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The purpose of this paper is to investigate the problems of the well-posedness for a system
 of mixed quasivariational-like inequalities in Banach spaces. First, we generalize the concept
 of α-well-posedness to the system of mixed quasivariational-like inequalities, which includes
 symmetric quasi-equilibrium problems as a special case. Second, we establish some metric
 characterizations ofα-well-posedness for the system of mixed quasivariational-like inequalities.


Under some suitable conditions, we prove that theα-well-posedness is equivalent to the existence
 and uniqueness of solution for the system of mixed quasivariational-like inequalities. The
 corresponding concept ofα-well-posedness in the generalized sense is also considered for the
 system of mixed quasivariational-like inequalities having more than one solution. The results
 presented in this paper generalize and improve some known results in the literature.



1. Introduction


The classical notion of well-posedness for a minimization problemMPis due to Tykhonov
1, which has already been known as the Tykhonov well-posedness. The so-called Tykhonov
well-posedness means the existence and uniqueness of solution, and the convergence of every
minimizing sequence toward the unique solution. Taking into account that in many practical
situations the solution may not be unique for a minimization problem, ones naturally intro-
duced the concept of well-posedness in the generalized sense, which means the existence of
minimizers and the convergence of some subsequence of every minimizing sequence toward
a minimizer. Obviously, the concept of well-posedness is inspired by numerical methods



(2)producing optimizing sequences for optimization problems. In the following years, the well-
 posedness has received much attention because it plays a crucial role in the stability theory for
 optimization problems. A large number of results about well-posedness have appeared in the
 literature; see, for example,2–10, where the work in2,3,5,7,10is for the class of scalar
 optimization problems, and the work in4,6,8,11is for the class of vector optimization
 problems.


On the other hand, the concept of well-posedness has been generalized to other related
 problems, such as variational inequalities9,12–22, Nash equilibrium problems16,23–25,
 inclusion problems12,14,26,27, and fixed-point problems12,14,26,28,29. An initial
 notion of well-posedness for variational inequalities is due to Lucchetti and Patrone 20.


They introduced the notion of well-posedness for variational inequalities and proved some
 related results by means of Ekeland’s variational principle. Since then, many authors have
 been devoted to generating the concept of well-posedness from the minimization problem
 to various variational inequalities. Lignola and Morgan 19 introduced the parametric
 well-posedness for a family of variational inequalities. Lignola15further introduced two
 concepts of well-posedness andL-well-posedness for quasivariational-like inequalities and
 derived some metric characterizations of well-posedness. At the same time, Del Prete et
 al. 18 introduced the concept of α-well-posedness for a class of variational inequalities.


Recently, Fang et al. 14 generalized the concept of well-posedness to a class of mixed
 variational inequalities in Hilbert spaces. They obtained some metric characterizations of its
 well-posedness and established the links with the well-posedness of inclusion problems and
 fixed-point problems. Furthermore, Ceng and Yao12generalized the results of Fang et al.


14 to a class of generalized mixed variational inequalities in Hilbert spaces. Ceng et al.


13investigated the well-posedness for a class of mixed quasivariational-like inequalities in
 Banach spaces. For the well-posedness of variational inequalities with functional constraints,
 we refer to Huang and Yang 9and Huang et al. 17. In 2006, Lignola and Morgan23
 presented the notion ofα-well-posedness for the Nash equilibrium problem and gave some
 metric characterizations of this type well-posedness. Petrus¸el et al.29and Llorens-Fuster
 et al.28discussed the well-posedness of fixed-point problems for multivalued mappings in
 metric spaces.


It is obvious that the equilibrium problem plays a very important role in the establish-
 ment of a general mathematical model for a wide range of practical problems, which include
 as special cases optimization problems, Nash equilibria problems, fixed-point problems,
 variational inequality problems, and complementarity problemssee, e.g,30,31, and has
 been studied extensively and intensively. It is well known that each equilibrium problem can
 equivalently be transformed into a minimizing problem by using gap function, and some
 numerical methods have been extended to solve the equilibrium problemsee, e.g.,32.


This fact motivates the researchers to study the well-posedness for equilibrium problems.


Recently, Fang et al.33introduced the concepts of parametric well-posedness for equilib-
 rium problems and derived some metric characterizations for these types of well-posedness.


For the well-posedness of equilibrium problems with functional constraints, we refer
the readers to 34. In 2009, Long and Huang 35 generalized the concept of α-well-
posedness to symmetric quasiequilibrium problems in Banach spaces, which includes eq-
uilibrium problems, Nash equilibrium problems, quasivariational inequalities, variational
inequalities, and fixed-point problems as special cases. Under some suitable conditions,
they established some metric characterizations ofα-well-posedness for symmetric quasiequi-
librium problems. Moreover, they gave some examples to illustrate their results. Their
results represent the generalization and improvement of some previously known results in



(3)the literature, for instance,12–15,23,33. It is worth pointing out that up to the publication
 of35there are no results concerned with the problems of the well-posedness for symmetric
 quasiequilibrium problems in Banach spaces.


