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PERTURBATION ANALYSIS OF BOUNDED HOMOGENEOUS
 GENERALIZED INVERSES ON BANACH SPACES


JIANBING CAO and YIFENG XUE


Abstract. LetX, Y be Banach spaces andT:X →Y be a bounded linear operator. In this paper,
 we initiate the study of the perturbation problems for bounded homogeneous generalized inverse Th
 and quasi-linear projector generalized inverseTH ofT. Some applications to the representations and
 perturbations of the Moore-Penrose metric generalized inverseTM ofT are also given. The obtained
 results in this paper extend some well-known results for linear operator generalized inverses in this
 field.


1. Introduction


The expression and perturbation analysis of the generalized inverses (resp., the Moore-Penrose
 inverses) of bounded linear operators on Banach spaces (resp., Hilbert spaces) have been widely
 studied since Nashed’s book [18] was published in 1976. Ten years ago, Chen and Xue [8] proposed
 a notation so-called the stable perturbation of a bounded operator instead of the rank-preserving
 perturbation of a matrix. Using this new notation, they established the perturbation analyses for
 the Moore-Penrose inverse and the least square problem on Hilbert spaces in [6,9,26]. Meanwhile,
 Castro-Gonz´alez and Koliha established the perturbation analysis for Drazin inverse by using of
 the gap-function in [4, 5, 14]. Later, some of their results were generalized by Chen and Xue
 [27,28] in terms of stable perturbation.


Received February 28, 2013; revised April 2, 2014.
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(2)JJ J I II


Go back


Full Screen


Close


Quit


Throughout this paper, X, Y are always Banach spaces over real field R and B(X, Y) is the
 Banach space consisting of bounded linear operators fromX to Y. For T ∈B(X, Y), letN(T)
 (resp.,R(T)) denote the null space (resp., range) ofT. It is well-known that ifN(T) andR(T) are
 topologically complemented in the spacesX and Y, respectively, then there exists a (projector)
 generalized inverseT+∈B(Y, X) ofT such that


T T+T =T, T+T T+=T+, T+T =IX−PN(T), T T+=QR(T),


wherePN(T)and QR(T) are the bounded linear projectors from X andY ontoN(T) and R(T),
 respectively, (cf. [6, 18, 25]). But, in general, not every closed subspace in a Banach space is
 complemented. Thus the linear generalized inverseT+ ofT may not exist. In this case, we may
 seek other types of generalized inverses forT. Motivated by the ideas of linear generalized inverses
 and metric generalized inverses (cf. [18, 20]), by using the so-called homogeneous (resp., quasi-
 linear) projector in Banach space, Wang and Li [22] defined the homogeneous (resp., quasi-linear)
 generalized inverse. Then, some further study on these types of generalized inverses in Banach space
 was given in [1, 17]. More importantly, from results in [17, 20], we know that in some reflexive
 Banach spaces X and Y, for an operator T ∈ B(X, Y) there may exists a bounded quasi-linear
 (projector) generalized inverse ofT, which is generally neither linear nor metric generalized inverse
 ofT. So, from this point of view, it is important and necessary to study bounded homogeneous
 and quasi-linear (projector) generalized inverses in Banach spaces.


Since the homogeneous (or quasi-linear) projector in Banach space are no longer linear, the
linear projector generalized inverse and the homogeneous (or quasi-linear) projector generalized
inverse in Banach spaces are quite different. Motivated by the new perturbation results of closed
linear generalized inverses [12], in this paper, we initiate the study of the following problems for
bounded homogeneous (resp., quasi-linear projector) generalized inverse: LetT ∈ B(X, Y) with
a bounded homogeneous (resp., quasi-linear projector) generalized inverse Th (resp., TH), what
conditions on the small perturbation δT can guarantee that the bounded homogeneous (resp.,
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quasi-linear projector) generalized inverse ¯Th (resp. ¯TH) of the perturbed operator ¯T =T+δT
 exists? Furthermore, if it exists, when does ¯Th (resp., ¯TH) have the simplest expression (IX+
 ThδT)−1Th(resp., (IX+THδT)−1TH? With the concept of the quasi-additivity and the notation
 of stable perturbation in [8], we present some perturbation results on homogeneous generalized
 inverses and quasi-linear projector generalized inverses in Banach spaces. Explicit representation
 and perturbation for the Moore-Penrose metric generalized inverse of the perturbed operator are
 also given.


