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We introduce an iterative scheme for finding a common element of the set of solutions of genera-
 lized mixed equilibrium problems and the set of fixed points for countable families of total quasi-φ-
 asymptotically nonexpansive mappings in Banach spaces. We prove a strong convergence theorem
 of the iterative sequence generated by the proposed iterative algorithm in an uniformly smooth
 and strictly convex Banach space which also enjoys the Kadec-Klee property. The results presented
 in this paper improve and extend some recent corresponding results.



1. Introduction


LetEbe a real Banach space with the dualE∗and letCbe a nonempty closed convex subset
 ofE. We denote byRand Rthe set of all nonnegative real numbers and the set of all real
 numbers, respectively. Also, we denote byJthe normalized duality mapping fromEto 2E∗
 defined by


Jx


x∗∈E∗:x, x∗x2x∗2


, ∀x∈E, 1.1


where·,·denotes the generalized duality pairing. Recall that ifEis smooth thenJis single-
valued and norm-to-weak∗continuous, and that ifEis uniformly smooth thenJis uniformly



(2)norm-to-norm continuous on bounded subsets of E. We will denote byJ the single-value
 duality mapping.


A Banach spaceEis said to be strictly convex ifxy/2≤1 for allx, y∈U{z∈E:
 z1}withx /y.Eis said to be uniformly convex if, for eachε∈0,2, there existsδ >0
 such thatxy/2≤1−δfor allx, y∈Uwithx−y ≥ε.Eis said to be smooth if the limit


limt→0


xty− x


t 1.2


exists for allx, y∈U.Eis said to be uniformly smooth if the above limit exists uniformly in
 x, y∈U.


Remark 1.1. The following basic properties of Banach spaceEcan be founded in1.


iIfEis an uniformly smooth Banach space, thenJis uniformly continuous on each
 bounded subset ofE.


iiIf Eis a reflexive and strictly convex Banach space, then J−1 is norm-weak∗-con-
 tinuous.


iiiIfEis a smooth, reflexive and strictly convex Banach space, then the normalized
 duality mappingJ:E → 2E∗is single-valued, one-to-one, and surjective.


ivA Banach spaceEis uniformly smooth if and only ifE∗is uniformly convex.


vEach uniformly convex Banach spaceEhas the Kadec-Klee property, that is, for any
 sequence{xn} ⊂E, ifxn  x ∈Eandxn → x, thenxn → x.See1,2for
 more details.


Next, we assume thatEis a smooth, reflexive, and strictly convex Banach space. Con-
 sider the functional defined as in3,4by


φ
 x, y


x2−2
 x, Jy


y2, ∀x, y∈E. 1.3
 It is clear that in a Hilbert spaceH,1.3reduces toφx, y x−y2, for allx, y∈H.


It is obvious from the definition ofφthat
 x −y2 ≤φ


x, y


≤


xy2, ∀x, y∈E, 1.4


and


φ x, J−1


λJy 1−λJz


≤λφ
 x, y


1−λφx, z, ∀x, y∈E. 1.5


Following Alber3, the generalized projectionΠC :E → Cis defined by
 ΠCx arginfy∈Cφ


y, x


, ∀x∈E. 1.6


That is, ΠCx  x, where x is the unique solution to the minimization problemφx, x 
infy∈Cφy, x.



(3)The existence and uniqueness of the operatorΠC follows from the properties of the
 functionalφx, yand strict monotonicity of the mappingJsee, e.g.,1–5. In Hilbert space
 H,ΠC PC.


LetCbe a nonempty closed convex subset ofE, letT be a mapping fromCinto itself,
 and letFTbe the set of fixed points of T. A pointp ∈ Cis called an asymptotically fixed
 point ofT 6if there exists a sequence{xn} ⊂Csuch thatxn pandxn−Txn → 0. The
 set of asymptotical fixed points ofT will be denoted byFT. A point p ∈ Cis said to be a
 strong asymptotic fixed point ofT, if there exists a sequence{xn} ⊂Csuch thatxn → pand
 xn−Txn → 0. The set of strong asymptotical fixed points ofT will be denoted byFT .


A mappingT :C → Cis said to be relatively nonexpansive7–9, ifFT/∅,FT
 FT andφp, Tx≤φp, x, for allx∈C,p∈FT.


A mappingT :C → Cis said to be quasi-φ-nonexpansive, ifFT/∅andφp, Tx≤
 φp, x, for allx∈C,p∈FT.


