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(3)Abstrakt: Obsahem t´eto pr´ace je numerick´a simulace interakce dvoudimen-
 zion´aln´ıho proudˇen´ı nestlaˇciteln´e vazk´e tekutiny a vibruj´ıc´ıho leteck´eho pro-
 filu. Uvaˇzujeme tuh´y leteck´y profil se tˇremi stupni volnosti, kter´y rotuje
 kolem elastick´e osy a osciluje ve vertik´aln´ım smˇeru a jeho kˇrid´elko rotuje
 kolem sv´e osy. Numerick´a simulace je d´ana ˇreˇsen´ım Navierov´ych-Stokesov´ych
 rovnic metodou koneˇcn´ych prvk˚u a numerick´ym ˇreˇsen´ım syst´emu obyˇcejn´ych
 diferenci´aln´ıch rovnic popisuj´ıc´ıch pohyb leteck´eho profilu. ˇCasovˇe z´avisl´a
 v´ypoˇcetn´ı oblast a pohybuj´ıc´ı se v´ypoˇcetn´ı triangulace je pops´ana pomoc´ı
 Arbitrary Lagrangian-Eulerian (ALE) formulace Navierov´ych-Stokesov´ych
 rovnic. Reˇzimy s velk´ymi Reynoldsov´ymi ˇc´ısly ˇr´adovˇe 106 vyˇzaduj´ı aplikaci
 vhodn´e stabilizace metody koneˇcn´ych prvk˚u. Numerick´e testy a srovn´an´ı
 s ˇreˇsiˇcem NASTRAN ukazuj´ı, ˇze v´ysledn´a metoda je dostateˇcnˇe pˇresn´a a
 robustn´ı.


Abstract: The subject of this PhD thesis is the numerical simulation of the
interaction of two-dimensional incompressible viscous fluid and a vibrating
airfoil with large amplitudes. A solid airfoil with three degrees of freedom can
rotate around the elastic axis, oscillate in the vertical direction and its flap
can rotate. The numerical simulation consists of the finite element solution
of the Navier-Stokes equations coupled with a system of nonlinear ordinary
differential equations describing the airfoil motion. The time-dependent com-
putational domain and a moving grid are taken into account with the aid of
the Arbitrary Lagrangian-Eulerian (ALE) formulation. High Reynolds num-
bers up to 106 require the application of a suitable stabilization of the finite
element discretization. Numerical tests and comparison with NASTRAN
solver prove that the developed method is sufficiently accurate and robust.
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1 Introduction


The interaction of fluids and structures plays an important role in many fields
 of science. The most important applications could be found in biomechanics
 (e.g. elastic artery modelling for stent design, studying the vocal folds and
 vocal sound production, simulation of the flow in an aortic aneurysm) and
 technology (design of many engineering systems, as e.g. aircrafts and bridges
 and many other structures in civil or mechanical engineering). The interac-
 tion between flowing fluids and vibrating structures is the main subject of
 aero-elasticity, which studies the influence of aerodynamic and elastic forces
 on an elastic structure. The flow-induced vibrations may affect negatively
 the operation and stability of the systems. Therefore, the main goal of aero-
 elasticity is the prediction and cure of the aero-elastic instability of aerospace
 vehicles. It has a great impact on the design as well as on the cost and oper-
 ational safety. This discipline is highly developed (see, e.g. [17] and [45]) and
 the research in this area has achieved many results in recent years, particu-
 larly from engineering point of view (see, e.g. [8], [10], [14], [31], [38], [52],
 [58], [61]). From theoretical point of view, there are not too many works, due
 to a high complexity of the problem, caused by the time-dependence of the
 domain occupied by the fluid. We can mention, e.g. the work [46] devoted to
 the solvability of the Navier-Stokes system in time-dependent domains and
 the works [25] and [27], where the interaction of viscous fluid with elastic
 plate is studied.


The complete system of equations describing aero-elastic processes are
 rather complicated for the solution. There are two main approaches to the
 simulation of fluid-structure interaction problems. The first, monolithic ap-
 proach, solves the equations governing the flow and the displacement of the
 structure simultaneously with a single solver, where a coupling algorithm is
 required. The second, partitioned approach, solves the equations governing
 the flow and the displacement of the structure separately with two distinct
 solvers, where it is possible to solve the flow equations and the structural
 equations with different, possibly more efficient, techniques which have been
 developed specifically for either the flow equations or the structural equa-
 tions.