In this paper, we consider and study the problems of the well-posedness for a system
 of mixed quasivariational-like inequalities in Banach spaces. First, we generalize the concept
 ofα-well-posedness to the system of mixed quasivariational-like inequalities, which include
 symmetric quasiequilibrium problems as a special case. Second, some metric characteriza-
 tions ofα-well-posedness for the system of mixed quasivariational-like inequalities are given
 under very mild conditions. Furthermore, it is also proven that under quite appropriate
 conditions, theα-well-posedness is equivalent to the existence and uniqueness of solution for
 the system of mixed quasivariational-like inequalities. At the same time, the corresponding
 concept of α-well-posedness in the generalized sense is also considered for the system of
 mixed quasivariational-like inequalities having more than one solution. In addition, we give
 some examples to illustrate our results. The results presented in this paper generalize and
 improve Long and Huang’s results in35.



2. Preliminaries


Throughout this paper, unless specified otherwise, letXandYbe two real Banach spaces, let
 their dual spaces be denoted byX∗andY∗, respectively, and let the duality pairing between
 X andX∗ and the one betweenY andY∗ be denoted by the same·,·. We writexn  xto
 indicate that the sequence{xn}converges weakly tox. However,xn → ximplies that{xn}
 converges strongly tox. LetC⊂XandD⊂Y be two nonempty closed and convex subsets.


LetS:C×D → 2CandT :C×D → 2Dbe two set-valued mappings, letA:C×D → X∗,
 B:C×D → Y∗,η:C×C → Xandη:D×D → Ybe four single-valued mappings, and let
 f, g:C×D → R be two real-valued functions. Suppose thatαis a nonnegative real number
 andN{1,2, . . .}.


In this paper, we consider the system of mixed quasivariational-like inequalities
 SMQVLIs, which is to find a pointx0, y0∈C×Dsuch that


x0∈S
 x0, y0


, 


A
 x0, y0


,ηx 0, z
 f


x0, y0


−f
 z, y0


≤0, ∀z∈S
 x0, y0


,
 y0∈T


x0, y0


, 
 B


x0, y0


, η
 y0, w


g
 x0, y0


−gx0, w≤0, ∀w∈T
 x0, y0


. 2.1


Remark 2.1. Whenever A  0, B  0,η  0, and η  0, the Problem2.1 reduces to the
 following symmetric quasiequilibrium problemin short, SQEPof finding a pointx0, y0∈
 C×Dsuch that


x0∈S
 x0, y0


, f
 x0, y0


≤f
 z, y0


, ∀z∈S
 x0, y0


,
 y0∈T


x0, y0


, g
 x0, y0


≤gx0, w, ∀w∈T
 x0, y0


. 2.2


This problem was first considered by Noor and Oettli 21, which includes equilibrium
problems 30, Nash equilibrium problems 36, quasivariational inequalities 37, vari-
ational inequalities 38, and fixed-point problems 28, 29 as special cases. It is worth
mentioning that Noor and Oettli21only established the existence of solutions for SQEP



(4)2.2. Subsequently, Long and Huang35investigated theα-well-posedness for SQEP2.2
 in Banach spaces.


Denote by Γ the solution set of SMQVLI 2.1. In what follows, we introduce the
 notions ofα-approximating sequence andα-well-posedness for SMQVLI2.1.


Definition 2.2. A sequence {xn, yn} ⊂ C×D is called an α-approximating sequence for
 SMQVLI2.1if there exists a sequenceεn>0 withεn → 0 such that


d
 xn, S


xn, yn


≤εn, that is, xn∈B
 S


xn, yn


, εn


, ∀n∈N,


d
 yn, T


xn, yn


≤εn, that is, yn∈B
 T


xn, yn


, εn


, ∀n∈N,
 A


xn, yn


,ηx n, z
 f


xn, yn


−f
 z, yn


≤εnα


2xn−z2, ∀z∈S
 xn, yn


, ∀n∈N,
 B


xn, yn


, η
 yn, w


g
 xn, yn


−gxn, w≤εnα


2yn−w2, ∀w∈T
 xn, yn


, ∀n∈N,
 2.3


where BSx, y, ε denotes the ball of radiusε around Sx, y, that is, the set {m ∈ X :
 dSx, y, m infb∈Sx,ym−b ≤εn}. Wheneverα0, one says that the sequence{xn, yn}
 is an approximating sequence for SMQVLI2.1.


We remark that if A  0, B  0, η  0, and η  0, the notions of α-approx-
 imating sequence and approximating sequence for SMQVLI2.1reduce to the ones of α-
 approximating sequence and approximating sequence for SQEP2.2in35, Definition 2.1,
 respectively.


Definition 2.3. SMQVLI2.1is said to beα-well-posed if it has a unique solutionx0, y0and
 everyα-approximating sequence{xn, yn}converges strongly tox0, y0. Wheneverα 0,
 we say that SMQVLI2.1is well-posed.


We remark that ifA0,B0,η0, andη0, the notions ofα-well-posedness and
 well-posedness for SMQVLI2.1reduce to the ones ofα-well-posedness and well-posedness
 for SQEP2.2in35, Definition 2.2, respectively.


Definition 2.4. SMQVLI2.1is said to beα-well-posed in the generalized sense if the solution
 set Γ of SMQVLI 2.1is nonempty and every α-approximating sequence {xn, yn} has a
 subsequence which converges strongly to some element ofΓ. Wheneverα0, one says that
 SMQVLI2.1is well-posed in the generalized sense.


