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(3)It’s been recognized for a very long time that the housing data are of spatial
 nature. Therefore, any analysis not utilizing the spatial framework suffers from
 a great informational loss. Our study utilizes the spatial frameworks in two
 separated analyses: the analysis of the "grandiose-clusters" and the analysis of
 the housing submarkets over the area of the entire Czech republic. We, firstly,
 confirm that spatial frameworks provide us with better and more robust results
 of the analyses, and then, utilizing the hedonic theory and the kriging inter-
 polation techniques, we identify and evaluate the contribution of the location
 to the price of the estate - identifying the "grandiose clusters". In the second
 part of our empirical study, we demonstrate the methodology of identifying
 the housing submarkets - the clusters wherein considerably larger homogeneity
 of key price determinants is reached, and identify the housing submarkets of
 every single region of the Czech Republic individualy. Our results provide sup-
 ports for the hypothesis that the effects of key price determinants vary in space
 and that the effect of location (on the price) also vary in space. Moreover,
 the methodology used allows not only to confirm these hypotheses, but also to
 accurately identify spatial positions of individual contributions.
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Abstract


Již po dlouhou dobu je známo, že data týkající se nemovitostí mají prostorovou
 povahu. V důsledku čehož bude jakákoliv analýza, které nebere v potaz tuto po-
 vahu velmi limitující. Naše studie využívá prostorové rámce ve dvou samostat-
 ných analýzách: Analýze "Honosných" clusterů a analýze Dílčích Subtrhů na
 uzemí celé České republiky. Nejdříve potvrzujeme lepší vlastnosti odhadové
 vlasnosti prostorových modelů a následně přistupujeme, s využitím hedonické
 teorie a kriging prostorové interpolace, k vyhodnocení lokality na cenu nemovi-
 tostí, tj, identifikace "Honosných" clusterů. V druhé části analýzy demonstru-
 jeme metodologii možnosti identifikace dílčích submarketů - tj. územních celků
 ve kterých mají klíčové determinanty ceny nemovitosti větší úroveň homogen-
 ity než mimo tyto submarkety. Pro každý jednotlivý region České republiky
 samostatně. Naše výsledky potvrzují hypotézy, že efekt všech klíčových deter-
 minantů ceny není stabilní ale variabilní v prostoru stejně tak potvrzujeme, že i
 efekt lokality je variabilní v prostoru. Navíc, užitá metodologie umožnuje nejen
 potvrdit tyto hypotézy, ale také přesně identifikovat hodnoty v prostoru.
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Introduction


A meaningful approach to evaluate the economic growth and activities of a
 given country is to analyze the real estate sector. It has been recognized for a
 very long time that the real estate sector in the Czech Republic, in particular in
 Prague, is rather overrated and growing rapidly in more recent years than ever
 before. In recent times, a considerable number of examinations and studies have
 been conducted on this topic e.g. Zemcık (2011) and Cupal (2015). However,
 many of them have one major drawback. Most of the studies do not account
 for the factor of location even though this is a key price determinant. It has
 been recognized for a very long time that the housing data are of spatial nature
 and therefore the factor of location needs to be considered when performing
 the analysis.


As noted by Nakamura (2020), entrepreneurs generally prefer the option to
build offices in a prime location as this provides innovation stimulation, invig-
orates the economy and, of course, allows for higher price levels. Yet, there is
a major question of identifying these prime locations. Having an instrument at
disposal that is capable of identifying those prime locations for tenure choice
of real estate property and to estimate how much does the factor of location
contributes to the price of the real estate would be essential not only to the
real estate agent but also for the individuals simply seeking for a way of proper
evaluation of a certain estate offer (Lipán 2016). We utilize and modify ways for
creating such an instrument, and estimate the effect of location and its contri-
bution on the price levels for the area of the entire Czech Republic. Moreover,
we identify the housing submarkets, which are the clusters wherein the higher
homogeneity of the estates is expected.
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In order to examine such an effect, the hedonic price models are proposed for
 each region of the Czech Republic, combining the spatial econometrics frame-
 works with the frameworks of statistical learning. To our best knowledge, no
 analysis of real estate properties covering the area of an entire country has
 been conducted yet. As previously mentioned, since housing data are of spa-
 tial nature, omitting such information would lead to (major) information loss
 and not proper results of the analysis. In past literature, somewhat elemental
 (but not ineffective) ways of accounting for spatial information would be to
 allow for fixed effects for each spatial unit (different intercepts and slopes in
 the model). While this approach would allow for, at least, partially accounting
 for the spatial information, a proper selection of spatial units would be a major
 issue as spatial correlation can be present among states within a country as
 well as districts within a city (Guo & Qu 2019) and between each individual
 observations as well. The latter is mostly the case of the housing data.


Our contribution aims to analyze and explore the effect of spatial dependency
 within the housing data of flat estates covering the area of entire Czech re-
 public. To test whether spatial dependence exists in real estate markets in all
 fourteen regions of the Republic, spatial econometrics frameworks combined
 with the spatial statistics are utilized and applied to the particularly unique
 dataset, which consists of more than 20 thousand uniquely listed real estate
 advertisements.


We hypothesize that given a residential property, its value is not only deter-
 mined by its own structural characteristics but also determined by its neighbor-
 hood characteristics and by the common price level structures, which are within
 a neighborhood region, correspondingly. Furthermore, we hypothesize that uti-
 lizing spatial frameworks provide us with a vastly superior and more precise
 estimation of coefficients and thus better statistical inference. We hypothesize
 that the effect of the common price determinants such as square footage, type
 of the property’s building likewise property’s condition (including the effect of a
 new building) along with other characteristics e.g. the number of rooms, pres-
 ence of the Kitchenette, does vary in space. Lastly, we hypothesize (expending
 the very study of Lipán (2016), which only covers the study area of Prague)
 that different areas and regions in the study exhibit generally diverse locational
 and neighborhood effects further referred to simply "grandiose-clusters".


As far as all computational implementations are concerned, all of the scripts,



(13)tables, images along with the dataset presented in this study are of our own
 contribution and are publically available at the author. Furthermore, we have
 also provided the tidyverse statistical community and programming frame-
 work in R with our contribution and implementations and those are now fully
 available to anyone using the newest versions of the tidyverse package (see
 https://www.tidyverse.org/blog/2020/07/broom-0-7-0/).