A number of wide-spread models used in commercial software solving
fluid and structure interaction for industrial purposes are simplified to lin-
ear approximations of deviation of a structure, but many applications show
insufficiency of this approach (see, e.g. [2]). Finite element method is a com-
monly used ingredient for solving the flow equations (see, e.g [1] and [54])
and is also used for solving the structure problem, when the simplification to
a rigid body is not applied, and for solving auxiliary tasks (the construction



(6)of the deformation of computational domains due to moving boundaries).


The most recent approaches take into account turbulent behavior of flows
 for higher velocities to extend the spectrum of real applications (see, e.g.


[18]). The field of the research of the interaction of fluids and structures is
 very popular at the present. This is demonstrated by many works focused on
 improvements of efficiency of solvers for more accurate and faster computing
 (see, e.g. [28] and [34]).


In this dissertation the works [50] and [51] are followed up. The interac-
 tion of fluid and a moving isolated airfoil with two degrees of freedom are
 analyzed numerically there. Here we shall be concerned with the numerical
 simulation of flow-induced vibrations of an airfoil with three degrees of free-
 dom. Let us characterize the main goals, which have been achieved in our
 work:


1. Derivation of equations describing vibrations of an airfoil with three
 degrees of freedom.


2. Development of a numerical method for the solution of interaction of
 flow of viscous incompressible fluid and the vibrating airfoil. This repre-
 sents the solution of the following problems from Computational Fluid
 Dynamics (CFD):


(a) Time discretization of the Navier-Stokes system in time dependent
 domains formulated with the aid of ALE method.


(b) Finite element space discretization.


(c) Proposal of a suitable stabilization of the finite element scheme.


(d) Numerical realization of the nonlinear discrete Navier-Stokes prob-
 lem, numerical solution of linearized subproblems.


(e) Numerical solution of structure ODE system describing airfoil vi-
 brations.


(f) Construction of the ALE mapping.


(g) The realization of the complete fluid-structure interaction prob-
 lem.


3. Extension of the developed method to the simulation of turbulent flow.


4. Development of the software for the solution of the complete problem.


5. Testing of the method on technically relevant problems:



(7)(a) Comparison of the solution of flow past an isolated airfoil with
 flow past an airfoil inserted in a wind tunnel. The study of the
 influence of tunnel walls.


(b) Comparison of results obtained with the aid of laminar and tur-
 bulence models.


(c) Comparison of computed critical characteristics with NASTRAN
 computations.


We emphasize that the purpose of the dissertation was not theoretical
 analysis of the existence (and uniqueness) of a solution to the continuous
 problem and of qualitative properties of applied techniques (as e.g. conver-
 gence of approximate solutions to an exact one, convergence of used iterative
 processes etc.). The purpose of the work was to develop a sufficiently accu-
 rate, robust and efficient method for the numerical solution of flow-induced
 airfoil vibrations, which would produce results comparable with experiments
 and allow to replace (at least partially) expensive and lengthy experimental
 investigations.


From the point of view of mechanics and computational fluid dynamics
 the work represents the following main contributions:


1. Solution of post-critical behaviour of systems after loosing the stability
 for high vibration amplitudes (nonlinear equations).


2. Study of three degrees of freedom, flap vibrations of an airfoil and
 influence of flap movements on the stability of the whole system.


3. Study of the influence of a turbulence model for non-laminar flow on
 the aero-elastic stability of a system.


4. Prediction of vibrations of an airfoil with three degrees of freedom and
 ambitions to replace very expensive experiments.


5. The possibility of the solution of high Reynolds number flows in time
 dependent domains.


Further, we give some more details. In this work a two-dimensional vis-
cous incompressible flow past a moving airfoil is taken into account. The air-
foil is considered as a solid body with three degrees of freedom, allowing its
vertical and torsional oscillations and the rotation of the flap. The numerical
simulation consists of an implicit scheme for the finite element solution of the
non-stationary Navier-Stokes equations coupled with the nonlinear system of
ordinary differential equations describing the airfoil motion. The nonlinear



(8)description of the motion of the structure allows us to study large deviations.


The time dependent computational domain and a moving grid are taken into
 account with the aid of the Arbitrary Lagrangian-Eulerian (ALE) formula-
 tion of the Navier-Stokes equations. The flow and the structure solver are
 fully coupled into a monolithic algorithm.


Reynolds numbers in relevant aerospace (aeroelastic) applications are
 quite large, namely between 105and 106. For such regimes the flow is usually
 turbulent. We simulate the flow with the aid of the classical Navier-Stokes
 equations as well as with a turbulence model (Spalart-Allmaras) and com-
 pare these two techniques. For the solution of such flows it is necessary to use
 very accurate and robust finite element schemes. In order to avoid spurious
 oscillations, the SUPG and div-div stabilization is applied. The solution of
 the ordinary differential equations is carried out by the Runge-Kutta method.