We remark that ifA0,B0,η0, andη0, the notions ofα-well-posedness in the
 generalized sense and well-posedness in the generalized sense for SMQVLI2.1reduce to
 the ones ofα-well-posedness in the generalized sense and well-posedness in the generalized
 sense for SQEP2.2in35, Definition 2.3, respectively.


In order to investigate theα-well-posedness for SMQVLI2.1, we need the following
definitions.



(5)Definition 2.5see39. The Painleve-Kuratowski limits of a sequence{Hn} ⊂Xare defined
 by


lim inf


n Hn





y∈X :∃yn∈Hn, n∈N, with lim


n yny ,
 lim sup


n


Hn
 


y∈X :∃nk↑∞, nk∈N, ∃ynk ∈Hnk, k∈N, with lim


k ynk y .


2.4


Definition 2.6 see 39. A set-valued mapping F from a topological space W, τ to a
 topological spaceZ, σis called


i τ, σ-closed if for every x ∈ K, for every sequence{xn}τ-converging to x, and
 for every sequence{yn}σ-converging to a pointy, such thatyn ∈ Fxn, one has
 y∈Fx, that is,


Fx⊃lim sup


n


Fxn, 2.5


ii τ, σ-lower semicontinuous if for every x ∈ K, for every sequence {xn}τ-
 converging tox, and for everyy∈Fx, there exists a sequence{yn}σ-converging
 toy, such thatyn∈Fxnfornsuﬃciently large, that is,


Fx⊂lim inf


n Fxn, 2.6


iii τ, σ-subcontinuous on K, if for every sequence {xn}τ-converging in K, every
 sequence{yn}, such thatyn∈Fxn, has aσ-convergent subsequence.


Definition 2.7see39. LetV be a nonempty subset ofX. The measure of noncompactness
 μof the setV is defined by


μV inf
 


ε >0 :V ⊂n


i1


Vi, diamVi< ε, i1,2, . . . , n
 


, 2.7


where diam means the diameter of a set.


Definition 2.8see39. LetX, dbe a metric space and letU,V be nonempty subsets ofX.


The HausdorﬀmetricH·,·betweenUandV is defined by


HU, V max{eU, V, eV, U}, 2.8


where eU, V supu∈Udu, V with du, V infv∈Vu−v. Let{Un} be a sequence of
nonempty subsets ofX. One says thatUnconverges toUin the sense of Hausdorﬀmetric if



(6)HUn, U → 0. It is easy to see thateUn, U → 0 if and only ifdun, U → 0 for all section
 un∈Un. For more details on this topic, the readers refered one to39.


Now, we prove the following lemma.


Lemma 2.9. Suppose that set-valued mappingsSand T are nonempty convex-valued, the function
 f·, yis convex onCfor anyy ∈D, and the functiongx,·is convex onDfor anyx ∈C. Then
 x0, y0∈Γif and only if the following two conditions hold:


x0∈S
 x0, y0


, 


A
 x0, y0


,ηx 0, z
 f


x0, y0


−f
 z, y0


≤ α


2x0−z2,


∀z∈S
 x0, y0


,


y0∈T
 x0, y0


, 


B
 x0, y0


, η
 y0, w


g
 x0, y0


−gx0, w≤ α


2y0−w2,


∀w∈T
 x0, y0


,


2.9


where bothη:C×C → Xandη:D×D → Y are aﬃne in the second variable such thatηx, x  0
 andηy, y 0 for allx, y∈C×D.


Proof. The necessity is obvious. For the suﬃciency, suppose that2.9holds. Now let us show
 thatx0, y0 ∈ Γ. Indeed, let z ∈ Sx0, y0and for any t ∈ 0,1, zt  tz 1−tx0. Since
 Sx0, y0is convex,zt∈Sx0, y0and so


A
 x0, y0


,ηx 0, zt
 f


x0, y0


−f
 zt, y0


≤ α


2x0−zt2, ∀t∈0,1. 2.10
 Also, sincef·, yis convex for anyy∈Dandη:C×C → Xis aﬃne in the second variable
 withηx, x  0,∀x∈X, we have


t
 A


x0, y0


,ηx 0, z
 f


x0, y0


−f
 z, y0



 


A
 x0, y0


, tηx0, z  1−tηx 0, x0
 f


x0, y0


−
 tf


z, y0


 1−tf
 x0, y0





≤
 A


x0, y0


,ηx 0, zt
 f


x0, y0


−f
 zt, y0





≤ α


2x0−zt2
  α


2t2x0−z2, ∀t∈0,1.


2.11


Thus, dividing bytin the above inequality, we have
 A


x0, y0


,ηx 0, z
 f


x0, y0


−f
 z, y0


≤ α


2tx0−z2, ∀t∈0,1, z∈S
 x0, y0


.
2.12



(7)By the similar argument,
 B


x0, y0


, η
 y0, w


g
 x0, y0


−gx0, w≤ α


2ty0−w2, ∀t∈0,1, w∈T
 x0, y0


.
 2.13


The combination of2.12and2.13implies, forttending to zero, thatx0, y0is a solution
 of SMQVLI2.1. This completes the proof.