Our study is structured as follows. After this introduction part, the second
 chapter of the study provides a literature review and references selected impres-
 sive studies, which utilize spatial frameworks and apply them to the analyses of
 the real estate markets. After the Second chapter, the Third chapter, in which
 we discuss and describe the dataset and its source, follows. In chapter Four
 follows. In this chapter, all methodological frameworks including the econo-
 metrical models from both nonspatial and spatial domains are presented with
 other standard spatial tools and statistical tests. Then we present the concepts
 of the spatial interpolation via the kriging model and describe the concept of
 the housing submarkets and all needed methodology for constructing them. In
 Chapter Five, we present the empirical results, compare the estimate models
 and construct and discuss the "grandiose clusters". Chapter Six follows. We
 firstly describe and construct the housing submarkets of Prague and then pro-
 vide the identified submarkets for other regions of the Czech Republic as well.


Finally, Chapter Seven concludes our empirically oriented study.
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Chapter 2



Literature Overview



2.1 Hedonic Theory


An analysis of major drivers and key determinants of real estate prices has been,
 in the econometrics literature, an extensively discussed topic for a long time. As
 the main building block and theoretical background, it is often mentioned the
 consumer behavior theory by Rosen (1974). In this study, the author states that
 the utility of a certain good is not defined by the good as a whole, but rather
 by each individual good’s components (characteristics). This theory is often
 being recognized as The Hedonic theory. In the field of real estate analysis,
 this theory seems to be fairly reasonable as each housing characteristics are
 essentially inseparable. Therefore, many authors e.g. Helbich et al.(2014) and
 Yoo & Kyriakidis (2009) seem to agree and consider Rosen’s hedonic theory as
 a building block for real estate analyses research.


Methodologically, we can define a price of a certain estate using a hedonic
 price function f, where the estate’s physical characteristics are being consid-
 ered alongside the characteristics of neighborhood estates. Commonly utilized
 frameworks operate with three categories of variables (Sun et al. 2005).


The first variable type is associated with the physical characteristics of an
estate. To provide an example, variables belonging to this category are, for
instance, the floor level of the estate, physical conditions, floor area, type of
building, etc. For the second category, The neighborhood characteristics and
attributes of an estate such as the perceived quality and luxuriousness of the
neighborhood as well as all local amenities are considered. For the third cate-



(15)gory, the location factor, variables such as accessibility to the business center
 as well as sources of public transport and others may be mentioned. Therefore,
 the third category corresponds with the location-related variables (i.e. location
 and its surroundings).


Using a modified notation and an altered example from Sun et al. (2005) and
 Lipán (2016), the hedonic model function can be written as follows:


P =f(S, N, L) +u, (2.1)
 whereP denotes the price of the estate e.g. price of a flat or a house (commonly
 a logarithmic transformation of the price), Sstands for all (physical) structural
 characteristics of the dwelling. Such structural characteristics include e.g. the
 living space, the type of the construction, the type of ownership, the presence of
 the kitchenette and etc. TheN captures all of the neighborhood characteristics
 and amenities, L captures the effect of the location as described above (Bhat-
 tacharjee et al. 2016). Lastly, u is denoting an error term, which is generally
 always present.


The model 2.1 captures the essential concept of the hedonic theory. The main
 issue with the model, and common approaches that are widely used, is given
 by the factor of locality, which, if not accounted for, will inevitably fade into
 an error term. Given the fact that not all estate characteristics are often
 at disposal, such a model can then suffer from an incorrect functional form
 and shall not provide a proper statistical inference. This is a very common
 topic of discussions among many researchers like Chrostek et al. (2013), Sun
 et al. (2005), Zhang et al. (2020), Copiello (2020) and Bhattacharjee et al.


(2016).



2.2 Spatial Autocorrelation and Spatial Hetero- geneity


As emphasized by many authors and researchers, the real estate data, and prices
 of estates in general, are of spatial nature. Hence, the location is considered
 as a key price determinant that needs to be taken into consideration. The two
 main challenges in hedonic modeling are raised repeatedly (Helbichet al.2014).


The spatial autocorrelation and spatial heterogeneity are nowadays repeatedly
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being acknowledged as the spatial effects and are considered and discussed
 when estimating (estate) hedonic price function. (Dubin 1992; 1998; LeSage
 2008).


Spatial Autocorrelation (SA for short) is a measure of similarity and coincidence
 among the observations in the identical geographical space. In other words,
 observed units tend to have a more similar neighborhood characteristic than
 non-neighborhood ones as SA gradually fades away with distance. In the field
 of spatial dependence in the housing market, there are two main streams of
 addressing the spatial nature of the housing data (Helbich et al. 2014).


First, Geostatistical models where the variance-covariance matrix of the resid-
 uals is being modeled directly. Such approaches are discussed by e.g. Dubin
 (1992), Dubin (1998), Gillen et al. (2001) and Sun et al. (2005). As for the
 second stream, Lattice models are used. In these approaches, the residual
 variance-covariance matrix is not estimated directly but rather the inverse of
 the residuals variance-covariance matrix is modeled. Dubin et al. (1999) and
 Pace et al. (1998) provide broad review.


Spatial Heterogeneity is frequently introduced simultaneously with the term
 and concept of spatial autocorrelation and, in practice, the two can be difficult
 to distinguish (Anselin & Lozano-Gracia 2009). While spatial autocorrelation
 is principally caused by the unobserved neighborhood information, the spatial
 heterogeneity can be depicted as an instability (variability) of the Data gener-
 ating process (DGP) in space (LeSage 2008; Helbich et al. 2014). In hedonic
 housing modeling, we can observe, for instance, that the effect of square footage
 is different in the city center compared to the outer city districts.