Special attention is paid to the construction of the ALE mapping of a refer-
 ence domain on the computational domain at individual time instants. The
 complexity of geometry requires to implement a general approach based on
 the linear elasticity equations solved by the finite element method for the
 construction of an appropriate deformation of the computational domain.


The resulting nonlinear discrete problem is solved by the Oseen iterative
process, which leads to solving a linear algebraic system with a large num-
ber of unknowns in each iteration. The linear systems occurring in Oseen
iterations are solved by a direct solver. As a result we obtain a sufficiently
accurate and robust method for the numerical simulation of flow-induced vi-
brations of an airfoil. The method was tested on a problem for which results
computed by NASTRAN are available. The comparison of our computations
and NASTRAN results shows a good agreement.
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2 Theoretical results



2.1 Formulation of a flow problem in a moving domain


We consider a two-dimensional non-stationary flow of a viscous, incompress-
 ible fluid past a vibrating airfoil with three degrees of freedom inserted into
 a channel (wind tunnel) or a free area in a time interval I = [0, T), where
 T > 0. The symbol Ωt denotes the computational domain occupied by the
 fluid at time t. The boundary∂Ωtof the domain Ωtconsists of mutually dis-
 joint sets ΓD, ΓO and ΓWt on which different types of boundary conditions
 are prescribed. By ΓD we denote impermeable walls and the inlet, through
 which the fluid flows into the domain Ωt, ΓO denotes the outlet, where the
 fluid flows out, and ΓWt is the boundary of the profile at time t. We assume
 that ΓD and ΓO are independent of time in contrast to ΓWt. The flow is
 characterized by the velocity field u = u(x, t), and the kinematic pressure
 p = p(x, t) for x ∈ Ωt and t ∈ I. The kinematic pressure is defined as
 P/ρ, where P is the pressure and ρ > 0 is the constant fluid density. By
 Re=UL/νwe denote the Reynolds number. HereU is the reference velocity
 (in our case the inlet velocity),Lis the length of the chord of the airfoil andν
 is the kinematic viscosity. The motion of the profile is described by functions
 α(t) representing the rotation around the elastic axis EO, β(t) representing
 the rotation of the flap around its elastic axis EF, and h(t) denoting the
 vertical movement given by the displacement of the elastic axis EO along the
 line p (see Figure 1).



2.2 ALE formulation of the Navier-Stokes equations


First of all, let us recall the Lagrangian description of the continuum, which
 is given by the mapping


x= (x1, x2) =x(t,Y) =L(t,Y) =Lt(Y), Y ∈Ω0, t∈I (2.2.1)
 representing the real motion (x is the actual position) of each particle occu-
 pying at time t = 0 a point Y ∈ Ω0. The domain ΩLt consists of the same
 particles as the domain Ω0, because it is the image of the domain Ω0 under
 the mappingLt. We can write Ω0 = ΩL0. The mapping (2.2.1) is a bijection,
 i.e. the inverse mapping


Y = (Y1, Y2) =Y(t,x) =L−1(t,x) =L−1t (x), x∈ΩLt, t ∈I (2.2.2)
exists. Moreover, we suppose that the mapping (2.2.1) is a diffeomorphism,
therefore we can introduce the velocity of a particle given by Y ∈Ω0 at time
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t = 0


˜


u(t,Y) = d


dtx(t,Y) = ∂


∂tx(t,Y), (2.2.3)
 because the reference coordinate Y doesn’t depend on timet.


The Eulerian description is the transformation of the reference coordi-
 nates Y ∈Ω0 to the actual configuration (spatial coordinates) x∈ΩLt. For
 a scalar field ˜ϕ(t,Y), Y ∈Ω0, t∈I, we have the transformation relation


ϕ(t,x(t,Y)) = ˜ϕ(t,Y), ∀Y ∈Ω0, ∀t ∈I (2.2.4)
 and for a vector field ˜ϕ(t,Y) = ( ˜ϕ1,ϕ˜2), Y ∈Ω0, t∈I, we have


ϕ(t,x(t,Y)) = (ϕ1, ϕ2) = ( ˜ϕ1,ϕ˜2) = ˜ϕ(t,Y), ∀Y ∈Ω0, ∀t∈I.