Corollary 2.10i.e.,35, Lemma 2.1. Suppose that set-valued mappingsSandT are nonempty
 convex-valued, the functionf·, yis convex onCfor anyy∈D, and the functiongx,·is convex
 onDfor anyx∈C. Thenx0, y0solves SQEP2.2if and only if the following two conditions hold:


x0∈S
 x0, y0


, f
 x0, y0


≤f
 z, y0


α


2x0−z2, ∀z∈S
 x0, y0


,
 y0∈T


x0, y0


, g
 x0, y0


≤gx0, w  α


2y0−w2, ∀w∈T
 x0, y0


.


2.14


Proof. PutA0,B0,η0, andη0 inLemma 2.9. Then, utilizingLemma 2.9we get the
 desired result.



3. Metric Characterizations of α-Well-Posedness for SMQVLI


In this section, we will investigate some metric characterizations of α-well-posedness for
 SMQVLI2.1.


For anyε >0, theα-approximating solution set of SMQVLI2.1is defined by
 Ωαε 


x0, y0


∈C×D:


x0 ∈B
 S


x0, y0


, ε
 ,


A
 x0, y0


,ηx 0, z
 f


x0, y0


−f
 z, y0





≤εα


2x0−z2, ∀z∈S
 x0, y0


, y0∈B
 T


x0, y0


, ε
 ,


B
 x0, y0


, η
 y0, w
 g


x0, y0


−gx0, w≤εα


2y0−w2, ∀w∈T
 x0, y0


.


3.1
 Theorem 3.1. SMQVLI2.1isα-well-posed if and only if the solution setΓof SMQVLI2.1is
 nonempty and


εlim→0 diamΩαε 0. 3.2


Proof . Suppose that SMQVLI2.1isα-well-posed. Then,Γis a singleton, andΩαε/∅for
 anyε >0, sinceΓ⊂Ωαε. Suppose by contraction that


εlim→0diamΩαε> β >0. 3.3



(8)Then there existsεn>0 withεn → 0, andxn, yn,xn, yn∈Ωαεnsuch that
 xn, yn


−


xn, yn> β, ∀n∈N, 3.4


where the norm · in the product spaceX×Y is defined as follows:


u, v−u, v
 


u−u2v−v2, ∀u, v,u, v∈X×Y.


It is not diﬃcult to verify thatX×Y is a Banach space in terms of the last norm.
 3.5


Sincexn, yn,xn, yn∈Ωαεn, and SMQVLI2.1isα-well-posed, the sequences{xn, yn}
 and {xn, yn}, which are both α-approximating sequences for SMQVLI 2.1, converge
 strongly to the unique solutionx0, y0, and this leads to a contraction. Therefore,3.2holds.


Conversely, let3.2hold and let{xn, yn} ⊂C×Dbe anyα-approximating sequence
 for SMQVLI2.1. Then, there exists a sequenceεn>0 withεn → 0 such that


d
 xn, S


xn, yn


≤εn, 
 A


xn, yn


,ηx n, z
 f


xn, yn


−f
 z, yn


≤εnα


2xn−z2,


∀z∈S
 xn, yn


,
 d


yn, T


xn, yn


≤εn, 
 B


xn, yn
 , η


yn, w
 g


xn, yn


−gxn, w≤εnα


2yn−w2,


∀w∈T
 xn, yn


.
 3.6


This implies that {xn, yn} ⊂ Ωαεn,for alln ∈ N. Since the solution set Γ of SMQVLI
 2.1is nonempty, we can take two elements inΓarbitrarily, denoted byx0, y0andx0, y0,
 respectively. Note thatΓ ⊂ Ωαεfor allε > 0. Hence bothx0, y0andx0, y0lie inΩαεn
 for alln≥1. This fact together with3.2yields


xn, yn


−


x0, y0≤diamΩαεn−→0, xn, yn


−


x0, y0≤diamΩαεn−→0.


3.7


Utilizing3.7and the uniqueness of the limit, we conclude thatx0, y0  x0, y0. This means
 thatΓis a singleton. Thus, it is known that SMQVLI2.1has the unique solutionx0, y0and
 {xn, yn}converges strongly tox0, y0. This shows that SMQVLI2.1isα-well-posed. This
 completes the proof.


Corollary 3.2i.e.,35, Theorem 3.1. SQEP2.2isα-well-posed if and only if the solution setΓ
 of SQEP2.2is nonempty and


ε→lim0diamMε0, 3.8



(9)where


Mε


x0, y0


∈C×D:x0 ∈B
 S


x0, y0


, ε
 , f


x0, y0


−f
 z, y0





≤εα


2x0−z2,∀z∈S
 x0, y0


, y0∈B
 T


x0, y0
 , ε


, g
 x0, y0


−gx0, w≤ε
 α


2y0−w2,∀w∈T


x0, y0
 .


3.9


Proof. PutA0,B0,η0, andη 0 inTheorem 3.1. Then, utilizingTheorem 3.1we get
 the desired result.


In the sequel, the following concept will be needed to apply to our main results.