As far as the modeling of spatial heterogeneity is considered, there are, once
 again, two main streams among economists - the discrete approach and the
 continuous approach. The discrete approaches are often applied to predefined
 spatial units (e.g. regions, federal states, etc.). The first suitable way would
 be to estimate the fixed effects of each unit. Taking inspiration from panel
 econometric techniques, to allow our model to have individual effects, a common
 approach is to allow for different intercepts for each spatial unit. This can be
 written as:


y =α+Xβ+ε, (2.2)



(17)where y is a vector of the dependent variable, X is a design matrix and β is a
 vector of unknown coefficients to be estimated. Finally,α represents individual
 intercepts of the cross-sectional units(LeSage 2008). Using this approach is
 very reasonable when modeling datasets on a macroeconomic level and even
 more common in panel data sets analysis. Additional examples of discrete
 approaches and more preferred ones, such as e.g. the random effect models
 and the multilevel regression models are often being proposed (Helbich et al.


2014).


Not to rely on exogenous assumptions regarding the spatial units, continuous
 methods have been proposed correspondingly. These would include Polyno-
 mial regression and spatial expansion models, see e.g. (Dubin 1992). In these
 models, the regression parameters are allowed to vary as a function of the co-
 ordinates and are allowed to drift spatially (Dubin 1992), (Dubin 1998). The
 main drawback of such techniques is that underlying spatial patterns are poorly
 depicted by these models and therefore are not, as stated by Dubin (1992), very
 suitable for housing hedonic modeling (Bitter et al. 2007).



2.3 Spatial Analysis of Housing market in the Czech republic


As for the spatial analyses of the housing market in the Czech Republic, there
 are a few studies to mention. However, not many pieces of research have been
 conducted within the spatial frameworks. To our best knowledge, the first re-
 search, to ever utilize the spatial framework to analyze the housing market in
 the Czech Republic, is the research of Lipán (2016). The author applies spatial
 models to perform statistical inference on the flat estate market in Prague. As
 a result of the used methodological framework, the author finds that the real
 estate market in Prague disposes of the spatial nature and progresses in esti-
 mating three spatial models to measure the key price determinants. Secondly,
 the author determines the distribution of "living premium" clusters or as we
 call it - "grandiose clusters". We followed the very study of Lipán (2016) in our
 own contribution Hrobař & Holý (2020), where we operate with a different set
 of regressors and use a more contemporary dataset.


Here we, once again, extend the study of Lipán (2016) in addition to our Hrobař


& Holý (2020) as well as the studies of Bhattacharjeeet al.(2016); Kopczewska
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& Ćwiakowski (2021), and we investigate and compare the effects of common
 prices determinants across all fourteen regions of the Czech republic. This
 approach will allow for comparison between fundamental drivers and spatial
 effects among all regions in the analyzed area. Then, the housing submarkets
 within each Region are identified and analyzed.



2.4 The Housing Submarkets


The housing submarkets is a fairly new topic in the spatial modeling of real
 estate. The concept of the submarkets is to identify and analyze the housing
 submarkets i.e. the clusters wherein considerably larger homogeneity of all
 estates is present. Many definitions and approaches of defining the housing
 submarkets have been proposed since the study of Straszheim (1974). In the
 most recent studies, the three criteria have been established and shared among
 many researchers. These three types of housing submarkets are: the submar-
 kets with similarity in the house attributes. Here, we can assume a submarket
 where all housing units located therein dispose with a set of very similar qual-
 ities, or they provide a very similar set of hedonic goods (Bhattacharjee et al.


2016). This, by all means, does not mean that the level of heterogeneity is
 reaching a perfect homogeneity but rather indicates that the level of similarity
 is reasonably high.


The second type of housing submarket type is defined as a submarket where the
 hedonic prices of all real estates, within this submarket, are relatively similar
 and homogenous. This type of submarket is purely based on the hedonic theory
 models, as it is assumed that the prices, within the same submarket, must be
 homogenous, and thus the common price level is in equilibrium (Kopczewska &


Ćwiakowski 2021). Even though this seems like a very reasonable assumption,
 there is one major drawback. The prices of all the estates, within one submar-
 ket, can never be expected to be the same, as simply all of the housing estates
 are not the same and dispose of different characteristics, building types, condi-
 tions and, in the case of flats, dispose of different sets of housing units within
 the different houses, even within the same submarket. To account for this phe-
 nomena, Kopczewska & Ćwiakowski (2021) constructs submarket based not on
 the homogeneity of the prices but rather based on the homogeneity of model
 coefficients. This is the type of submarkets we are identifying.


The third and the last type of submarkets are constructed via the measurement



(19)of substitutability and sustainability. Where, apart from the hedonic price
 determinants, the factor of time is also taken into account in the modeling.


The study utilizing this framework is e.g. the study of Pryce (2013), where the
panel data framework is used to regress the price on the housing characteristics
combined with a time trend at different points in time. By contrast with the
study of Pryce (2013), we do not utilize panel frameworks and do not take into
account the factor of time as we simply collected the data in a 10 month period,
which still allows for a cross-sectional framework.
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Chapter 3



Dataset and Source


For the purposes of this study, the real estate properties that were used contain
 data for the flats. For the empirical part, we apply all of the frameworks, which
 are described in the chapter 4, in two separated analyses – an analysis of the
 flat market and an analysis of the housing submarkets of the flat estates, over
 the area of the entire Czech republic. In the following sections, we cover and
 present each dataset’s characteristics and unique aspects, the dataset’s source,
 and all required steps of the data cleaning process.



3.1 Dataset Source and Initial Pre-processing


All used estates come from a Czech real estate websitehttps://www.sreality.


cz/, which is owned by theSEZNAM a.s.. Their database contains informa-
 tion about all advertised estates, including the pieces of information regarding
 the locations, advertised prices along with other characteristics such as type of
 the ownership, estate characteristics e.g. type of the building, floor area, etc.


All of these characteristics, which were at disposal, were repeatably extracted
from the web using a web scrapping approach we implemented in the R pro-
gramming language. The data collecting process expanded over the period of
almost 10 months, starting from 10th March 2020, and ended in January of
2021, having slightly more than 20 thousand flats estates, covering the entire
area of the Czech Republic and their characteristics, at our disposal at this
point. Unfortunately, not all of the collected estates were suitable for the em-
pirical analysis. For instance, some estates were missing information regarding
the location (coordinates) and therefore had to be withdrawn from the dataset.