A mappingT :C → Cis said to be quasi-φ-asymptotically nonexpansive, ifFT/∅
 and there exists a real sequence{kn} ⊂1,∞withkn → 1 such that


φ
 p, Tnx


≤knφ
 p, x


, ∀n≥1, x∈C, p∈FT. 1.7
 A mappingT : C → Cis said to be total quasi-φ-asymptotically nonexpansive, if
 FT/∅ and there exists nonnegative real sequences {νn}, {μn} with νn → 0, μn → 0
 asn → ∞and a strictly increasing continuous functionξ :R → R withξ0  0 such
 that


φ
 p, Tnx


≤φ
 p, x


νnξ
 φ


p, x


μn, ∀n≥1, x∈C, p∈FT. 1.8


A countable family of mappings{Tn} :C → Cis said to be uniformly total quasi-φ-
 asymptotically nonexpansive, if ∞


i1FTi/∅, and there exists nonnegative real sequences
 {νn},{μn}withνn → 0,μn → 0 asn → ∞and a strictly increasing continuous function
 ξ:R → Rwithξ0 0 such that for eachi≥1 and eachx∈C,p∈∞


i1FTi
 φ


p, Tinx


≤φ
 p, x


νnξ
 φ


p, x


μn, ∀n≥1. 1.9


Remark 1.2. From the definition, it is easy to know that:


ieach relatively nonexpansive mapping is closed;


iitakingξt t,t ≥0,νn  kn−1andμn 0 thenνn → 0asn → ∞and1.7
 can be rewritten as


φ
 p, Tnx


≤φ
 p, x


νnξ
 φ


p, x


μn, ∀n≥1, x∈C, p∈FT, 1.10


this implies that each quasi-φ-asymptotically nonexpansive mapping must be a
 total quasi-φ-asymptotically nonexpansive mapping, but the converse is not true;


iiithe class of quasi-φ-asymptotically nonexpansive mappings contains properly the
class of quasi-φ-nonexpansive mappings as a subclass, but the converse is not true;



(4)ivthe class of quasi-φ-nonexpansive mappings contains properly the class of relati-
 vely nonexpansive mappings as a subclass, but the converse may be not true.See
 more details10–14.


Letf:C×C → Rbe a bifunction, whereRis the set of real numbers. The equilibrium
 problemFor short, EPis to findx∗∈Csuch that


f
 x∗, y


≥0, ∀y∈C. 1.11


The set of solutions of EP1.11is denoted by EPf.


LetB : C → Hbe a nonlinear mapping. The generalized equilibrium problemfor
 short, GEPis to findx∗∈Csuch that


f
 x∗, y





Bx∗, y−x∗


≥0, ∀y∈C. 1.12


The set of solutions of GEP1.12is denoted by GEPf, B, that is,
 GEP


f, B
 


x∗∈C:f
 x∗, y





Bx∗, y−x∗


≥0, ∀y∈C


. 1.13


Letϕ:C → R∪ {∞}be a function. The mixed equilibrium problemfor short, MEP
 is to findx∗∈Csuch that


f
 x∗, y


ϕ
 y


−ϕx∗≥0, ∀y∈C. 1.14


The set of solutions of MEP1.14is denoted by MEPf.


The concept generalized mixed equilibrium problem for short, GMEP was intro-
 duced by Peng and Yao15in 2008. GMEP is to findx∗∈Csuch that


f
 x∗, y


ϕ
 y


−ϕx∗ 


Bx∗, y−x∗


≥0, ∀y∈C. 1.15


The set of solutions of GMEP1.15is denoted by GMEPf, B, ϕ, that is,
 GMEP


f, B, ϕ
 


x∗∈C:f
 x∗, y


ϕ
 y


−ϕx∗ 


Bx∗, y−x∗


≥0, ∀y∈C


. 1.16


The equilibrium problem is an unifying model for several problems arising in physics,
engineering, science optimization, economics, transportation, network and structural analy-
sis, Nash equilibrium problems in noncooperative games, and others. It has been shown that
variational inequalities and mathematical programming problems can be viewed as a special
realization of the abstract equilibrium problemse. g.,16,17. Many authors have proposed
some useful methods to solve the EP, GEP, MEP, GMEP; see, for instance,15–23and the
references therein.