(2.2.5)
 We define the material derivative of a scalar field ϕ(t,x), x∈ΩLt,t ∈I as


D


Dtϕ(t,x) = d


dt(ϕ(t,x)) (2.2.6)


and analogously the material derivative of a vector fieldϕ(t,x) = (ϕ1, ϕ2), x∈
 ΩLt, t∈I


D


Dtϕ(t,x) = d


dtϕ(t,x), (2.2.7)



(11)when the material derivative of a vector is treated by components. For


˜


ϕ(t,Y) = ˜u(t,Y), we can write the velocity of a particle given by Y ∈Ω0
 at time t= 0 in the Eulerian description by


u(t,x) = ˜u(t,Y(t,x)) = ∂


∂tx(t,Y)|Y=Y(t,x), x∈ΩLt, t∈I. (2.2.8)
 For the material derivative of a scalar field ϕ(t,x), x∈ΩLt, t∈I, we get


D


Dtϕ(t,x) = d


dt(ϕ(t,x)) = dϕ(t,x(t,Y))
 dt


= ∂ϕ(t,x)


∂t +
 X2


i=1


∂ϕ(t,x)


∂xi


∂xi


∂t (t,Y)


= ∂ϕ(t,x)


∂t +
 X2


i=1


∂ϕ(t,x)


∂xi


u(t,x)


(2.2.9)


by using the chain rule. The material derivative represents the change of a
 quantity along the trajectory of a particle TYL ={(t,x(t,Y));t∈I}.


For the description of the flow the Navier-Stokes equations in the Eulerian
 description


∂u


∂t + (u· ∇)u−ν4u+∇p= 0


∇ ·u= 0


x∈ΩLt (2.2.10)
 are usually used for Newtonian incompressible fluid when external body
 forces (such as gravity) are neglected. This formulation of the the Navier-
 Stokes equations are not suitable in our case, when we consider moving
 boundaries. The Lagrange mapping is not able to treat difficulties with
 movements of a computational domain. It is very hard to construct the
 approximation of the time derivative on a moving grid. The time depen-
 dent computational domain can be treated with the aid of the Arbitrary
 Lagrangian-Eulerian (ALE) method proposed in [47]. This technique is based
 on a one-to-one smooth mapping Atof a reference domain Ω0 onto the com-
 putational domain Ωt at time t. Thus, each point Y = (Y1, Y2) ∈ Ω0 is
 associated with


x= (x1, x2) =A(t,Y) = At(Y)∈Ωt. (2.2.11)
It is important to emphasize that the ALE mapping has no connection with
the real motion of the fluid as in the Lagrangian approach. The domain
ΩLt consists of the same particles as the domain Ω0, but the computational
domain Ωt does not. The ALE mapping only reflects the deformation of the



(12)Figure 2: The comparison of the Lagrangian (left) and the ALE (right) approaches to
 the description of the flow.


computational domain, see Figure 2, where domain ΩLt differs from domain
 Ωt.


Based on the ALE mapping, we can compute the domain velocity ˜w =
 ( ˜w1,w˜2) at all points Y of the reference domain Ω0 for each time level:


w(t,˜ Y) = ∂


∂tA(t,Y), (2.2.12)


which can be transformed to the coordinates x∈Ωt by the relation


w(t, .) = (w1, w2)(t, .) = ˜w(t, .)◦A−1t , i.e.w(t,x) = ˜w(t,A−1t (x)). (2.2.13)
 In order to figure out the Navier-Stokes equations in the ALE description,
 we proceed in a similar way as in the case of the Navier-Stokes equations
 in the Eulerian description. For this purpose we introduce some auxiliary
 statements, quantities and concepts:


We define the ALE trajectory TY for each Y ∈Ω0 as a set of points
TY ={(t,A(t,Y));t ∈I}. (2.2.14)
For a real function f : M 7→ IR, where M= {(t,x); t ∈ I,x ∈ Ωt}, and
for its transformation to the reference coordinates ˜f(t, .) = f(t, .)◦At, i.e.



(13)f˜(t,Y) =f(t,At(Y)), we define the ALE derivative of the functionf as the
 time derivative along the trajectory TY :


DA


Dtf :M7→IR, DA


Dtf(t,x) = ∂f˜


∂t(t,Y), Y =A−1t (x). (2.2.15)
 This means that the ALE derivative represents the change of the quantity f
 along the trajectory TY . The ALE derivative is analogous to the material
 derivative in the Lagrangian approach. The application of the chain rule
 gives


DA


Dtf = df


dt(t,x(t,Y)) = ∂f


∂t +
 X2


i=1


∂f


∂xi


∂xi


∂t = ∂f


∂t +
 X2


i=1


∂f


∂xiwi, (2.2.16)
 which can be rewritten to the form


DA


Dtf = ∂f


∂t +w· ∇f. (2.2.17)
 Analogously, we proceed in the case of a vector-valued function (quantity)
 f :M7→IR2, so we get the derivative of the vector function in the form