(21)As an example of other missing features in the dataset, various fundamental
 features can be mentioned, such as the price of the estate, type of ownership,
 number of rooms, and others.


After another data quality investigation, we found a few instances of estates,
 which were clearly subjected to some form of a human error, similarly like
 Lipán (2016). We were very suspicious towards instances where the price of
 the estate evidently did not match the level of luxuriousness described in the
 advertisement and therefore these instances were also removed. For instance,
 we found examples of high-end new estates in the very center of Prague, where
 their listed prices would not even reach (after conversion to CZK) magnitudes
 of Millions. Similarly, estates, which had listed prices for 0 CZK and 1 CZK
 had to be removed as well. Also, as mentioned by Lipán (2016), we need to
 make sure that none of the listed estates is listed multiple times, as this is
 a very common way of advertising estates. Advertising one particular estate
 multiple times to stimulate the number of views. To account for this issue,
 we also collected the unique estate ID, when the data collecting process was
 being performed and confirmed that each of the unique ID is present in the
 dataset exactly once. Unlike in the Lipán (2016), we were not extracting the
 information regarding the time on the market as we will not be utilizing panel
 nor time series frameworks in the empirical part of our study.



3.2 Additional Data Processing


After the initial data pre-processing steps, regarding mostly the issues described
 above, extra and more thoughtful steps of processing were conducted. Re-
 peatedly, some forms of human errors and inaccurate listing information were
 present. There were instances where, in the case of flats, certain estates dis-
 posed with, according to the listed advertisements, 15 and, in some cases, even
 more rooms. As this does not seem like a very realistic assumption, these in-
 stances had to be addressed and accounted for by removing them. Secondly,
 as we are mainly interested in the representative inference about the estate
 market, a somewhat representative dataset is required for modeling purposes.


Assuming that collected estates can be used as a representative dataset, some
extreme instances can be present. For example, we can consider estates that
would have very high-end luxury properties and therefore would be outside the
financial dispositions of the average individuals.
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Combining all of the ideas described above and expanding steps from Lipán
 (2016), we used a set of boundaries for certain variables in our dataset. This
 provides reasonable data filtering steps and eventually presents us with the
 final dataset of flat estates. In order to account for heterogeneity across all
 14 regions, the multiple model approach described in the methodology section
 4.4 is utilized. The following intervals were constructed for the dataset of
 flats:


• Square area∈ <20, 180>


• Floor∈ <0, 20>


• Room ∈<0, 10>


• Building type ∈ {Panel(Concrete), Brick}


• Type of ownership ∈ {Private, Cooperative}


• Building Condition ∈ {New Estate, After a reconstruction, Very Good,
Good}
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3.3 Models Variables


To construct hedonic models and to estimate the effects of key price determi-
 nants and evaluate their similarity over space, the following variables for the
 hedonic equation, which are more discussed in this chapter, were selected for
 the flat estates.


The dependent variable of interest is, in our hedonic setting, the price of the
 estate. This variable is given as a listing price (CZK) in the real estate adver-
 tisement as described in the data section. Following many studies, we decided
 to use the logarithmic transformation as this allows for preferred interpretabil-
 ity and description of underlying relationships. As can be expected, the prices
 are not perfectly normally distributed and thus some skewed values are present.


Therefore, the log transformation seems like a reasonable approach, and the
variable log-price is our independent variable of interest. However, as can be
expected, some extremely positively skewed values with extremely high prices,
which are mainly given by the factor of high luxuriousness combined with the
location within the city center, are present in our dataset. These instances can
be, without any argument, categorized as outliers since they are outside the
financial dispositions of ordinary people. On the other hand, removing those
extreme instances from our dataset would not allow us to properly identify
and evaluate the prime locations within the area of interest. By increasing
the price thresholds (to reasonable margins), for which the observation is cat-
egorized as an outlier (and hence withdrawn from the dataset), allows us to
still have instances with high luxurious characteristics and to identify the main
prime location for each region of the market. The constructed price intervals
(in CZK), which were used for each region separately, can be inspected in table
3.1. The final distribution of price, for each region, after the filtering steps, can
be compared, with initial price distributions, in figure 3.1.
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Original data distribution


0 20 000 000 40 000 000 60 000 000 80 000 000


Aussig
 Moravian-SilesianSouth BohemianHradec KrálovéPardubiceVysocinaCarlsbadOlomoucLiberecPilsnerZlín
 Central BohemianSouth Moravian
 Capital city Prague


Price (CZK)


Region name


After outliers cleaning


0 20 000 000 40 000 000 60 000 000 80 000 000


Aussig
 Moravian-SilesianSouth BohemianHradec KrálovéPardubiceVysocinaCarlsbadOlomoucLiberecPilsnerZlín
 Central BohemianSouth Moravian
 Capital city Prague


Price (CZK)


Region name


Figure 3.1: Distribution of Prices Before and After Filtering Process
 Table 3.1: Price Intervals For Each Region


Region Minimal Price (CZK) Maximal Price (CZK)
 Capital city Prague 1 050 000 29 990 000


South Moravian 320 000 15 464 250


Central Bohemian 376 000 13 606 000


Hradec Králové 450 000 13 310 000


Carlsbad 300 000 11 400 000


Liberec 330 500 11 150 000


Olomouc 300 000 10 500 000


Zlín 400 000 10 037 670


South Bohemian 395 000 10 008 000


Pilsner 309 000 8 900 000


Pardubice 467 000 7 790 000


Moravian-Silesian 350 000 7 500 000


Vysocina 350 000 7 440 000


Aussig 300 000 5 250 000



(25)Unsurprisingly, the variable indicating the area of an estate, i.e. the living floor
 space, is often identified as the main price determinant, which is found to have
 the most explanatory power and to be always highly correlated with the price.


Subsequently, some authors e.g. Kopczewska & Ćwiakowski (2021) therefore
 prefer to use the price per square meters as a dependent variable rather than
 the price itself. In the case of our analysis, we use square meters of an estate
 as an independent variable. Some authors also employ the log transformation
 of the living floor space.


Different, yet, the very similar characteristic is the number of rooms. Again,
 unsurprisingly, this variable is usually not only highly correlated with the price
 but also with the living floor space. This is very natural, as the dwelling with
 a large living space is likely to have a larger number of rooms (Lipán 2016).