2. Preliminaries


LetT ∈B(X, Y)r{0}. The reduced minimum moduleγ(T) ofT is given by
 γ(T) = inf{kT xk |x∈X,dist(x,N(T)) = 1},


(2.1)


where dist(x,N(T)) = inf{kx−zk | z ∈ N(T)}. It is well-known that R(T) is closed in Y iff
 γ(T)>0 (cf. [16, 28]). From (2.1), we can obtain useful inequality as follows:


kT xk ≥γ(T) dist(x,N(T)) for allx∈X.


Recall from [1, 23] that a subset D in X is called to be homogeneous if λ x ∈ D whenever
 x∈D and λ∈ R; a mapping T:X → Y is called to be a bounded homogeneous operator ifT
 maps every bounded set inX into a bounded set inY and T(λ x) =λ T(x) for everyx∈X and
 everyλ∈R.


LetH(X, Y) denote the set of all bounded homogeneous operators fromX toY. Equipped with
the usual linear operations onH(X, Y) and norm onT ∈H(X, Y) defined bykTk= sup{kT xk |
kxk= 1, x∈X}, we can easily prove that (H(X, Y),k · k) is a Banach space (cf. [20,23]).
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Definition 2.1. Let M be a subset of X and T:X →Y be a mapping. We call T is quasi-
 additive onM ifT satisfies


T(x+z) =T(x) +T(z) for allx∈X and z∈M.


Now we give the concept of quasi-linear projector in Banach spaces.


Definition 2.2 (cf. [17, 20]). Let P ∈ H(X, X). If P2 = P, P is called a homogeneous
 projector. In addition, ifP is also quasi-additive onR(P), i.e., for anyx∈X and any z∈ R(P),


P(x+z) =P(x) +P(z) =P(x) +z,
 thenP is called a quasi-linear projector.


Clearly, from Definition 2.2, we see that the bounded linear projectors, orthogonal projectors
 in Hilbert spaces are all quasi-linear projectors.


LetP∈H(X, X) be a quasi-linear projector. Then by [17, Lemma 2.5],R(P) is a closed linear
 subspace ofX andR(IX−P) =N(P). Thus, we can define “the quasi-linearly complement” of
 a closed linear subspace as follows. Let V be a closed subspace of X. If there exists a bounded
 quasi-linear projectorP on X such thatV =R(P), thenV is said to be bounded quasi-linearly
 complemented inX andN(P) is the bounded quasi-linear complement ofV inX. In this case, as
 usual, we may writeX =V uN(P), whereN(P) is a homogeneous subset ofX and “u” means
 thatV ∩ N(P) ={0} andX=V +N(P).


Definition 2.3. LetT ∈B(X, Y). If there isTh∈H(Y, X) such that
 T ThT =T, ThT Th=Th,


then we call Th is a bounded homogeneous generalized inverse of T. Furthermore, if Th is also
 quasi-additive onR(T), i.e., for anyy∈Y and anyz∈ R(T), we have


Th(y+z) =Th(y) +Th(z),



(5)JJ J I II


Go back


Full Screen


Close


Quit


thenTh is called a bounded quasi-linear generalized inverse ofT.


Obviously, the concept of bounded homogeneous (or quasi-linear) generalized inverse is a gen-
 eralization of bounded linear generalized inverse.


Definition2.3was first given in paper [1] for linear transformations and bounded linear oper-
 ators. The existence of a homogeneous generalized inverse ofT∈B(X, Y) is also given in [1]. In
 the following proposition, we will give a new proof of the existence of a homogeneous generalized
 inverse of a bounded linear operator.


Proposition 2.4. Let T ∈ B(X, Y)r{0}. Then T has a homogeneous generalized inverse
 Th∈H(Y, X)iffR(T)is closed and there exist a bounded quasi-linear projectorPN(T):X → N(T)
 and a bounded homogeneous projectorQR(T): Y → R(T).


Proof. Suppose that there is Th ∈ H(Y, X) such that T ThT = T and ThT Th = Th. Put
 PN(T)=IX−ThT andQR(T)=T Th. ThenPN(T)∈H(X, X),QR(T)∈H(Y, Y) and


PN(T)2 = (IX−ThT)(IX−ThT) =IX−ThT−ThT(IX−ThT) =PN(T),
 Q2R(T)=T ThT Th=T Th=QR(T).


FromT ThT =T and ThT Th =Th, we can get thatN(T) = R(PN(T)) and R(T) = R(QR(T)).


Since for anyx∈X and anyz∈ N(T),


PN(T)(x+z) =x+z−ThT(x+z) =x+z−ThT x


=PN(T)x+z=PN(T)x+PN(T)z,


it follows that PN(T) is quasi-linear. Obviously, we see that QR(T): Y → R(T) is a bounded
 homogeneous projector.