DA


Dtf = ∂f


∂t + (w· ∇)f, (2.2.18)
 where (w· ∇)f is the vector with components


((w· ∇)f)i =
 X2


j=1


wj∂fi


∂xj, i= 1,2. (2.2.19)
 For f =u in (2.2.18), we have


∂u


∂t = DA


Dtu−(w· ∇)u. (2.2.20)
 The Navier-Stokes equations (2.2.10) are also valid in domain Ωt, which can
 be shown by substituting Ω0 := L−1t (Ωt) and ΩLt := Ωt in the derivation
 of the Navier-Stokes equations in the Eulerian description. Putting (2.2.20)
 into (2.2.10), we obtain the Navier-Stokes equations in the ALE description


DA


Dtu+ [(u−w)· ∇]u+∇p−ν4u = 0


∇ ·u = 0


in Ωt, t∈I. (2.2.21)
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2.3 Description of the airfoil motion


Now, we shall derive the equations describing the airfoil motion in a similar
 manner as in the case of the system with two degrees of freedom [50]. The
 rigorous derivation of the equations describing the motion of the airfoil with
 three degrees of freedom is an original contribution which has never been
 published before. The existing derivations contain lots of unexplained sim-
 plifications. The resulting equations can be compared with the equations in
 [35].


We assume that the airfoil with the flap is a dynamic system with three
 degrees of freedom. We consider the airfoil as a flexibly supported solid
 body which can oscillate in the vertical direction and in the angular direction
 around the elastic axis denoted by EO. The flap is connected to the airfoil
 at the point EF, around which the flap can oscillate, see Figure 3. The
 flap is also considered as a solid body. The equations of motion for the
 vibrating airfoil are derived from the Lagrange equations for the generalized
 coordinates h, α, β, which denote the vertical displacement, the torsion of
 the airfoil around the main elastic axis EO and the torsion of the flap around
 the flap elastic axis EF, respectively. The generalized coordinates h, α, β
 uniquely determine the position of the airfoil. The displacementhis oriented
 positively with the coordinatex2. The rotation angleαand the rotation angle
 of the flap β are oriented positively in the counterclockwise direction.


We start from the most general form of the Lagrange equations for dy-
 namic systems (see [32]) which reads


Qj− d
 dt


∂T


∂q˙j + ∂T


∂qj = 0, j = 1,2,3. (2.3.1)
 Here q1 = h, q2 = α, q3 = β are the generalized coordinates, ˙q1 = dhdt = ˙h,


˙


q2 = dαdt = ˙α, ˙q3 = dβdt = ˙β are the time derivatives of the generalized
 coordinates, the symbol T stands for the kinetic energy of the whole airfoil
 (together with the flap) and Qj is the j-th component of the generalized
 force acting on the airfoil, which belongs to the j-th generalized coordinate.


Now we introduce the computation of the vector Q = (Q1, Q2, Q3) of the
 generalized forces obtained by the transformation of the force F = (F1, F2)
 acting on the airfoil to the space of the generalized coordinates h = q1,
 α =q2, β =q3. It is given by


Qj =
 X2


i=1


Fi∂xi


∂qj, j = 1,2,3. (2.3.2)
To avoid difficulties with (2.3.2), we introduce another system x0 of co-
ordinates x01, x02 fixed with the airfoil. We assume that the axis x01 goes



(15)Figure 3: Airfoil scheme


through the elastic axis EO and the flap elastic axis EF. For α= 0 the axis
 x01 is parallel to the axis x1 of the coordinate system in which the fluid flow
 is considered. Furthermore, we introduce another system x00 of coordinates
 x001, x002 fixed with the flap of the airfoil. We assume that the axis x001,x002 both
 go through the flap elastic axis EF. To find out the transformation relations,
 we must know the position of an arbitrary but fixed point x on the airfoil
 given by coordinates (x1, x2) in the reference coordinates x and (x01, x02) in
 the coordinate system x0 for the point lying on the airfoil (without the flap),
 or (x001, x002) in the coordinate systemx00for the point lying on the flap. Taking
 into account the actual configuration of the whole airfoil (h, α, β), we bring
 out the transformation relations for an arbitrary, fixed point x between the
 coordinate systems as follows


x1 = x01cosα−x02sinα+x01,


x2 = x01sinα+x02cosα+h+x02, (x01, x02)∈P, (2.3.3)



(16)and


x01 = x001cosβ−x002sinβ+x01T,


x02 = x001sinβ+x002cosβ, (x001, x002)∈K. (2.3.4)
 Substituting (2.3.4) into (2.3.3), we get


x1 = (x001cosβ−x002sinβ+x01T) cosα


−(x001sinβ+x002cosβ) sinα+x01,
 x2 = (x001cosβ−x002sinβ+x01T) sinα


+(x001sinβ+x002cosβ) cosα+h+x02,


(x001, x002)∈K, (2.3.5)


and after some arrangements, we obtain
 x1 = x001cos(α+β)−x002sin(α+β)