(5)In 2005, Matsushita and Takahashi13proposed the following hybrid iteration meth-
 odit is also called the CQ methodwith generalized projection for relatively nonexpansive
 mappingTin a Banach spaceE:


x0∈Cchosen arbitrary,
 ynJ−1αnJxn 1−αnJxn,
 Cn


z∈C:φ
 z, yn


≤φz, xn
 ,
 Qn{z∈C:xn−z, Jx0−Jxn ≥0},


xn1 ΠCn∩Qnx0, n≥0.


1.17


They prove that{xn}converges strongly toΠFTx0, whereΠFTis the generalized projection
 fromContoFT.


Recently, Qin et al.24proposed a shrinking projection method to find a common
 element of the set of solutions of an equilibrium problem and the set of common fixed points
 of a finite family of quasi-φ-nonexpansive mappings in the framework of Banach spaces:


x0xchosen arbitrary,
 C1C,


x1 ΠC1x0,
 ynJ−1





αn,0JxnN


i1


αn,iJTixn
 


,


un∈Csuch that f
 un, y


 1
 rn


y−un, Jun−Jyn


≥0, ∀y∈C,


Cn1


z∈Cn:φz, un≤φz, xn
 ,
 xn1 ΠCn1x0, n≥0,


1.18


whereΠCn1is the generalized projection fromEontoCn1. They prove that the sequence{xn}
 converges strongly toΠ∩Ni1FTi∩EPfx0.


In25, Saewan and Kumam introduced a modified new hybrid projection method to
find a common element of the set of solutions of the generalized mixed equilibrium problems
and the set of common fixed points of an infinite family of closed and uniformly quasi-φ-
asymptotically nonexpansive mappings in an uniformly smooth and strictly convex Banach



(6)spacesEwith Kadec-Klee property:


x0∈Cchosen arbitrary,
 x1 ΠC1x0,


C1C,


ynJ−1αnJxn 1−αnJzn,
 zn J−1





βn,0Jxn∞


i1


βn,iJTinxn



 ,
 un∈Csuch thatunKrnyn,
 Cn1 


z∈Cn:φz, un≤φz, xn ξn
 ,
 xn1 ΠCn1x0, n≥0,


1.19


whereξn  supp∈Fkn−1φp, xn,ΠCn1 is the generalized projection ofEontoCn1. They
 prove that the sequence{xn}converges strongly toΠ∩∞i1FTi∩GMEPfx0.


Very recently, Chang et al.26proposed the following iterative algorithm for solving
 fixed point problems for total quasi-φ-asymptotically nonexpansive mappings:


x0∈Cchosen arbitrary, C0C,
 ynJ−1αnJxn 1−αnJzn,
 zn J−1





βn,0Jxn∞


i1


βn,iJTinxn
 


,
 Cn1


z∈Cn:φ
 ν, yn


≤φν, xn ξn
 ,
 xn1 ΠCn1x0, n≥0,


1.20


whereξn νnsupp∈Fξφp, xn μn,ΠCn1 is the generalized projection ofEontoCn1. They
 prove that the sequence{xn}converges strongly toΠ∩∞i1FTix0.


Inspired and motivated by the recent work of Matsushita and Takahashi13, Qin
et al.24, Saewan and Kumam25, Chang et al.26, and so forth, we introduce an itera-
tive scheme for finding a common element of the set of solutions of generalized mixed
equilibrium problems and the set of fixed points of a countable families of total quasi-φ-asym-
ptotically nonexpansive mappings in Banach spaces. We prove a strong convergence theo-
rem of the iterative sequence generated by the proposed iterative algorithm in an uniformly
smooth and strictly convex Banach space which also enjoys the Kadec-Klee property. The
results presented in this paper improve and extend some recent corresponding results in
13,24–29.



(7)
2. Preliminaries


Throughout this paper, letE be a real Banach space with the dualE∗ and letCbe a non-
 empty closed convex subset ofE. We denote the strong convergence, weak convergence of a
 sequence{xn}to a pointx∈Ebyxn → x,xn  x, respectively, andFTis the fixed point
 set of a mappingT.


In this paper, for solving generalized mixed equilibrium problems, we assume that
 bifunctionf:C×C → Rsatisfies the following conditions:


A1fx, x 0, for allx∈C;


A2fx, y fy, x≤0, for allx, y∈C;


A3for allx, y, z∈C, limt↓0ftz 1−tx, y≤fx, y;


A4for eachx∈C, the functiony−→fx, yis convex and lower semicontinuous.