Now for anyx∈X,


dist(x,N(T))≤ kx−PN(T)xk=kThT xk ≤ kThkkT xk.
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Thus,γ(T)≥ 1


kThk >0 and henceR(T) is closed inY.


Conversely, for x∈ X, let [x] stand for equivalence class of xin X/N(T). Define mappings
 φ:R(IX−PN(T))→X/N(T) and ˆT:X/N(T)→ R(T), respectively, by


φ(x) = [x] for allx∈ R(IX−PN(T)) and ˆT([z]) =T z for allz∈X.


Clearly, ˆTis bijective. Noting that, the quotient spaceX/N(T) with the normk[x]k= dist(x,N(T))
 is a Banach space (cf. [25]) andkT xk ≥γ(T) dist(x,N(T)) withγ(T)>0 for allx∈X, we have
 kTˆ[x]k ≥γ(T)k[x]k for allx∈X. Therefore,kTˆ−1yk ≤ 1


γ(T)kyk, for ally∈ R(T).


SincePN(T)is a quasi-linear projector, it follows thatφis bijective andφ−1([x]) = (IX−PN(T))x
 for allx∈X. Obviously,φ−1is homogeneous and for anyz∈ N(T),


kφ−1([x])k=k(IX−PN(T))(x−z)k ≤(1 +kPN(T)k)kx−zk


which implies that kφ−1k ≤ 1 +kPN(T)k. Put T0 = ˆT ◦φ:R(IX −PN(T)) → R(T). Then
 T0−1=φ−1◦Tˆ−1:R(T)→ R(IX−PN(T)) is homogeneous and bounded withkT0−1k ≤γ(T)−1(1+


kPN(T)k). Set Th= (IX−PN(T))T0−1QR(T). ThenTh∈H(Y, X) and


T ThT =T, ThT Th=Th, T Th=QR(T), ThT =IX−PN(T).


This finishes the proof. 


Recall that a closed subspaceV in X is Chebyshev if for anyx∈X, there is a unique x0∈V
such thatkx−x0k= dist(x, V). Thus, for the closed Chebyshev spaceV, we can define a mapping
πV:X →V byπV(x) =x0. πV is called the metric projector fromXontoV. From [20], we know
thatπV is a quasi-linear projector withkπVk ≤2. Then by Proposition2.4, we have the following
corollary.
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Corollary 2.5 ([19, 20]). Let T ∈B(X, Y)r{0} with R(T) closed. Assume that N(T)and
 R(T)are Chebyshev subspaces inX andY, respectively. Then there isTh∈H(Y, X)such that


T ThT =T, ThT Th=Th, T Th=πR(T), ThT =IX−πN(T).
 (2.2)


The bounded homogeneous generalized inverseTh in (2.2) is called the Moore-Penrose metric
 generalized inverse ofT. SuchTh in (2.2) is unique and is denoted byTM (cf. [20]).


Corollary 2.6. LetT ∈B(X, Y)r{0}such that the bounded homogeneous generalized inverse
 Th exists. Assume that N(T)andR(T)are Chebyshev subspaces inX andY, respectively. Then
 TM = (IX−πN(T))ThπR(T).


Proof. SinceN(T) andR(T) are Chebyshev subspaces, it follows from Corollary2.5thatT has
 the unique Moore-Penrose metric generalized inverseTM which satisfies


T TMT =T, TMT TM =TM, T TM =πR(T), TMT =IX−πN(T).


SetT\= (IX−πN(T))ThπR(T). ThenT\=TMT ThT TM =TMT TM =TM. 
 3. Perturbations for bounded homogeneous generalized inverse


In this section, we extend some perturbation results of linear generalized inverses to bounded ho-
 mogeneous generalized inverses. We start our investigation with some lemmas which are prepared
 for the proof of our main results. The following result is well-known for bounded linear operators,
 we generalize it to the bounded homogeneous operators in the following form.


Lemma 3.1. Let T ∈H(X, Y)andS∈H(Y, X)such that T is quasi-additive onR(S)andS
is quasi-additive onR(T), thenIY+T Sis invertible inH(Y, Y)if and only ifIX+ST is invertible
inH(X, X).
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Proof. If there is a Φ∈H(Y, Y) such that (IY +T S)Φ = Φ(IY +T S) =IY, then
 IX=IX+ST−ST =IX+ST −S((IY +T S)Φ)T


=IX+ST−((S+ST S)Φ)T (S quasi-additive onR(T))


=IX+ST−((IX+ST)SΦ)T


= (IX+ST)(IX−SΦT) (T quasi-additive onR(S)).