+x01T cosα+x01,


x2 = x001sin(α+β) +x002cos(α+β)
 +x01T sinα+h+x02,


(x001, x002)∈K, (2.3.6)


where P is the set of points lying in the main part of the profile (without
 the flap) and K is the set of points lying in the flap. The constants x01 and
 x02 are the coordinates of the elastic axis EO in balanced state in vertical
 displacement (h = 0) and x01T is the distance between the axes EO0 and
 EF0. If the coordinate systemsx0,x00 are moving (given by the movement of
 the airfoil in coordinates (h, α, β)), for the real (taken in the coordinates x)
 velocity of the point x, we have


˙


x1 = (−x01sinα−x02cosα) ˙α,


˙


x2 = (x01cosα−x02sinα) ˙α+ ˙h, (x01, x02)∈P, (2.3.7)
 and for points lying on the flap


˙


x1 = −x001sin(α+β)( ˙α+ ˙β)


−x002cos(α+β)( ˙α+ ˙β)


−x01T sinαα,˙


˙


x2 = x001cos(α+β)( ˙α+ ˙β)


−x002sin(α+β)( ˙α+ ˙β)
 +x01T cosαα˙ + ˙h,


(x001, x002)∈K, (2.3.8)



(17)where for the time derivative only generalized coordinates of the airfoil (h, α, β)
 are important, while coordinates (x01, x02) and (x001, x002) are constant, because
 xis a fixed point in the coordinate system x0 or in the coordinate system x00.
 From (2.3.7) we derive the magnitude vx,P of the velocity of a point
 x∈P:


v2x,P = ˙x12+ ˙x22 = (x021 +x022) ˙α2+ ˙h2+ 2(x01cosα−x02sinα) ˙hα,˙ (2.3.9)
 and by (2.3.8), we have the magnitude vx,K of the velocity of a pointx∈K


vx2,K = x˙12+ ˙x22


= x0021 ( ˙α+ ˙β)2+x0022 ( ˙α+ ˙β)2+x021Tα˙2 + ˙h2


+2x001x01T( ˙α+ ˙β) ˙αcosβ−2x002x01T( ˙α+ ˙β) ˙αsinβ
 +2x001cos(α+β)( ˙α+ ˙β) ˙h


−2x002sin(α+β)( ˙α+ ˙β) ˙h+ 2x01Tα˙h˙ cosα


= ˙α2[x0021 +x0022 +x021T] + ˙β2[x0021 +x0022 ]
 + ˙h2 + 2 ˙αβ[x˙ 0021 +x0022 ]


+2 ˙α2x01T[x001cosβ−x002sinβ]


+2 ˙αβx˙ 01T[x001cosβ−x002sinβ]


+2 ˙αh[x˙ 001cos(α+β)−x002sin(α+β) +x01T cosα]


+2 ˙βh[x˙ 001cos(α+β)−x002sin(α+β)].


(2.3.10)


The kinetic energy of the whole airfoil in the reference coordinates x(needed
 in (2.3.1)) is given by


T = 1
 2


Z


P


ρ(x0)vx2,Pdx0+1
 2


Z


K


ρ(x00)v2x,Kdx00. (2.3.11)



(18)The use of (2.3.9) and (2.3.10) in (2.3.11) gives
 T = 1


2h˙2
 Z


P


%(x0)dx0+1
 2α˙2


Z


P


%(x0)(x021 +x022)dx0
 + ˙hα˙ cosα


Z


P


%(x0)x01dx0−h˙α˙sinα
 Z


P


%(x0)x02dx0
 +1


2h˙2
 Z


K


%(x00)dx00


+1
 2α˙2






 Z


K


%(x00)(x0021 +x0022 )dx00+x021T
 Z


K


%(x00)dx00








+1
 2β˙2


Z


K


%(x00)(x0021 +x0022 )dx00
 +x01Tα˙2cosβ


Z


K


%(x00)x001dx00


−x01Tα˙2sinβ
 Z


K


%(x00)x002dx00
 +x01Tα˙β˙cosβ


Z


K


%(x00)x001dx00


−x01Tα˙β˙sinβ
 Z


K


%(x00)x002dx00
 + ˙αh˙ cos(α+β)


Z


K


%(x00)x001dx00


−α˙h˙ sin(α+β)
 Z


K


%(x00)x002dx00
 +x01Tα˙h˙ cosα


Z


K


%(x00)dx00
 + ˙βh˙ cos(α+β)


Z


K


%(x00)x001dx00


−β˙h˙sin(α+β)
 Z


K


%(x00)x002dx00+


˙
 αβ˙


Z


K


%(x00)(x0021 +x0022 )dx00.