Therefore, some authors e.g. Lipán (2016) state that it is important to model
 the interaction effect between the living floor space and the number of rooms.


On the other hand, in some literature, we can frequently see the model specifi-
 cation (e.g. Kopczewska & Ćwiakowski (2021)) where variables square meters
 and rooms are modeled utterly separately without any interaction term. We
 follow these steps by using variableroomsadditionally to the living space.


Floor variable is yet another essential measure when performing the tenure
 decision choice of an estate. This variable describes the vertical position of a flat
 within the entire building unit. It can be assumed that having an apartment1
 in the zero-ground is not very demanded as opposed to having an apartment
 within the reasonable vertical position. For practical purposes, it is also not
 extensively demanded to have an apartment on an extensively high ground level
 either. Especially in the absence of an elevator. Some approaches of modeling
 the factor of the floor are often to model the quadratic relationship of the floor.


Some frameworks, on the other hand, operate with the variable floor itself as
 well as with derived variables indicating the Floor zeroand theFloor topeffect
 individually. We assess the effect of variables Floor, Floor zero and Floor top,
 which is similar to the approach of Kopczewska & Ćwiakowski (2021).


1Note that we use wordsflat andapartmentwholly interchangeably.
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The presence of Kitchenette is yet another important characteristic of a flat.


We evaluate the effect of the presence of the Kitchenette (Kitchenette = 1) as
 oppose to the ”standalone” kitchen room. The main reason for including the
 kitchenette is not to assume that the presence causes a higher price level, per
 se, but rather to analyze what is the market’s perception of the presence of
 the Kitchenette. Having a separated kitchen room can be, particularly in the
 cases of the smaller apartments, perceived as an inefficient occupy of the ”pure”


living space and therefore we can assume that market’s demand will prefer, in
 the case of flats, the presence of the kitchenette.


Another set of variables are variables regarding the building type. As described
 in section 3.2, we operate with two types of buildings. The first type of build-
 ing is the Brick type. Brick is a robust and trusted building material, which
 usually, if taken good care of, can last for many centuries. Many estates in
 both flat buildings types and houses are constructed using brick as the main
 material. On the other hand, another commonly seen building type is the
 Concrete type. This is a very common type especially within the suburban
 areas of the cities. However, even though, it may seem evident that Concrete
 type is perceived in the negative connotations, it is important to stress out that
 new buildings, which are usually very modern, also use concrete as the main
 building material. Therefore, we believe that it is crucial to model the building
 type also in an interaction effect with the building state (i.e. the condition of
 the building).


Building condition can also be perceived as another price determinant. Unfor-
tunately, a considerable amount of empirical studies such as e.g. Lipán (2016),
Kopczewska & Ćwiakowski (2021) and Chrostek et al.(2013) are not utilizing
this feature. This may be due to the fact that not all of the real estate ad-
vertising channels are displaying this feature in the advertisement materials,
which are usually the main sources of the data for the studies. We, there-
fore, fill the gap in many empirical studies and are operating with all main
categories of building conditions. These categories are: New Estate, which in-
dicates (New Estate = 1) the fact that the building had been wholly newly
constructed. It is expected that the buildings of this nature have an exten-
sively higher price level. We also believe that the effect of the new estate
differs between the brick estates and concrete estates and hence we model
the interaction effect. Very good category of the building condition indicates
(Very good = 1, etc.) that the estate is perceived as a building of rather high



(27)quality but, however, does not have the perceived status of a new building.


Similarly, the Good category of the building describes that certain apartment
 is of a prosperity quality. The last category of the building type, we operate
 with, is the After a reconstruction category. Here, it is clearly expected that
 the modernized apartment shall allow for a higher price level as opposed to
 simply Good category. In this particular case, we, again, believe that it is cru-
 cial to model the interaction between the After a reconstruction category and
 the Building type.


Type of ownership is another factor considered in our study. Usually, the
 two types of ownership are present within the real estate sector. The private
 type of the ownership and the cooperative type of the ownership. We also
 collected a few instances where the third type of ownership, i.e. owned by
 the state ownership, was present. However, the number of those instances was
 extensively low (less than 600 for the entire Czech Republic) and hence we
 decided to withdraw those instances. The privatetype indicates that a certain
 flat is owned by an individual who is the only owner of an estate and can
 thus operate with his property according to his will. Unlike as in the case of
 cooperative ownership, in the case of private ownership, one can freely modify
 and reconstruct an apartment, and therefore the private type of ownership is
 usually much preferred over the cooperative type of ownership. Thecooperative
 type of the ownership means that the buyer is not buying an apartment itself
 but rather a percentage share in the ownership group that is the owner of the
 apartment. This type of ownership does not allow for free flexibility in terms
 of freely modifying and reconstructing an estate (but also other limitations are
 present) as there are frequently certain legal limitations associated with the
 cooperative ownership.


The variableBalconyinforms us, whether an estate disposes of a balcony and/or
a terrace. Naturally, we expect that having a balcony at disposal is perceived
as a positive feature and will very likely increase a price of an estate. Interest-
ingly enough, not many empirical studies are exploring the additional effect of
a balcony. We believe that having a balcony, especially in the historical parts of
cities, is considered an extravagant characteristic. On the other hand, having
a balcony in suburban areas may not be perceived as a positive characteris-
tic.
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All of the described and discussed variables were used for our hedonic model
 and thus the following hedonic (log) price equation is estimated:


log(price) = β0+β1M eters+β2Room+β3F loor+β4F loor zero+β5F loor top +
 β6Af ter reconstruction+β7V ery good+β8Concrete+β9P rivate+
 β10Kitchenette+β11Balcony+β12Garage+β13N ew building ×Brick +
 β14N ew building×Concrete+ε.


(3.1)
 In this model specification the reference category is abrickestate flat of a good
 condition. We also utilized some forms of interactions, which we consider a
 crucial step, as described in this section above. This model specification form
 allows for the evaluation of individual effects with the flexibility (interaction
 term) for different types of buildings with different characteristics. We also
 believe the common characteristics such as Meters, Rooms, Floor, etc. shall
 be evaluated without any interaction terms as we expect that the significant
 variability is given by the location rather than the factor of other characteristics.