Similarly, we also have IX = (IX −SΦT)(IX +ST). Thus, IX+ST is invertible on X with
 (IX+ST)−1= (IX−SΦT)∈H(X, X).


The converse can also be proved by using the above argument. 


Lemma 3.2. Let T∈B(X, Y)such that Th∈H(Y, X)exists and letδT ∈B(X, Y) such that
 This quasi-additive onR(δT)and(IX+ThδT)is invertible inB(X, X). ThenIY+δT Th: Y →Y
 is invertible inH(Y, Y)and


Φ =Th(IY +δT Th)−1= (IX+ThδT)−1Th
 (3.1)


is a bounded homogeneous operator withR(Φ) =R(Th)andN(Φ) =N(Th).


Proof. By Lemma3.1,IY +δT Th:Y →Y is invertible inH(Y, Y).


Clearly,IX+ThδT is a linear bounded operator andIY +δT Th∈H(Y, Y). From the equation
 (IX+ThδT)Th=Th(IY +δT Th)


andTh∈H(Y, X), we get that Φ is a bounded homogeneous operator. Finally, from (3.1), we can


obtain thatR(Φ) =R(Th) andN(Φ) =N(Th). 


Recall from [8] that for T ∈B(X, Y) with bounded linear generalized inverse T+ ∈B(Y, X),
we say that ¯T =T+δT ∈B(X, Y) is a stable perturbation ofT ifR( ¯T)∩ N(T+) ={0}. Now for
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T ∈B(X, Y) withTh∈H(Y, X), we also say that ¯T =T+δT ∈B(X, Y) is a stable perturbation
 ofT ifR( ¯T)∩ N(Th) ={0}.


Lemma 3.3. Let T ∈ B(X, Y) such that Th ∈ H(Y, X) exists. Suppose that δT ∈ B(X, Y)
 such thatTh is quasi-additive onR(δT)andIX+ThδT is invertible inB(X, X). PutT¯=T+δT.
 IfR( ¯T)∩ N(Th) ={0}, then


N( ¯T) = (IX+ThδT)−1N(T) and R( ¯T) = (IY +δT Th)R(T).


Proof. Set P = (IX+ThδT)−1(IX −ThT). We first show thatP2 = P and R(P) = N( ¯T).


SinceThT Th=Th, we get (IX−ThT)ThδT = 0 and then
 (IX−ThT)(IX+ThδT) =IX−ThT,
 (3.2)


and so


IX−ThT = (IX−ThT)(IX+ThδT)−1.
 (3.3)


Now, by using (3.2) and (3.3), it is easy to getP2=P.


SinceTh is quasi-additive on R(δT), we seeIX−ThT = (IX+ThδT)−ThT. Then for any¯
 x∈X, we have


P x= (IX+ThδT)−1(IX−ThT)x


= (IX+ThδT)−1[(IX+ThδT)−ThT¯]x


=x−(IX+ThδT)−1ThT x.¯
 (3.4)


From (3.4), we get that ifx∈ N( ¯T), thenx∈ R(P). Thus,N( ¯T)⊂ R(P).


Conversely, letz∈ R(P), thenz=P z. From (3.4), we get (IX+ThδT)−1ThT x¯ = 0. Therefore, we
have ¯T x∈ R( ¯T)∩ N(Th) ={0}. Thus,x∈ N( ¯T) and thenR(P) =N( ¯T).
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From the Definition ofTh, we haveN(T) =R(IX−ThT). Thus,


(IX+ThδT)−1N(T) = (IX+ThδT)−1R(IX−ThT) =R(P) =N( ¯T).


Now, we prove that R( ¯T) = (IY +δT Th)R(T). From (IY +δT Th)T = ¯T ThT, we get that
 (IY +δT Th)R(T)⊂ R( ¯T). On the other hand, sinceThis quasi-additive onR(δT) andR(P) =
 N( ¯T) for anyx∈X we have


0 = ¯T P x= ¯T(IX+ThδT)−1(IX−ThT)x


= ¯T x−T¯(IX+ThδT)−1(ThδT x+ThT x)


= ¯T x−T¯(IX+ThδT)−1ThT x¯ = ¯T x−T T¯ h(IY +δT Th)−1T x¯


= ¯T x−(IY +δT Th−IY +T Th)(IY +δT Th)−1T x¯


= (IY −T Th)(IY +δT Th)−1T x.¯
 (3.5)


SinceN(IY −T Th) =R(T), it follows (3.5) that (IY +δT Th)−1R( ¯T)⊂ R(T), that is,R( ¯T)⊂
 (IY +δT Th)R(T). Consequently,R( ¯T) = (IY +δT Th)R(T). 