Definition 3.3. LetC be a nonempty, closed convex subset of X. A single-valued mapping
 η:C×C → Xis said to be Lipschitz continuous if there exists a constantλ >0 such that


η


x, y≤λx−y, ∀x, y∈C. 3.10
 We remark that whenever X  H a Hilbert space and C  K a nonempty closed
 convex subset ofH, the Lipschitz continuous mappingη:K×K → Hhas been introduced
 and considered in Ansari and Yao40. In their main result for the existence of solutions and
 convergence of iterative algorithmi.e.,40, Theorem 3.1, the Lipschitz continuous mapping
 η:K×K → Hsatisfies the following conditions:


aηx, y ηy, x 0 for allx, y∈K,
 bηx, y ηx, z ηz, yfor allx, y, z∈K,
 cη·,·is aﬃne in the first variable,


dfor each fixedy∈K,x→ηy, xis sequentially continuous from the weak topology
 to the weak topologyw, w-continuous.


Inspired by the above restrictions imposed on the Lipschitz continuous mappingη, we
 give the following theorem.


Theorem 3.4. Assume that the following conditions hold:


iset-valued mappings S and T are nonempty convex-valued, s, w-closed, s, s-lower
 semicontinuous ands, w-subcontinuous onC×D;


iisingle-valued mappingsAandBares, w∗-continuous onC×D;


iiisingle-valued mappings η and η are Lipschitz continuous with constants λ and λ
 respectively, such that


aηx 1, x3 ηx 1, x2 ηx 2, x3for allx1, x2, x3 ∈Candηy1, y3 ηy1, y2


ηy2, y3for ally1, y2, y3∈D,


bη·, ·andη·,·both are aﬃne in the second variable;


ivfunctionsfandgare continuous onC×D;



(10)vfor anyy ∈D, the functionf·, yis convex onC; for anyx ∈C, the functiongx,·is
 convex onD.


Then, SMQVLI2.1isα-well-posed if and only if
 Ωαε/∅, ∀ε >0, lim


ε→0diamΩαε 0. 3.11


Proof . First, utilizing conditioniii a, we can readily obtain that
 


ηx1, x1 0, ηx 1, x2 −ηx 2, x1, ∀x1, x2∈C;


η
 y1, y1


0, η
 y1, y2


−η
 y2, y1


, ∀y1, y2∈D. 3.12


The necessity has been proved inTheorem 3.1. For the suﬃciency, let condition3.11
 hold. Let{xn, yn} ⊂C×Dbe anyα-approximating sequence for SMQVLI2.1. Now let us
 show thatΓis a singleton and{xn, yn}converges strongly to the unique element ofΓ. As a
 matter of fact, since{xn, yn}isα-approximating sequence for SMQVLI2.1, there exists a
 sequenceεn>0 withεn → 0 such that


d
 xn, S


xn, yn


≤εn, 
 A


xn, yn


,ηx n, z
 f


xn, yn


−f
 z, yn


≤εnα


2xn−z2,


∀z∈S
 xn, yn


,
 d


yn, T


xn, yn


≤εn, 
 B


xn, yn
 , η


yn, w
 g


xn, yn


−gxn, w≤εn α


2yn−w2,


∀w∈T
 xn, yn


.
 3.13


This means {xn, yn} ⊂ Ωαεn,for alln ∈ N. It follows from 3.11 that {xn, yn} is a
 Cauchy sequence in Banach space X ×Y, ·  and hence converges strongly to a point
 x0, y0∈X×Y. By the definition of the norm · in Banach spaceX×Y, · , we deduce
 that


xn−x0 ≤


xn−x02yn−y02xn, yn


−


x0, y0−→0,
 yn−y0≤


xn−x02yn−y02xn, yn


−


x0, y0−→0.


3.14


On account of the closedness ofCand D we conclude from{xn} ⊂ Cand {yn} ⊂ D that
 xn → x0∈Candyn → y0∈D. In order to showx0, y0∈Γ, we start to prove that


d
 x0, S


x0, y0


≤lim inf


n d


xn, S
 xn, yn


lim


n εn0. 3.15


Indeed, suppose that the left inequality does not hold. Then there exists a positive numberγ
 such that


lim inf


n d


xn, S
 xn, yn


< γ < d
 x0, S


x0, y0


, 3.16



(11)or equivalently, there exist an increasing sequence{nk}and a sequence{zk}, zk∈Sxnk, ynk,
 fo allk∈Nsuch that


xnk−zk< γ, ∀k∈N. 3.17


Since the set-valued mappingSiss, w-closed ands, w-subcontinuous, the sequence{zk}
 has a subsequence, denoted still by{zk}, converging weakly to a pointz0 ∈Sx0, y0. From
 the weak lower semicontinuity of the norm, it follows that


γ < d
 x0, S


x0, y0


≤ x0−z0 ≤lim inf


k xnk −zk< γ, 3.18
 which leads to a contradiction. Thus we must have dx0, Sx0, y0 0 and hencex0 ∈
 Sx0, y0. Similarly, we can provey0∈Tx0, y0.


To complete the proof, we take a point z ∈ Sx0, y0 arbitrarily. Since S is s, s-
 lower semicontinuous, there exists a sequence {zn} converging strongly to z, such that
 zn ∈ Sxn, yn for n suﬃciently large. Furthermore, utilizing condition iii a and the
 Lipschitz continuity ofηwe deduce that


ηxn, zn−ηx 0, zηxn, zn−ηx 0, zn ηx 0, zn−ηx 0, z


≤ηxn, zn−ηx 0, znηx0, zn−ηx 0, z
 ηxn, zn ηz n, x0ηx0, zn ηz, x 0
 ηxn, x0ηz, zn


≤λx n−x0zn−z−→0 asn−→ ∞.