For example, we believe that given a new apartment, the effect of additional
 square meters is relatively similar to the apartment of similar characteristics,
 which however is not marketed as a new estate. In other words, the main
 difference in price levels is more determined by the fact that the two apartments
 have different locations and that the effect of square meters varies in space
 rather than the fact that the effect is greatly different for different sets of flats
 attributes.


We estimate the hedonic models 3.1 for each of the fourteen regions of the
Czech Republic separately as described in section 4.4. In Figure 3.2 we may
observe the spatial distribution of Real Estate observations.



(29)Flats Estates


Distribution of observations


Figure 3.2: Distribution of Estates in Space
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Chapter 4



Methodology, Methods and Models


This section of the study provides an overview of all models used for the pur-
 poses of the empirical study. We separated the entire methodological section
 into two subsections, in order to provide more clarity in the methodology chap-
 ter. The first part of the methodology reviews the concept of the linear re-
 gression model. Then, we address the issue of neighborhood structure with
 regard to the spatial weight matrix and spatial models used for the model-
 ing purposes including the spatial lag and the spatial error model followed by
 the Geographically Weighted regression model and multiple model approach,
 which was utilized. The second part of the methodology overviews the spatial
 statistical tools such as the test for the spatial autocorrelation and spatial in-
 terpolations as well as other techniques required for the housing submarkets
 identification.



4.1 Non-Spatial Models



4.1.1 Linear Regression Model


Let us briefly remind the concept of the linear regression model, which is es-
 timated via the least square method (OLS) and can be formally written as
 Wooldridge (2010):


y=XXXβ+ε, (4.1)



(31)whereystands for an×1 vector of dependent variable,XXXis a (n×k+1) design
 matrix of exogenous regressors, and β is a vector of regression coefficients to
 be estimated via the OLS method. Lastly, ε represents the random error term
 and is a vector of shape n×1. For the purposes of a better explanation of the
 spatial regression models, we review the relationships regarding the statistical
 inference: Firstly, as described e.g. in (Wooldridge 2010) the solution of 4.1 is
 analytically given by the formula:


βˆ = (XXX′′′XXX)−1XXX′′′y. (4.2)
 Subsequently, the variance-covariance matrix can be calculated, once the unbi-
 ased estimator of the error variance σˆ2 is obtained asuˆuˆuˆ′′′uˆuuˆˆ/[n−(k+ 1)], where
 the uˆuˆuˆ is an unbiased estimation of the error term, as:


σˆ2(XXX′′′XXX)−1. (4.3)
 Once the variance-covariance matrix is estimated, all needed model statistics
 such as t-tests, F-test, and others can be obtained instantaneously.


As for the spatial frameworks, unless we incorporate the spatial information
 (in some form) into the design matrix XXX, the model 4.1 does not account for
 any form of spatial interaction even slightly. Various forms and ideas on how
 to, at the very least, incorporate the spatial information into a non-spatial
 model have been suggested. For instance, Case et al. (2004) describes the us-
 age of the coordinates directly into the model, which can be modeled via a
 quadratic relationship or by allowing for regression splines of the coordinates.


Other immediate methods would include clustering the coordinates using vari-
 ous clustering algorithms such asK-means,Gaussian mixture, and others, and
 then extend the columns of the design matrix with dummy coded coordinate’s
 clusters. It can be argued that while including additional information will pro-
 vide a better fit of the model, there is also a possibility of over-fitting and
 therefore such a model would not allow for a proper underlying relationships
 analysis.


Although it is obvious that the linear regression model does not account for
the spatial nature of the housing data, the model can still be utilized and
can provide an acceptable baseline, which can be then compared with better,
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much more sophisticated approaches, which take the spatial nature of the data
 into account. This approach is a common framework of the specific-to-general
 method.



4.2 Neighborhood Structure and Spatial Weight Matrix


When utilizing any type of spatial framework, the spatial dependence among
 the spatial units, which can be, in the case of macroeconomical modeling,
 defined by region borders, must be specified. Various types and modifications
 of spatial weight matrices have been introduced. Namely, among the recent
 researches, we frequently see specifications based not only on the coordinates
 systems but also based on the vertical position of the spatial units and therefore
 3-D types of spatial matrices are proposed. Such study is e.g. the study of Li
 et al. (2020).


In our case, however, we utilize the well-established methods of defining the
 neighborhood structure. The main starting point is to construct the connec-
 tivity matrix SSS, which is simply a n×n matrix of either 1 or zeros. Here, n
 denotes the number of spatial units that are in the sample data. In our case,
 interestingly enough, we do not consider the regions of the Czech republic as
 our spatial units, but rather every single real estate itself. This approach is not
 common as usually the spatial analysis is based on the macro economical level
 rather than the micro economical level. Nevertheless, analyzing the real estate
 sector on the highest level of detail, i.e. considering every single real estate as
 a spatial unit, can reveal valuable information. On the other hand, especially
 in the case of a large dataset, this approach can be very computationally de-
 manding, and thus we are utilizing multiple model approach further described
 in 4.4.


In the SSS matrix, 1 indicates that i-th unit neighbors with j-th unit and vice-
 versa. It is also assumed that every diagonal element is zero, .i.e., (sij =
 0, f ori = j) as no unit can be defined as a neighbor to itself. Hence, theSSS is
 also a symmetric matrix. Once theSSS matrix is constructed, the derived spatial
 weight matrixWWW can be obtained by row standardization (unity scaling) ofSSS1.
 Then, all of the individual elements of WWW, wij, can be interpreted as a certain


1Other standardization techniques have been proposed, e.g. the column standardization



(33)degree of intensity between theiandj units. This relationship is clearly visible
 in the model 4.6. As can be expected, the form of WWW will wholly affect the
 results of the spatial models and therefore the model’s stability toward different
 specification forms of WWW must indispensably be inspected. The concept of
 stability is described in e.g. Formánek (2019) quite profoundly.


The first types of approaches for constricting theSSSmatrix are Contiguity-based
 methods. As described above, we are not conducting the macro economical
 level of analysis, and therefore this kind of method is not very suitable for
 the purposes of our study. For the sake of completeness, however, we briefly
 mentioned this type of method as well.