Now we can present the main perturbation result for bounded homogeneous generalized inverse
 on Banach spaces.


Theorem 3.4. Let T ∈B(X, Y)such thatTh ∈H(Y, X)exists. Suppose that δT ∈B(X, Y)
 such thatTh is quasi-additive onR(δT)andIX+ThδT is invertible inB(X, X). PutT¯=T+δT.
 Then the following statements are equivalent:


(1) Φ =Th(IY +δT Th)−1 is a bounded homogeneous generalized inverse of T;¯
 (2) R( ¯T)∩ N(Th) ={0};


(3) R( ¯T) = (IY +δT Th)R(T);


(4) (IX+ThδT)N( ¯T) =N(T);
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(5) (IY +δT Th)−1TN¯ (T)⊂ R(T).


Proof. We prove our theorem by showing that


(3)⇒(5)⇒(4)⇒(2)⇒(3)⇒(1)⇒(3).


(3)⇒(5) This is obvious since (IY +δT Th) is invertible andN(T)⊂X.


(5) ⇒ (4). Let x ∈ N( ¯T), then we see (IX +ThδT)x = x−ThT x ∈ N(T). Hence (IX+
 ThδT)N( ¯T) ⊂ N(T). Now for any x ∈ N(T), by (5), there exists z ∈ X such that ¯T x =
 (IY +δT Th)T z= ¯T ThT z.Sox−ThT z∈ N( ¯T), and hence


(IX+ThδT)(x−ThT z) = (IX−ThT)(x−ThT z) =x.


Consequently, (IX+ThδT)N( ¯T) =N(T).


(4)⇒(2). Let y ∈R(T)∩N(Th), then there existsx∈X such thaty = ¯T x and ThT x¯ = 0.


We can check that


T(IX+ThδT)x=T x+T ThδT x=T x+T ThT x¯ −T ThT x= 0.


Thus, (IX+ThδT)x∈ N(T). By (4),x∈ N( ¯T) and so thaty= ¯T x= 0.


(2)⇒(3) follows from Lemma3.3.


(3)⇒(1). From Lemma3.2, we see that


Φ =Th(IY +δT Th)−1= (IX+ThδT)−1Th


is a bounded homogeneous operator withR(Φ) =R(Th) and N(Φ) = N(Th). Now we need to
prove that Φ ¯TΦ = Φ and ¯TΦ ¯T = ¯T. We first prove Φ ¯TΦ = Φ. Since Th is quasi-additive on
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R(δT), we haveThT¯=ThT+ThδT. Therefore,


Φ ¯TΦ = (IX+ThδT)−1ThT(I¯ X+ThδT)−1Th


= (IX+ThδT)−1[(IX+ThδT)−(IX−ThT)](IX+ThδT)−1Th


= (IX+ThδT)−1Th−(IX+ThδT)−1(IX−ThT)(IX+ThδT)−1Th


= Φ−(IX+ThδT)−1(IX−ThT)Th(IY +δT Th)−1


= Φ.


Now we prove ¯TΦ ¯T = ¯T. The identity R( ¯T) = (IY +δT Th)R(T) means that (IY −T Th)(IY +
 δT Th)−1T¯= 0. So


T¯Φ ¯T = (T+δT)Th(IY +δT Th)−1T¯


= (IY +δT Th+T Th−IY)(IY +δT Th)−1T¯


= ¯T .


(1)⇒(3) Since ¯TΦ ¯T = ¯T, we have (IY −T Th)(IY +δT Th)−1T¯= 0 by the proof of (3)⇒(1).


Thus, (IY +δT Th)−1R( ¯T)⊂ R(T). From (IY +δT Th)T = ¯T ThT, we get (IY +δT Th)R(T)⊂


R( ¯T). So (IY +δT Th)R(T) =R( ¯T). 


Corollary 3.5. Let T ∈B(X, Y) such that Th ∈H(Y, X) exists. Suppose that δT ∈B(X, Y)
 such thatTh is quasi-additive on R(δT)andkThδTk<1. PutT¯=T+δT. IfN(T)⊂ N(δT)or
 R(δT)⊂ R(T), thenT¯ has a homogeneous bounded generalized inverse


T¯h=Th(IY +δT Th)−1= (IX+ThδT)−1Th.


Proof. If N(T) ⊂ N(δT), then N(T) ⊂ N( ¯T). So Condition (5) of Theorem 3.4 holds. If
R(δT)⊂R(T), thenR( ¯T)⊂ R(T). SoR( ¯T)∩ N(Th)⊂ R(T)∩ N(Th) ={0}and consequently,
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T¯ has the homogeneous bounded generalized inverse Th(IY +δT Th)−1 = (IX +ThδT)−1Th by


Theorem3.4. 