(2.3.12)



(19)Now, let us introduce some notations. First, we set
 mP =


Z


P


%(x0)dx0,
 mK =


Z


K


%(x00)dx00,
 m =mP∪K =mP +mK.


(2.3.13)


The quantity mP∪K is the total mass of the whole airfoil. Further,
 Sαx1,P =


Z


P


%(x0)x01dx0,
 Sαx2,P =


Z


P


%(x0)x02dx0


(2.3.14)


are the static moments of the main part of the airfoil with respect to the
 axes x01, x02, respectively, and


Sβx1,K =
 Z


K


%(x00)x001dx00,
 Sβx2,K =


Z


K


%(x00)x002dx00


(2.3.15)


are the static moments of the flap with respect to the axesx001,x002, respectively.


We introduce the definition of the constants characterizing the airfoil called
 the static moments for the whole airfoil (when the flap is straightened, i.e.


β = 0) as


Sαx1,P∪K =Sαx1,P∪K|β=0 =
 Z


P∪K


%(x0)x01dx0,
 Sαx2,P∪K =Sαx2,P∪K|β=0 =


Z


P∪K


%(x0)x02dx0,


(2.3.16)


which are taken with respect to the axes x1, x2, respectively. Taking into
 account (2.3.4) for β = 0, (2.3.15) and (2.3.16), we can write the relation


Sαx1,P∪K =Sαx1,P +x01TmK +Sβx1,K. (2.3.17)
 The quantity


Iα,P =
 Z


P


%(x0)(x021 +x022)dx0 (2.3.18)



(20)is the moment of inertia of the main part of the airfoil with respect to the
 elastic axis EO and the quantity


Iβ,K =
 Z


K


%(x00)(x0021 +x0022 )dx00 (2.3.19)
 is the moment of inertia of the flap with respect to the flap axis EF. We
 introduce the moment of inertia of the whole airfoil with respect to the
 elastic axis EO (when the flap is straightened) as


Iα,P∪K =Iα,P∪K|β=0 =
 Z


P∪K


%(x0)(x021 +x022)dx0. (2.3.20)


Taking into account (2.3.4) forβ = 0, (2.3.18) and (2.3.19), we can write the
 relation


Iα,P∪K =Iα,P +Iβ,K +mKx021T + 2x01TSβx1,K. (2.3.21)
 The quantities (2.3.13)-(2.3.21) are static (mass and inertia) characteristics
 of the airfoil. Later we show their relationship with other parameters of the
 airfoil. Substitution of these quantities into (2.3.12) leads to


T = 1


2(mP +mK) ˙h2+ (Sαx1,P +x01TmK) ˙hα˙cosα


−Sαx2,Ph˙α˙sinα+1


2(Iα,P +Iβ,K +mKx021T) ˙α2+ 1
 2Iβ,Kβ˙2
 +x01TSβx1,Kα˙2cosβ−x01TSβx2,Kα˙2sinβ


+Sβx1,Kh˙α˙cos(α+β)−Sβx2,Kh˙α˙sin(α+β)
 +Sβx1,Kh˙β˙cos(α+β)−Sβx2,Kh˙β˙sin(α+β)
 +Iβ,Kα˙β˙ +x01TSβx1,Kα˙β˙cosβ−x01TSβx2,Kα˙β˙sinβ.


(2.3.22)


In order to derive the equations of the motion of the airfoil from (2.3.1),
 we must be concerned with the force terms Qj. We shall take into account
 several types of forces acting on the airfoil.


First, there are stiffness forces, which are zero in the balanced position
 (h = q1 = 0, α = q2 = 0, β = q3 = 0). We use the simplest, linear
 characterization of these forces expressed in the form


−


→Ngen.coord.= [Nh, Nα, Nβ] =−[khh, kαα, kββ], (2.3.23)
wherekh,kα,kβ are stiffness coefficients given by the wing and flap construc-
tion.



(21)Second, the structural damping forces are for simplicity modelled as vis-
 cous forces depending on the velocity of the airfoil


−


→Ogen.coord.= [Oh, Oα, Oβ] =−[Dhhh, D˙ ααα, D˙ βββ],˙ (2.3.24)
 where the parametersDhh,Dαα,Dββ are the coefficients of the viscous struc-
 tural damping.