Other types of methods are Distance-based methods. As is clearly expected,
 these methods work with distance information and are considering 2 (or more)
 spatial units as neighbors when a certain distance limit is kept. Usually, the
 euclidian distance is the distance which we operate with. The distance thresh-
 old ω is specified a prior. Once the threshold is specified the SSS matrix is
 constructed by:


S
 SS=


⎧


⎪⎪


⎪⎪


⎨


⎪⎪


⎪⎪


⎩


0 for i=j
 0 for hij > ω
 1 for hij ≤ω,


(4.4)


where hij denotes the euclidian distance between the ith and jth observa-
 tion.


Another, yet frequently utilized approach of constricting SSS is the k-nearest
 neighbors approach. For each spatial unit, we identify the k closest surround-
 ing spatial units. There are a few drawbacks to this approach. Firstly, an
 asymmetric spatial matrix can be obtained. On the other hand, this approach
 can solve for uneven spatial unit distribution in space.


Also, as mentioned above, certain forms of 3-d weight matrices exist. However,
we decided not to use them as we explicitly model the vertical position of an
estate as an independent variable in our hedonic formula 3.1.
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4.3 Spatial Models for Cross-Sectional Data


In this part of the methodology overview, we move towards the spatial method-
 ology, which is the main framework area of our empirical study. This method-
 ology covers the models used within the cross-sectional data analysis.


As mentioned by Elhorst et al. (2014), the standard approach for any spatial
 econometrics modeling starts by not using spatial models at all. Then consid-
 ering various types of spatial processes. Generally, three main different types
 of spatial interaction can arise:


1. Dependent variable y of unit i affects/is affected by dependent variable
 y of unit j


2. Dependent variabley of unitiaffects/is affected by independent variable
 x of unit j


3. Error termϵi of unit i affects/is affected by ϵj of unit j


Constructing a model that encloses all of the interaction effects above, we get
 the model that takes the following form (Elhorst et al. 2014):


y =ρWWW y+XXXβ+W XW XW Xθ+u (4.5)
 u=λWWW u+ϵ,


where y is a (n ×1) vector of dependent variable, XXX is a (n×k+ 1) design
 matrix of regression. WWW is a spatial weight matrix of sizen×n that describes
 the neighborhood structure between all spatial units. WWW y stands for the in-
 teraction effects among the dependent variable between all spatial units. W XW XW X
 denotes the interaction effects among the independent variables and lastly,WWW u
 captures the interaction effects among the disturbance term of the spatial units.


Parameters of the spatial autocorrelation within the vectoryand the error term
 uare denoted byρandλ, respectively. While theρis frequently being referred
 to as the spatial autoregressive coefficient, λ is referred to as the spatial auto-
 correlation coefficient according to Elhorst et al. (2014). Both parameters are
 capturing the strength of the spatial interaction within the data. The vector
 β, as well as the vector θ, are k ×1 vectors that hold fixed, yet, unknown
 parameters of the regression to be estimated (Elhorst et al.2014)2.


2Note that some author use switched notation forλandρ.



(35)Note, that not necessarily one WWW matrix must be used, as one can allow for
 different spatial structures (using differentWWW matrices) within they,XXX and u
 terms. However, in most empirical researches, this feature is often skipped as
 the WWW matrix is not estimated, but rather constructed a priori, which would
 be very challenging to construct and validate three different weight matrices
 for the whole model.



4.3.1 Spatial Lag Model


When reducing the model 4.5 by assuming that λ=θ = 0, we obtain model in
 literature referred to as the spatial lag model. The model captures the spatial
 effect within the dependent variable of all spatial units. Therefore, the model
 can be constructed as e.g. (Anselin & Rey 2012; Elhorst et al. 2014):


y =ρWWW y+XXXβ+ε, (4.6)
 where, yet again,y is a (n×1) vector of the dependent variable. XXX defines the
 design matrix of regression, WWW is the spatial weigh matrix and ε is a (n×1)
 vector of i.i.d.error terms. Lastly, ρ and β are coefficient and a (k×1) vector
 respectively of the model to be estimated.


Exploring the model (4.6) more closely, we can observe a pattern that resembles
 the autoregressive process of order 1, AR(1) as in the time series frameworks.


It turns out, that an idea for (4.6) is very similar. The key difference here is
 that while in the time series framework, where the lag means the value in the
 previous day, month, etc., in spatial cross-sectional analysis thelag refers to the
 values of (predefined) neighborhood units. This is when the weight matrix WWW
 comes in as it is supposed to capture the weights (effect of neighborhood units
 to the main unit) to which the neighborhood units contribute to the value ofith
 unit. Therefore, the parameterρ, which is between<0,1>, can be interpreted
 as the strength of spatial interactions among the dependent variable of the
 spatial units, which in our case are the flat estate prices. For a much deeper
 technical overview and derived formulas as well as stacionarity conditions and
 estimation details see e.g. (Elhorstet al. 2014; Anselin & Lozano-Gracia 2009;


Helbich et al. 2014).


To obtain a reduced form of (4.6), the inverse of the matrix (III−ρWWW) must
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exists. Thus, via the simple algebra operations, the reduced form is obtained
 by:


y−ρWWW =XXXβ+ε


y= (III−ρWWW)−1XXXβ+ (III−ρWWW)−1ε.


It can be seen that if ρ equals zero, the model reduces to a simple linear
 regression model. As a result of the existing correlation between terms WWW y
 and the error term, the OLS estimation of the model (4.6) is not convenient.


In the most practical cases, the most common estimation procedure of the
 model is performed via the Maximum Likelihood Estimation (MLE),which is
 also the case of our study. To derive the log-likelihood function of the model
 4.6, the normality assumption of the error term is required i.e. ε ∼ N(0, σIII).
 The final formula of the log-likelihood function is then defined as follow3:


ℓ(ρ, σ2, β) =−n


2log(2π)− n


2log(σ2) +log|III−ρWWW| − e′e
 2σ2,
 e=y−ρWWW y−XXXβ,


where n is the number of observations (spatial units), vector e is a vector of
 residuals and lastly WWW is a row-centered spatial weight matrix (Anselin & Rey
 2012; LeSage 2008). It is also important to note that while the spatial lag
 model does model spatial interactions in the data. The vector of regression
 coefficient β also does not vary in space and thus the effect of the regressor
 is fixed over the entire area of the study unlike in the case of geographically
 weighted regression.