3.19


SinceAiss, w∗-continuous, it is known thatAxn, ynconverges weakly toAx0, y0, that is,
 for eachx∈X, the real sequence{Axn, yn, x}converges to the real numberAx0, y0, x.


This implies that{Axn, yn, x} is a bounded sequence of real numbers for each x ∈ X.


Thus{Axn, yn}is bounded in the norm topology according to the uniform boundedness
 principle41, that is, supn≥1Axn, yn<∞.


Now observe that
 A


xn, yn


,ηx n, zn


−
 A


x0, y0


,ηx 0, z
 A


xn, yn


,ηx n, zn


−
 A


xn, yn


,ηx 0, z
 


A
 xn, yn


,ηx 0, z


−
 A


x0, y0


,ηx 0, z


≤A
 xn, yn


,ηx n, zn−ηx 0, zA
 xn, yn


−A
 x0, y0


,ηx 0, z


≤A


xn, ynηxn, zn−ηx 0, z
 A


xn, yn


−A
 x0, y0


,ηx 0, z−→0 asn−→ ∞.


3.20



(12)Consequently, it follows from conditionivthat
 A


x0, y0


,ηx 0, z
 f


x0, y0


−f
 z, y0
 lim


n


A
 xn, yn


,ηx n, zn
 f


xn, yn


−f


zn, yn


≤lim


n



 εnα


2xn−zn2
  α


2x0−z2, for all z∈S
 x0, y0


.


3.21


Analogously, we have
 B


x0, y0
 , η


y0, w
 g


x0, y0


−gx0, w≤ α


2y0−w2, ∀w∈T
 x0, y0


. 3.22


It follows fromLemma 2.9thatx0, y0 ∈ Γ. Therefore, SMQVLI2.1isα-well-posed. This
 completes the proof.


Corollary 3.5i.e.,35, Theorem 3.2. Assume that the following conditions hold:


iset-valued mappings S and T are nonempty convex-valued, s, w-closed, s, s-lower
 semicontinuous, ands, w-subcontinuous onC×D;


iifunctionsfandgare continuous onC×D;


iiifor anyy ∈D, the functionf·, yis convex onC; for anyx ∈C, the functiongx,·is
 convex onD.


Then, SQEP2.2isα-well-posed if and only if


Mε/∅, ∀ε >0, lim


ε→0diamMε0. 3.23


To illustrateTheorem 3.4, we give the following two examples.


Example 3.6. LetXY R andCDR 0,∞. LetSx, y  0, x,Tx, y  0, y,
 Ax, y  Bx, y  −x−y2, ηx, z  x−z, ηy, w  y −w, fx, y  x2 −y2, and
 gx, y y2−x2for allx, z∈Candy, w∈D. Obviously, the conditionsi–vofTheorem 3.4
 are satisfied. Note that


x, y


∈C×D:d
 x, S


x, y


≤ε,
 A


x, y


,ηx, z 
 f


x, y


−f
 z, y


≤ε α


2x−z2,∀z∈S
x, y



(13)
 x, y


∈C×D:d
 x, S


x, y


≤ε, −
 x−y2


x−z x2−z2


≤εα


2x−z2, ∀z∈S
 x, y
 


x, y


∈C×D:d
 x, S


x, y


≤ε, −
 x−y2


x−z


−2α
 z− αx


2α
 2


 4


2αx2−2ε≤0, ∀z∈S
 x, y





⎡


⎣0,


2αε
 2


⎤


⎦×R,
 x, y


∈C×D:d
 y, T


x, y


≤ε,
 B


x, y
 , η


y, w
 g


x, y


−gx, w


≤ε α


2y−w2, ∀w∈T
 x, y
 


x, y


∈C×D:d
 y, T


x, y


≤ε, −


x−y2
 y−w


y2−w2


≤εα
 2


y−w2


, ∀w∈T
 x, y
 


x, y


∈C×D:d
 y, T


x, y


≤ε,−


x−y2
 y−w


−2α


w− αy
 2α


2


 4


2αy2−2ε≤0, ∀w∈T
 x, y


R×


⎡


⎣0,


2αε
 2


⎤


⎦.


3.24


It follows that


Ωαε 


⎡


⎣0,


2αε
 2


⎤


⎦×


⎡


⎣0,


2αε
 2


⎤


⎦ 3.25


and so diamΩα → 0 asε → 0. ByTheorem 3.4, SMQVLI2.1isα-well-posed.


Example 3.7. LetXY R andCDR 0,∞. LetSx, y  0, x,Tx, y  0, y,
 Ax, y  Bx, y  −x−y2,ηx, z  x−z,ηy, w y−w, andfx, y  gx, y −xy
 for allx, z ∈ Cand y, w ∈ D. It is easy to see that the conditions i–vof Theorem 3.4
 are satisfied, andΩαε  0,∞×0,∞. But, SMQVLI2.1 is notα-well-posed, since
 diamΩαε0 asε → 0.


Wheneverα0, we have the following result.



