf


y∈Bδ(Tix, Tiy)≤sup


x∈A


inf


y∈BH(Tix, Tiy)


≤sup


x∈A


inf


y∈Brimax{d(x, y), d(x, Tiy), d(y, Tix)}


≤rimax
 


sup


x∈A


y∈Binf d(x, y),sup


x∈A


y∈Binf d(x, Tiy),sup


x∈A


y∈Binf d(y, Tix)
 


≤rimax{δ(A, B), δ(A, TiB), δ(B, TiA)}


=rimax{δ(A, B), δ(A,TTB), δ(B,TTA)}


≤rimax{H(A, B), H(A,TTB), H(B,TTA)}


≤rimax{H(A, B), H(A,TTA), H(B,TTB), H(A,TTB), H(B,TTA)}


for allA, B∈K(X), for eachi∈ {1,2, ..., k}.That is,


δ(TiA, TiB)≤rimax{H(A, B), H(A,TTA), H(B,TTB), H(A,TTB), H(B,TTA)}


(6.3)
 for allA, B∈K(X), for eachi∈ {1,2, ..., k}.Similarly,


δ(TiB, TiA)≤rimax{H(A, B), H(A,TTA), H(B,TTB), H(A,TTB), H(B,TTA)}


(6.4)
 for all A, B ∈K(X), for eachi∈ {1,2, ..., k}.Also, from (6.3) and (6.4) we
 obtain that


H(TiA, TiB)≤rimax{H(A, B), H(A,TTA), H(B,TTB), H(A,TTB), H(B,TTA)}


(6.5)
 for allA, B∈K(X), for eachi∈ {1,2, ..., k}.Note that


H


k


[


i=1


TiA,


k


[


i=1


TiB


!


≤ max


i=1,2,...,k{H(TiA, TiB)}


≤ max


i=1,2,...,k(rimax{H(A, B), H(A,TTA), H(B,TTB), H(A,TTB), H(B,TTA)})


≤
 


i=1,2,...,kmax ri





max{H(A, B), H(A,TTA), H(B,TTB), H(A,TTB), H(B,TTA)}.



(26)Hence


H(TTA,TTB)≤rmax{H(A, B), H(A,TTA), H(B,TTB), H(A,TTB), H(B,TTA)},
 where, r= max


i∈{1,2,...,k}ri.Consequently,ξ(H(A,TTA), H(A, B))≤0 implies
 that


H(TTA,TTB)≤rmax{H(A, B), H(A,TTA), H(B,TTB), H(A,TTB), H(B,TTA)}


for allA, B ∈ K(X). It now follows from Corollary 2.7 that F(TT) = {A}˚
 and lim


n→∞H(TnTA,A) = 0 for every˚ A∈K(X).
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