Secondly, the model’s coefficient cannot be straightaway interpreted as the
 marginal effects (as in the case of linear regression), as the (spatial) spillover
 effect, which is visible in the reduced form, is present. Hence, the direct and
 indirect effects of the spatial lag model are often calculated in order to interpret
 the model coefficients in the marginal effect concept (LeSage 2008; Anselin &


Lozano-Gracia 2009), (Elhorst et al. 2014).


3Using modified notation from the (LeSage 2008).
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4.3.2 Spatial Error Model


The second spatial model used in our study is the spatial error model (SEM),
 which captures the spatial effect among the error terms of the model (4.5). It
 can be obtained by assuming, in the model 4.5, thatρ=θ= 0 and thus written
 as:


y =XXXβ+u (4.7)


u=λWWW u+ϵ,


where the parameters are exactly the same as in the (4.6) except the term λ
 (spatial autocorrelation coefficient), which indicates the strength of the spatial
 dependency among the error terms. Unlike in the case of the spatial lag model,
 the spatial error model coefficients can be interpreted directly as the marginal
 effects. On the other hand, the similar aspect of both spatial models discussed
 thus far is the fact that the model coefficients are not, by definitions of the
 models, allowed to vary in space. This suggests that even though both models
 work with the spatial nature of the data, they do not allow exploration of
 the variation of the coefficients in the space because the fixed coefficients are
 assumed.


Once again, as can be seen in the equation (4.7) if, for some reason, the estimate
 ofλequals to 0, the model (4.7) will reduce into simple linear regression model.


While the concept in the model (4.6) indicates that the price of certain apart-
 ment depends on its own characteristics along with the average neighbourhood
 price levels, model (4.7) suggests that apartment’s price depends, along with
 its own characteristics, on the omitted variable/s of the neighborhood (Anselin


& Lozano-Gracia 2009).


Commonly, yet again, the maximum likelihood estimation of the model coef-
 ficient is used (LeSage 2008). Similarly to the first, spatial lag model the key
 assumption of the normality of the error terms needs to be set: ε ∼ N(0, σIII).
 Once the assumption is set, the log-likelihood function, similar to the spatial
 lag model, can be derived as follows:


ℓ(ρ, σ2, β) =−n


2log(2π)−n


2log(σ2) +log|III−λWWW| − e′e
2σ2,
e= (y−XXXβ)(XXX−λWWW).
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In order to obtain the parameter estimates and corresponding standard errors,
 the above log-likelihood function is iteratively maximized using nonlinear op-
 timization algorithms. This topic is deeply discussed in e.g. books of LeSage
 (2008) and Anselin (2013).



4.3.3 Geographically Weighted Regression


As far as the modern spatial models are concerned, the Geographically Weighted
 Regression (GWR) is frequently mentioned. An idea of the GWR model resem-
 bles the concept of linear regression. However, unlike in the case of the linear
 regression where only one global regression is estimated, the GWR calculates a
 series of local linear regressions sequentially (Zhou et al.2019). We subset the
 observations into certain subgroups with similar spatial information, and then
 we estimate each of the parameters of interest for each subgroup separately.


The common approach to discretize the observations requires using the kernel
 function, to create the subgroups of the observations, such as the grid cells. Us-
 ing such local methods will always yield more accurate and valid results which
 will not be the case with the global models (Zhou et al. 2019).


The General Linear Model of GWR, which utilizes the spatial information, can
 be formally written as follows:


yi =β0(ui, vi) +


p


∑︂


k=1


βk(ui, vi)xik+εi, i= 1,2, . . . , n, (4.8)
 where β0 denotes the intercept, (ui, vi) stands for the coordinates i.e. the
 longitude and the latitude of i-th observation. Moreover, βk(ui, vi) is the k-th
 regression parameter of the sample and lastly εi is the random error term as
 we are always assuming with any regression model (Zhou et al. 2019). Note,
 that, if for some reason, it holds that:


βk(u1, v2) =βk(u2, v2) = · · ·=βk(un, vn),


the model 4.8 reduces to simple ordinary linear regression model as described
in 4.1. For the model estimation, we essentially run separate regressions for
each subgroup defined by the kernel, which is selecting the observations and
weighting them (Chien et al. 2020).



(39)Using the matrix notation GWR model can be described as (Zhou et al.


2019):


βˆ (i ui, vi) = [XXX′WWW(ui, vi)XXX]−1XXX′WWW(ui, vi)y, (4.9)
 whereXXXis a design matrix of the regression. yis a vector of dependent variable
 and, more importantly, WWW(ui, vi) stands for a diagonal weight matrix of size
 n×n, where the weight matrixWWW is constructed using the kernel function. Note
 that the weight matrix related to the GWR differs from the weight matrix used
 for spatial lag and spatial error models where, in the case of these models, the
 WW


W matrix is not diagonal.


As mentioned above, when estimating the GWR model is it essential to have
 kernel specification at disposal, as the kernel function is supposed to select and
 weight the data for each subgroup to then be regressed. Many kernel functions
 have been proposed. Among the most common ones are the Epanechnikov
 Kernel Function, Bisquare Kernel Function and theGaussian Kernel Function.
 All three functions can be respectively written as:


K(z) = I−z2
 K(z) = (I−z2)2
 K(z) = exp(−z2/2).
 and for each z and h it holds that:


z=


⎧


⎪⎨


⎪⎩


(ui−vi)/h, for ui−vi ≤h
 0, for ui−vi > h,


Where the h is a bandwidth. It is worth mentioning that there is a major
qualitative difference between these functions. While the first two functions
have a very clear cut-off point, which means that once the observation is outside
the bandwidth it does not contribute to the parameters estimation anymore, the
Gaussian kernel does not have a cut-off point. Hence, in principle, every data
point is contributing to each parameters. However, as the distance increases
the contribution is decreasing (Anselin & Lozano-Gracia 2009).
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