(14)Theorem 3.8. Assume that the following conditions hold:


iset-valued mappings S and T are nonempty convex-valued, s, w-closed, s, s-lower
 semicontinuous, ands, w-subcontinuous onC×D;


iisingle-valued mappingsAandBares, w∗-continuous onC×D;


iiisingle-valued mappings η and η are Lipschitz continuous with constants λ and λ,
 respectively, such that for allx1, x2, x3∈Candy1, y2, y3∈D:





ηx1, x3 ηx 1, x2 ηx 2, x3, η
 y1, y3


η
 y1, y2


η
 y2, y3


; 3.26


ivfunctionsfandgare continuous onC×D.


Then, SMQVLI2.1is well-posed if and only if
 Ω0ε/∅, ∀ε >0, lim


ε→0diamΩ0ε 0. 3.27


Corollary 3.9i.e.,35, Corollary 3.1. Assume that the following conditions hold:


iset-valued mappings S and T are nonempty convex-valued, s, w-closed, s, s-lower
 semicontinuous, ands, w-subcontinuous onC×D;


iifunctionsfandgare continuous onC×D.


Then, SQEP2.2is well-posed if and only if


Mε/∅, ∀ε >0, lim


ε→0diamMε0. 3.28


The following theorem shows that under some suitable conditions, the α-well-
 posedness of SMQVLI2.1is equivalent to the existence and uniqueness of its solutions.


Theorem 3.10. LetXandY be two finite-dimensional spaces. Suppose that the following conditions
 hold:


iset-valued mappingsSandT are nonempty convex-valued, closed, lower semicontinuous,
 and subcontinuous onC×D;


iisingle-valued mappingsAandBare continuous onC×D;


iiisingle-valued mappings η and η are Lipschitz continuous with constants λ and λ re-
 spectively, such that


aηx 1, x3 ηx 1, x2 ηx 2, x3for allx1, x2, x3 ∈Candηy1, y3 ηy1, y2
 ηy2, y3for ally1, y2, y3∈D,


bη·, ·andη·,·both are aﬃne in the second variable;


ivthe functionsfandgare continuous onC×D;


vfor anyy ∈D, the functionf·, yis convex onC; for anyx ∈C, the functiongx,·is
 convex onD;


vi Ωαεis nonempty bounded for someε >0.


Then, SMQVLI2.1isα-well-posed if and only if SMQVLI2.1has a unique solution.



(15)Proof. The necessary of the theorem is obvious. In order to show the suﬃciency, letx0, y0be
 the unique solution of SMQVLI2.1and let{xn, yn}be anyα-approximating sequence for
 SMQVLI2.1. Then there exists a sequenceεn>0 withεn → 0 such that


d
 xn, S


xn, yn


≤εn, 
 A


xn, yn


,ηx n, z
 f


xn, yn


−f
 z, yn


≤εnα


2xn−z2,


∀z∈S
 xn, yn


,
 d


yn, T


xn, yn


≤εn, 
 B


xn, yn
 , η


yn, w
 g


xn, yn


−gxn, w≤εn α


2yn−w2,


∀w∈T
 xn, yn


,
 3.29


which means{xn, yn} ⊂ Ωαεn,for alln ∈ N. Letε > 0 be such thatΩαεis nonempty
 bounded. Then there exists n0 ∈ N such that{xn, yn} ⊂ Ωαεn ⊂ Ωαεfor alln ≥ n0.
 Thus,{xn, yn} is bounded and so the sequence{xn, yn}has a subsequence {xnk, ynk}
 which converges to x,y. Reasoning as in Theorem 3.4, one can prove that x, y solves
 SMQVLI2.1. The uniqueness of the solution implies thatx0, y0  x, y, and so the whole
 sequence{xn, yn}converges tox0, y0. Thus, SMQVLI2.1isα-well-posed. This completes
 the proof.


Example 3.11. LetXY R andCDR 0,∞. LetSx, y  0, x,Tx, y  0, y,
 Ax, y Bx, y −x−y2,ηx, z  x−z,ηy, w y−w,fx, y x2−y2, andgx, y 
 y2 −x2 for allx, z ∈ C and y, w ∈ D. Clearly, the conditions i–viof Theorem 3.8are
 satisfied, and SMQVLI2.1has a unique solutionx0, y0  0,0. ByTheorem 3.8, SMQVLI
 2.1isα-well-posed.


Corollary 3.12i.e.,35, Theorem 3.3. LetX andY be two finite-dimensional spaces. Suppose
 that the following conditions hold:


iset-valued mappingsSandT are nonempty convex-valued, closed, lower semicontinuous
 and subcontinuous onC×D;


iithe functionsfandgare continuous onC×D;


iiifor anyy ∈D, the functionf·, yis convex onC; for anyx ∈C, the functiongx,·is
 convex onD;


ivMεis nonempty bounded for someε >0.


Then, SQEP2.2isα-well-posed if and only if SQEP2.2has a unique solution.



4. Metric Characterizations of α-Well-Posedness in the Generalized Sense for SMQVLI


In this section, we derive some metric characterizations of α-well-posedness in the gen-
eralized sense for SMQVLI2.1by considering the noncompactness of approximate solution
set.