Third, the forces given by the interaction of the airfoil and the fluid flow
 must be considered. They can be computed from the velocity and pressure
 flow fields. The force −→


L acting on the whole surface of the airfoil is given by
 the formula


−


→L =
 Z


∂(P∪K)


−


→l (x)ds, (2.3.25)


where −→


l (x) is the density of the force −→


L. The direct transformation of


−


→L according to equation (2.3.2) is complicated. It is easier to start from
 transforming the density −→


l (x). For an arbitrary point x ∈ ∂(P ∪K) we
 transform −→


l (x) to the generalized coordinates h=q1, α=q2, β =q3. Using
 (2.3.2), we obtain


lj(x)gen.coord. =
 Xn=2


i=1


li(x)∂xi


∂qj


j = 1,2,3. (2.3.26)
 By (2.3.3) and (2.3.6), we have


∂x1


∂h = 0,


∂x1


∂α = −(x2−x02−h),


∂x1


∂β = 0,


∂x2


∂h = 1,


∂x2


∂α = x1−x01,


∂x2


∂β = 0,


x∈P, (2.3.27)



(22)and


∂x1


∂h = 0,


∂x1


∂α = −(x2−x02−h),


∂x1


∂β = −(x2−x02−h−x01T sinα),


∂x2


∂h = 1,


∂x2


∂α = x1 −x01,


∂x2


∂β = x1 −x01−x01T cosα,


x∈K. (2.3.28)


Substituting (2.3.27) and (2.3.28) into (2.3.26), we get


l1(x)gen.coord.= l2(x) x∈P ∪K,


l2(x)gen.coord.= −l1(x)(x2 −x02−h)


+l2(x)(x1−x01) x∈P ∪K,


l3(x)gen.coord.= 0 x∈P,


l3(x)gen.coord.= −l1(x)(x2 −x02−h−x01T sinα)


+l2(x)(x1−x01−x01T cosα) x∈K.


(2.3.29)
 From (2.3.25), (2.3.26) and (2.3.29) we get the density of the generalized
 forces:


L1gen.coord. = L2 =
 Z


∂(P∪K)


l2(x)ds, (2.3.30)


L2gen.coord. = Mα,P∪K = −
 Z


∂(P∪K)


l1(x)(x2−x02−h)ds
 +


Z


∂(P∪K)


l2(x)(x1−x01)ds,


(2.3.31)



(23)L3gen.coord. = Mβ,K = −
 Z


∂K


l1(x)(x2−x02−h−x01T sinα)ds
 +


Z


∂K


l2(x)(x1 −x01−x01T cosα)ds,


(2.3.32)
 where L2 is resulting aerodynamic lift force of the force −→


L, Mα,P∪K is the
 torsional moment on the whole airfoil of the force −→


L with respect to the
 elastic axis EO (taken positively in the counterclockwise direction) and Mβ,K
 is the torsional moment on the flap of the force −→


L with respect to the flap
 elastic axis EF (taken positively in the counterclockwise direction).


The total force in the generalized coordinates has the form


−


→Q = [Q1, Q2, Q3]


= [L2, Mα,P∪K, Mβ,K]−[khh, kαα, kββ]−
 h


Dhhh, D˙ ααα, D˙ βββ˙
 i


.
 (2.3.33)
 Further, we shall calculate the derivatives of the kinetic energy T appearing
 in the Euler-Lagrange equations (2.3.1). We have


∂T


∂h˙ = mP∪Kh˙ + (Sαx1,P +x01TmK) ˙αcosα−Sαx2,Pα˙ sinα
 +Sβx1,Kα˙cos(α+β)−Sβx2,Kα˙sin(α+β)


+Sβx1,Kβ˙cos(α+β)−Sβx2,Kβ˙sin(α+β),


(2.3.34)


∂T


∂α˙ = (Sαx1,P +x01TmK) ˙hcosα−Sαx2,Ph˙ sinα
 +(Iα,P +Iβ,K+mKx021T) ˙α


+2x01TSβx1,Kα˙ cosβ−2x01TSβx2,Kα˙sinβ
 +Sβx1,Kh˙ cos(α+β)−Sβx2,Kh˙ sin(α+β)
 +Iβ,Kβ˙+x01TSβx1,Kβ˙cosβ−x01TSβx2,Kβ˙sinβ,


(2.3.35)


∂T


∂β˙ = Iβ,Kβ˙+Sβx1,Kh˙cos(α+β)−Sβx2,Kh˙ sin(α+β)
 +Iβ,Kα˙ +x01TSβx1,Kα˙ cosβ−x01TSβx2,Kα˙ sinβ.


(2.3.36)
Performing the derivative operation of (2.3.34)-(2.3.36) with respect to timet,
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