Proposition 3.6. Let T ∈ B(X, Y) with R(T) closed. Assume that N(T) and R(T) are
 Chebyshev subspaces inX andY, respectively. Let δT ∈B(X, Y)such that TM is quasi-additive
 on R(δT) and kTMδTk < 1. Put T¯ = T +δT. Suppose that N( ¯T) and R( ¯T) are Chebyshev
 subspaces inX andY, respectively. IfR( ¯T)∩ N(TM) ={0}, thenR( ¯T)is closed inY andT¯has
 the Moore-Penrose metric generalized inverse


T¯M = (IX−πN( ¯T))(IX+TMδT)−1TMπR( ¯T)
 withkT¯Mk ≤ 2kTMk


1− kTMδTk.


Proof. TM exists by Corollary 2.5. Since TMδT isR-linear and kTMδTk <1, we haveIX+
 TMδT is invertible in B(X, X). By Theorem 3.4 and Proposition 2.4, R( ¯T)∩ N(TM) = {0}


implies thatR( ¯T) is closed and ¯T has a bounded homogeneous generalized inverse ¯Th = (IX+
 TMδT)−1TM. Then by Corollary2.6, ¯TM has the form


T¯M = (IX−πN( ¯T))(IX+TMδT)−1TMπR( ¯T).


Note thatkx−πN( ¯T)xk= dist(x,N( ¯T))≤ kxkfor allx∈X. SokIX−πN( ¯T)k ≤1. Therefore,
 kT¯Mk ≤ kIX−πN( ¯T)kk(IX+TMδT)−1TMkkπR( ¯T)k ≤ 2kTMk


1− kTMδTk.


This completes the proof. 



(14)JJ J I II


Go back


Full Screen


Close


Quit


4. Perturbation for quasi-linear projector generalized inverse


It is well-known that the range of a bounded qausi-linear projector on a Banach space is closed
 (see [17, Lemma 2.5]). Thus, from Definition 2.3 and the proof of Proposition 2.4, the following
 result is obvious.


Proposition 4.1. Let T ∈ B(X, Y)r{0}. Then T has a bounded quasi-linear generalized
 inverseTh∈H(Y, X)iff there exist a bounded linear projector PN(T):X → N(T)and a bounded
 quasi-linear projectorQR(T): Y → R(T).


Motivated by Proposition4.1, related results in [1,17,22] and the definition of oblique projec-
 tions of generalized inverses on Banach spaces (see [18,25]), we introduce the notion of quasi-linear
 projector generalized inverse of a bounded linear operator on Banach spaces as follows.


Definition 4.2. LetT ∈ B(X, Y). Let TH ∈H(Y, X) be a bounded homogeneous operator.


If there exist a bounded linear projector PN(T) from X onto N(T) and a bounded quasi-linear
 projectorQR(T) fromY ontoR(T), respectively, such that


(1) T THT =T;
 (2) THT TH=TH;
 (3) THT =IX−PN(T);
 (4) T TH=QR(T);


thenTH is called a quasi-linear projector generalized inverse ofT.


ForT ∈B(X, Y), ifTH exists, then from Proposition4.1and Definition2.3, we see that R(T)
 is closed andTHis quasi-additive onR(T). In this case, we may callTHis a quasi-linear operator.


ChooseδT ∈B(X, Y) such thatTH is also quasi-additive onR(δT), thenIX+THδT is a bounded
linear operator andIY +δT TH is a bounded linear operator onR( ¯T).
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Lemma 4.3. LetT ∈B(X, Y)such thatTH exists and letδT ∈B(X, Y)such thatTHis quasi-
 additive onR(δT). PutT¯=T+δT. Assumes thatX =N( ¯T)uR(TH)andY =R( ¯T)uN(TH).


Then


(1) IX+THδT:X →X is a invertible bounded linear operator;


(2) IY +δT TH:Y →Y is a invertible quasi-linear operator;


(3) Υ =TH(IY +δT TH)−1= (IX+THδT)−1TH is a bounded homogeneous operator.


Proof. Since IX +THδT ∈ B(X, X), we only need to show that N(IX +THδT) = {0} and
 R(IX+THδT) =X under the assumptions.


We first show thatN(IX+THδT) ={0}. Letx∈ N(IX+THδT), then
 (IX+THδT)x= (IX−THT)x+THT x¯ = 0


since TH is quasi-linear. Thus (IX −THT)x = 0 = THT x, and hence ¯¯ T x ∈ R( ¯T)∩ N(TH).