Lemma 2.1see16. LetCbe a nonempty closed convex subset of a smooth, strictly convex, and
 reflexive Banach spaceE, letfbe a bifunction fromC×CtoRsatisfying (A1)–(A4), and letr >0
 andx∈E, then there existsz∈Csuch that


f
 z, y


1
 r


y−z, Jz−Jx


≥0, ∀y∈C. 2.1


Lemma 2.2see30. LetCbe a nonempty closed convex subset of a smooth, strictly convex, and
 reflexive Banach spaceE. LetB:C → E∗be a continuous and monotone mapping, letϕ:C → Rbe
 convex and lower semicontinuous and letfbe a bifunction fromC×CtoRsatisfying (A1)–(A4). For
 r >0 andx∈E, then there existsu∈Csuch that


f
 u, y


ϕ
 y


−ϕu 


Bu, y−u
 1


r


y−u, Ju−Jx


≥0, ∀y∈C. 2.2


Define a mappingKr :C → Cas follows:


Krx 
 


u∈C:f
 u, y


ϕ
 y


−ϕu 


Bu, y−u
 1


r


y−u, Ju−Jx


≥0, ∀y∈C
 
 2.3


for allx∈C. Then, the following hold:


1Kris single-valued;


2Kris firmly nonexpansive, that is, for allx, y∈E,
 Krx−Kry, JKrx−JKry


≤


Krx−Kry, Jx−Jy


; 2.4


3FKr GMEPf, B, ϕ;


4GMEPf, B, ϕis closed and convex;


5φp, Krz φKrz, z≤φp, z, for allp∈FKrandz∈E.



(8)Lemma 2.3 see28. LetE be a real uniformly smooth and strictly convex Banach space with
 Kadec-Klee property and letCbe a nonempty closed convex subset ofE. Let{xn}and{yn}be two
 sequences inCsuch thatxn → pandφxn, yn → 0, whereφis the function defined by1.3, then
 yn → p.


Lemma 2.4see3. LetEbe a smooth, strictly convex and reflexive Banach space and letCbe a
 nonempty closed convex subset ofE. Then, the following conclusions hold:


aφx,ΠCy φΠCy, y≤φx, y, for allx∈C, y∈E;


bifx∈E andz∈C, thenz ΠCxif and only ifz−y, Jx−Jz ≥0, for ally∈C;


cforx, y∈E,φx, y 0 if and only ifxy.


Lemma 2.5 see28. LetE be a real uniformly smooth and strictly convex Banach space with
 Kadec-Klee property and letCbe a nonempty closed convex subset ofE. LetT:C → Cbe a closed and
 total quasi-φ-asymptotically nonexpansive mapping with nonnegative real sequences{νn},{μn}, and
 a strictly increasing continuous functionsξ:R → Rsuch thatνn → 0,μn → 0 (asn → ∞) and
 ξ0 0. Ifμ10, then the fixed point setFTofTis a closed and convex subset ofC.


Lemma 2.6see31. LetEbe an uniformly convex Banach space, letrbe a positive number, and
 letBr0be a closed ball ofE. Then, for any sequence{xi}∞i1⊂Br0and for any sequence{λi}∞i1of
 positive numbers with∞


n1λn1, there exists a continuous, strictly increasing, and convex function
 g:0,2r → 0,∞,g0 0 such that, for any positive integeri /1, the following holds:



 


∞
 n1


λnxn
 


2


≤∞


n1


λnxn2−λ1λigx1−xi. 2.5



3. Main Results


Theorem 3.1. LetCbe a nonempty, closed, and convex subset of an uniformly smooth and strictly
 convex Banach Banach spaceE with Kadec-Klee property. LetB : C → E∗ be a continuous and
 monotone mapping and letϕ : C → Rbe a lower semicontinuous and convex function. Letf be a
 bifunction fromC×CtoRsatisfying (A1)–(A4). Let{Ti}∞i1:C → Cbe a countable family of closed
 and uniformly total quasi-φ-asymptotically nonexpansive mappings with nonnegative real sequences
 {νn},{μn}and a strictly increasing continuous functionζ:R → R such thatμ1 0,νn → 0,
 μn → 0 (asn → ∞), andζ0 0, and for eachi≥1,Tiis uniformlyLi-Lipschitz continuous.{xn}
 is defined by


x0∈Cchosen arbitrary, C0C,
 ynJ−1αnJxn 1−αnJzn,
 znJ−1





βn,0Jxn∞


i1


βn,iJTinxn



,



(9)un ∈Csuch that unKrnyn,
 Cn1


ν∈Cn:φν, un≤φν, xn ξn
 ,
 xn1 ΠCn1x0, n≥0,


3.1
 where ξn  νnsupq∈Θζφq, xn μn,ΠCn1is the generalized projection of EontoCn1, {rn} ⊂
 a,∞for some a > 0, {βn,0, βn,i}and {αn}are sequences in 0,1 satisfying the following
 conditions:


1for eachn≥0, βn,0∞


i1βn,i1;


2lim infn→ ∞βn,0βn,i>0 for anyi≥1;


30≤αn≤α <1 for someα∈0,1.


If Θ : ∞


i1FTi∩GMEPf, B, ϕis a nonempty and bounded subset in C, then the sequence
 {xn}converges strongly top∈F, wherep ΠΘx0.


Proof. We will divide the proof into seven steps.


Step 1. We first show thatΘandCnare closed and convex for eachn≥0.


It follows from Lemma2.5thatFTiis closed and convex subset ofCfor eachi≥1.


Therefore,Θis closed and convex inC.


Again by the assumption,C0Cis closed and convex. Suppose thatCnis closed and
 convex for somen≥1. Since for anyz∈Cn, we know that


φz, un≤φz, xn ξn⇐⇒2z, Jxn−Jun ≤ xn2− un2ξn. 3.2


Hence, the setCn1  {z ∈Cn : 2z, Jxn−Jun ≤ xn2− un2ξn}is closed and convex.


Therefore,ΠCnx0andΠΘx0are well defined.


Step 2. We show thatΘ⊂Cnfor alln≥0.


It is obvious thatΘ⊂C0C. Suppose thatΘ⊂Cnfor somen≥1. SinceEis uniformly
 smooth,E∗is uniformly convex. By the convexity of · 2, property ofφ, for any givenq ∈
 Θ⊂Cn, we observe that


φ
 q, un


φ


q, Krnyn





≤φ
 q, yn


φ q, J−1αnJxn 1−αnJzn
 .
 q2−2


q, αnJxn 1−αnJzn


αnJxn 1−αnJzn2


≤q2−2αn
 q, Jxn


−21−αn
 q, Jzn


αnxn2 1−αnzn2
 αnφ


q, xn


 1−αnφ
 q, zn


.


3.3



(10)Furthermore, it follows from Lemma2.6that, for any positive integersl >1 and for anyq∈Θ,
 we have


φ
 q, zn


φ
 


q, J−1
 


βn,0Jxn∞


i1


βn,iJTinxn





q2−2
 


q, βn,0Jxn∞


i1


βn,iJTinxn
 





βn,0Jxn∞


i1


βn,iJTinxn
 


2


≤q2−2βn,0
 q, Jxn


−2
 ∞


i1


βn,i


q, JTinxn


βn,0xn2


∞


i1


βn,iTinxn2−βn,0βn,lgJxn−JTlnxn
 βn,0φ


q, xn


∞


i1


βn,iφ
 q, Tinxn


−βn,0βn,lgJxn−JTlnxn


≤βn,0φ
 q, xn


∞


i1


βn,i
 φ


q, xn
 νnζ


φ
 q, xn


μn


−βn,0βn,lgJxn−JTlnxn


≤φ
 q, xn


νnsup


p∈Θ


φ
 p, xn


μn−βn,0βn,lgJxn−JTlnxn
 φ


q, xn


ξn−βn,0βn,lgJxn−JTlnxn.


3.4


Substituting3.4into3.3, we get


φ
 q, un


≤αnφ
 q, xn


1−αnφ
 q, zn


≤αnφ
 q, xn


 1−αn
 φ


q, xn


ξn−βn,0βn,lgJxn−JTlnxn


≤φ
 q, xn


1−αnξn.


3.5


This shows thatq∈Cn1. Further, this implies thatΘ⊂Cn1 and henceΘ⊂Cnfor alln≥0.


SinceΘis nonempty,Cnis a nonempty closed convex subset ofE, and henceΠCn exists for
 alln≥0. This implies that the sequence{xn}is well defined.