(16)Theorem 4.1. SMQVLI2.1isα-well-posed in the generalized sense if and only if the solution set
 Γof SMQVLI2.1is nonempty compact and


eΩαε,Γ−→0 as ε−→0. 4.1


Proof . Suppose that SMQVLI 2.1 is α-well-posed in the generalized sense. Then Γ is
 nonempty. To show the compactness of Γ, let {xn, yn} ⊂ Γ. Clearly, if {xn, yn} is an
 approximation sequence of SMQVLI 2.1, then it is alsoα-approximation sequence. Since
 SMQVLI2.1isα-well-posed in the generalized sense, it contains a subsequence converging
 strongly to an element ofΓ. Thus,Γis compact. Now, we prove that4.1holds. Suppose by
 contradiction that there existγ >0, 0< εn → 0, andxn, yn∈Ωαεnsuch that


d
 xn, yn


,Γ


≥γ. 4.2


Being{xn, yn} ⊂Ωαεn,{xn, yn}is anα-approximating sequence for SMQVLI2.1. Since
 SMQVLI2.1isα-well-posed in the generalized sense, there exists a subsequence{xnk, ynk}
 of{xn, yn} converging strongly to some element ofΓ. This contradicts 4.2 and so4.1
 holds.


To prove the converse, suppose that Γ is nonempty compact and 4.1 holds. Let
 {xn, yn}be anα-approximating sequence for SMQVLI2.1. Then{xn, yn} ⊂Ωαεn, and
 soeΩαεn,Γ → 0. This implies that there exists a sequence{zn, wn} ⊂Γsuch that


xn, yn


−zn, wn−→0, 4.3


where the norm · in the product spaceX×Y is defined as follows:


u, v−u, v


u−u2v−v2, ∀u, v,u, v∈X×Y.


It is not hard to verify thatX×Y is a Banach space in terms of the last norm. 4.4


SinceΓis compact, there exists a subsequence{znk, wnk} of{zn, wn}converging
 strongly to x0, y0 ∈ Γ. Hence the corresponding subsequence {xnk, ynk} of {xn, yn}
 converges strongly tox0, y0. Therefore, SMQVLI2.1isα-well-posed in the generalized
 sense.


We give the following example to illustrate that the compactness condition of Γ is
 necessary.


Example 4.2. LetX  Y R andC D  R 0,∞. LetSx, y  x, xy,Tx, y 
y, xy, Ax, y  Bx, y  x2 y2,ηx, z  x−z, ηy, w  y−w, andfx, y 
gx, y  xyfor allx, z ∈ Cand y, w ∈ D. ThenΓ  Ωαε  0,∞×0,∞. It is clear
thateΩαε,Γ → 0 asε → 0. It is easy to see that the diverging sequence{n, n}n∈Nis an
α-approximating sequence, but it has no convergent subsequence. Therefore, SMQVLI2.1
is notα-well-posed in the generalized sense.



(17)Corollary 4.3i.e.,35, Theorem 4.1. SQEP2.2isα-well-posed in the generalized sense if and
 only if the solution setΓof SQEP2.2is nonempty compact and


eMε,Γ−→0 asε−→0. 4.5


Theorem 4.4. Assume that the following conditions hold:


iset-valued mappings S and T are nonempty convex-valued, s, w-closed, s, s-lower
 semicontinuous, ands, w-subcontinuous onC×D;


iisingle-valued mappingsAandBares, w∗-continuous onC×D;


iiisingle-valued mappings η and η are Lipschitz continuous with constants λ and λ
 respectively, such that


aηx 1, x3 ηx 1, x2 ηx 2, x3for allx1, x2, x3 ∈Candηy1, y3 ηy1, y2
 ηy2, y3for ally1, y2, y3∈D,


bη·, ·andη·,·both are aﬃne in the second variable;


ivfunctionsfandgare continuous onC×D;


vfor anyy ∈D, the functionf·, yis convex onC; for anyx ∈C, the functiongx,·is
 convex onD.


Then, SMQVLI2.1isα-well-posed in the generalized sense if and only if
 Ωαε/∅, ∀ε >0, lim


ε→0μΩαε 0. 4.6


Proof . Suppose that SMQVLI 2.1 is α-well-posed in the generalized sense. By the same
 argument as inTheorem 4.1,Γis nonempty compact, andeΩαε,Γ → 0 asε → 0. Clearly
 Ωαε/∅for anyε >0, becauseΓ⊂Ωαε. Observe that for anyε >0, we have


HΩαε,Γ max{eΩαε,Γ, eΓ,Ωαε}eΩαε,Γ. 4.7
 SinceΓis compact,μΓ 0 and the following relation holdssee, e.g,2:


μΩαε≤2HΩαε,Γ μΓ 2HΩαε,Γ 2eΩαε,Γ. 4.8
 It follows that4.6holds.


Conversely, suppose that4.6holds. It is easy to prove that Ωαε, for any ε > 0,
 is closed. Note that Ωαε ⊂ Ωαεwheneverε < ε, their intersectionΩα  


ε>0Ωαεis
 nonempty compact and satisfies limε→0HΩαε,Ωα 039, page 412, where


Ωα
 x0, y0


∈C×D:x0∈S
 x0, y0


,
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x0, y0


,ηx 0, z
 f


x0, y0


−f
 z, y0


≤ α


2x0−z2, ∀z∈S
 x0, y0


, y0∈T
 x0, y0


,
 B


x0, y0
 , η


y0, w
 g
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−gx0, w


≤ α
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4.9
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