Noting that Y = R( ¯T)uN(TH), we have ¯T x = 0, and hence x ∈ R(TH)∩ N( ¯T). From
 X=N( ¯T)uR(TH), we get thatx= 0.


Now, we prove thatR(IX+THδT) =X. Letx∈X and putx1= (IX−THT)x,x2=THT x.


SinceY =R( ¯T)uN(TH), we have R(TH) =THR( ¯T). Therefore, from X =N( ¯T)uR(TH),
 we get thatR(TH) =THR( ¯T) =THT¯R(TH). Consequently, there isz∈Y such thatTH(T x2−
 T x¯ 1) =THT T¯ Hz. Sety=x1+THz∈X. Noting thatTH is quasi-additive onR(T) andR(δT),
 respectively. we have


(IX+THδT)y= (IX−THT+THT¯)(x1+THz)


=x1+THT x¯ 1+THT T¯ Hz


=x1+THT x¯ 1+TH(T x2−T x¯ 1)


=x.
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Therefore,X =R(IX+THδT).


As in Lemma3.2, we have Υ =TH(IY +δT TH)−1= (IX+THδT)−1TH is a bounded homo-


geneous operator. 


Theorem 4.4. Let T ∈B(X, Y) such that TH exists and let δT ∈B(X, Y) such that TH is
 quasi-additive onR(δT). PutT¯=T+δT. Then the following statements are equivalent:


(1) IX+THδT is invertible inB(X, X) andR( ¯T)∩ N(TH) ={0};


(2) IX + THδT is invertible in B(X, X) and Υ = TH(IY + δT TH)−1 =
 (IX+THδT)−1TH is a quasi-linear projector generalized inverse ofT¯;


(3) X =N( ¯T)uR(TH) andY =R( ¯T)uN(TH), i.e.,N( ¯T) is topological complemented in
 X andR( ¯T)is quasi-linearly complemented in Y.


Proof. (1)⇒(2) By Theorem3.4, Υ =TH(IY +δT TH)−1= (IX+THδT)−1TH is a bounded
 homogeneous generalized inverse of T. Let y ∈Y andz ∈ R( ¯T). Thenz =T x+δT xfor some
 x∈X. SinceTH is quasi-additive onR(T) andR(δT), it follows that


TH(y+z) =TH(y+T x+δT x) =TH(y) +TH(T x) +TH(δT x) =THy+THz,
 i.e.,TH is quasi-additive onR( ¯T), and hence Υ is quasi-linear. Set


P¯= (IX+THδT)−1(IX−THT), Q¯= ¯T(IX+THδT)−1TH.


Then, by the proof of Lemma 3.3, ¯P ∈ H(X, X) is a projector with R( ¯P) = N( ¯T). Note that
 (IX+THδT)−1 andIX−THT are all linear. So ¯P is linear. Furthermore,


Υ ¯T= (IX+THδT)−1TH(T+δT)


= (IX+THδT)−1(IX+THδT+THT−IX)


=IX−P .¯
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SinceTH is quasi-additive onR( ¯T), it follows that ¯Q= ¯T(I+THδT)−1TH= ¯TΥ is quasi-linear
 and bounded withR( ¯Q)⊂ R( ¯T). Note that


Q¯= ¯T TH(IY +δT TH)−1= (IY +δT TH+T TH−IY)(IY +δT TH)−1


=IY −(IY −T TH)(IY +δT TH)−1.


According to Lemma 3.3, (IY +δT TH)−1R( ¯T) =R(T), so we have R( ¯T) = ¯Q(R( ¯T))⊂ R( ¯Q).


Thus,R( ¯Q) =R( ¯T). From Υ ¯T =IX−P¯ and R( ¯P) =N( ¯T), we see that Υ ¯TΥ = Υ. Then we
 have


Q¯2= ¯T(IX+THδT)−1THT¯(IX+THδT)−1TH= ¯TΥ ¯TΥ = ¯Q.


Therefore, by Definition4.2, we get ¯TH= Υ.


(2)⇒(3) From ¯TH =TH(IY+δT Th)−1= (IX+THδT)−1TH, we obtain thatR( ¯TH) =R(TH)
 andN( ¯TH) =N(TH). From ¯TT¯HT¯= ¯T and ¯THT¯T¯H = ¯TH, we get that


R(IX−T¯HT) =¯ N( ¯T), R( ¯THT¯) =R( ¯TH),
 R( ¯TT¯H) =R( ¯T), R(IY −T¯T¯H) =N( ¯TH).


ThusR( ¯TH) =R(TH) andR(IY −T¯T¯H) =N(TH). Therefore,


X =R(IX−T¯HT¯)uR( ¯THT¯) =N( ¯T)uR(TH),
 Y =R( ¯TT¯H)uR(IY −T¯T¯H) =R( ¯T)uN(TH).


(3)⇒(1) By Lemma4.3,IX+THδT is invertible inH(X, X). Now fromY =R( ¯T)uN(TH),


we getR( ¯T)∩ N(TH) ={0}. 


Lemma 4.5([2]). LetA∈B(X, X). Suppose that there exist two constantsλ1, λ2∈[0,1)such
 that


kAxk ≤λ1kxk+λ2k(IX+A)xk for all x∈X.
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ThenIX+A:X→X is bijective. Moreover, for any x∈X,
 1−λ1


1 +λ2


kxk ≤ k(IX+A)xk ≤ 1 +λ1


1−λ2


kxk,
 1−λ2


1 +λ1


kxk ≤ k(IX+A)−1xk ≤ 1 +λ2


1−λ1


kxk.


LetT ∈B(X, Y) such thatTH exists. Let δT ∈B(X, Y) such that TH is quasi-additive on
 R(δT) and satisfies


kTHδT xk ≤λ1kxk+λ2k(IX+THδT)xk for all x∈X,
 (4.1)


whereλ1, λ2∈[0,1).


Corollary 4.6. Let T ∈B(X, Y) such thatTH exists. Suppose that δT ∈B(X, Y) such that
 TH is quasi-additive on R(δT)and satisfies (4.1). PutT¯=T+δT. ThenIX+THδT is invertible
 inH(X, X)andT¯H = (IX+THδT)−1TH is well-defined with


kT¯H−THk


kTHk ≤ (2 +λ1)(1 +λ2)
 (1−λ1)(1−λ2).


Proof. By using Lemma4.5, we get that IX+THδT is invertible inH(X, X) and
 k(IX+THδT)−1k ≤ 1 +λ2


1−λ1, kIX+THδTk ≤ 1 +λ1


1−λ2.
(4.2)
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From Theorem4.4, we see ¯TH=TH(IY+δT TH)−1= (IX+THδT)−1TH is well-defined. Now
 we can compute


kT¯H−THk


kTHk ≤k(IX+THδT)−1TH−THk
 kTHk


≤k(IX+THδT)−1[IX−(IX+THδT)]THk
 kTHk


≤ k(IX+THδT)−1kkTHδTk.


(4.3)


Sinceλ2∈[0,1), then from the second inequality in (4.2), we get thatkTHδTk ≤ 2 +λ1


1−λ2. Now,
 by using (4.3) and (4.2), we can obtain


kT¯H−THk


kTHk ≤ (2 +λ1)(1 +λ2)
 (1−λ1)(1−λ2).


This completes the proof. 


Corollary 4.7. Let T ∈B(X, Y) withR(T)closed. Assume thatR(T)andN(T) are Cheby-
 shev subspaces inY and X, respectively. Let δT ∈B(X, Y) such that R(δT)⊂ R(T), N(T)⊂
 N(δT) and kTMδTk < 1. Put T¯ = T +δT. If TM is quasi-additive on R(T), then T¯M =
 TM(IY +δT TM)−1= (IX+TMδT)−1TM with


kT¯M−TMk


kTMk ≤ kTMδTk
 1− kTMδTk.


Proof. FromR(δT)⊂ R(T) andN(T)⊂ N(δT), we get thatπR(T)δT =δT andδT πN(T)= 0,
 that is,T TMδT =δT =δT TMT. Consequently,


T¯=T+δT =T(IX+TMδT) = (IY +δT TM)T
(4.4)
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SinceTM is quasi-additive on R(T) and kTMδTk<1, we get thatIX+TMδT andIY +δT TM
 are all invertible inH(X, X). So from (??), we haveR( ¯T) =R(T) andN( ¯T) =N(T), and hence
 T¯H =TM(IY +δT TM)−1= (IX+TMδT)−1TM by Theorem4.4. Finally, by Corollary2.6,


T¯M = (IX−πN( ¯T)) ¯THπR( ¯T)= (IX−πN(T))TM(IY +δT TM)−1πR(T)


= (IX+TMδT)−1TMπR(T)= (IX+TMδT)−1TM =TM(IY +δT TM)−1
 and then


kT¯M −TMk ≤ k(IX−TMδT)−1−IXkkTMk ≤ kTMδTkkTMk
 1− kTMδTk .


The proof is completed. 
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