Moreover, by the assumption of{νn},{μn}, andΘ, from1.4, we have


ξnνnsup


p∈Θζ
 φ


p, xn


μn−→0, n−→ ∞. 3.6



(11)Step 3. {xn}is bounded and{φxn, x0}is a convergent sequence.


It follows from3.1and Lemma2.4that
 φxn, x0 φΠCnx0, x0


≤φ
 p, x0


−φ
 p, xn





≤φ
 p, x0


, ∀p∈Cn1, ∀n≥0.


3.7


From definition ofCn1thatxn ΠCnx0andxn1 ΠCn1x0, we have


φxn, x0≤φxn1, x0, ∀n≥0. 3.8


Therefore,{φxn, x0}is nondecreasing and bounded. So,{φxn, x0}is a convergent sequ-
 ence, without loss of generality, we can assume that limn→ ∞φxn, x0 d≥0. In particular,
 by1.4, the sequence{xn − x02}is bounded. This implies{xn}is also bounded.


Step 4. We prove that{xn}converges strongly to some pointp∈C.


Since{xn}is bounded andEis reflexive, there exists a subsequence{xni} ⊂ {xn}such
 thatxni  psome point inC. SinceCnis closed and convex andCn1⊂Cn, this implies that
 Cnis weakly closed andp∈Cnfor eachn≥0. Fromxni  ΠCnix0, we have


φxni, x0≤φ
 p, x0


, ∀ni≥0. 3.9


Since the norm · is weakly lower semicontinuous, we have


lim inf


ni→ ∞ φxni, x0 lim inf


ni→ ∞


xni2−2xni, Jx0x02


≥p2−2
 p, Jx0


x02
 φ


p, x0
 ,


3.10


and so


φ
 p, x0


≤lim inf


ni→ ∞ φxni, x0≤lim sup


ni→ ∞ φxni, x0≤φ
 p, x0


. 3.11


This implies that limni→ ∞φxni, x0 → φp, x0, and soxn → p. Sincexni  p, by virtue
 of the Kadec-Klee property ofE, we obtain that


nlimi→ ∞xni p. 3.12



(12)Since {φxn, x0} is convergent, this together with limni→ ∞φxni, x0 φp, x0, we have
 limn→ ∞φxn, x0 φp, x0. If there exists some subsequence{xnj} ⊂ {xn}such thatxnj → q,
 then from Lemma2.4, we have that


φ
 p, q


 lim


ni,nj→ ∞φ xni, xnj
  lim


ni,nj→ ∞φ xni,ΠCnjx0





≤ lim


ni,nj→ ∞ φxni, x0−φ ΠCnjx0, x0





 lim


ni,nj→ ∞ φxni, x0−φ xnj, x0
 φ


p, x0


−φ
 p, x0



 0.


3.13


This implies thatpqand


nlim→ ∞xnp. 3.14


Step 5. We prove that limn→ ∞Jxn−Jun0.


By definition ofΠCnx0, we have


φxn1, xn φxn1,ΠCnx0


≤φxn1, x0−φΠCnx0, x0
 φxn1, x0−φxn, x0.


3.15


Since limn→ ∞φxn, x0exists, we have


nlim→ ∞φxn1, xn 0. 3.16


Sincexn1 ΠCn1x0∈Cn1⊂Cnand the definition ofCn1, we get


φxn1, un≤φxn1, xn ξn. 3.17


It follows from3.6and3.16that


nlim→ ∞φxn1, un 0. 3.18


From1.4, we have


nlim→ ∞unp. 3.19



(13)So,


nlim→ ∞JunJp. 3.20


This implies that{Jun}is bounded inE∗. Note thatEis reflexive andE∗is also reflexive, we
 can assume thatJun x∗∈E∗. In view of the reflexive ofE, we know thatJE E∗. Hence,
 there existx∈Csuch thatJxx∗. It follows that


φxn1, un xn12−2xn1, Junun2
 xn12−2xn1, JunJun2.


3.21


Taking lim infn→ ∞on the both sides of equality above and by the weak lower semicontinuity
 of norm · , we have


0≥p2−2
 p, x∗


x∗2
 p2−2


p, Jx


Jx2
 p2−2


p, Jx
 x2
 φ


p, x
 .


3.22


That is,px, which implies thatx∗ Jp. It follows thatJun  Jp∈E∗. From1.4and the
 Kadec-Klee property ofE, we have


nlim→ ∞unp. 3.23


Sincexn−un ≤ xn−pp−un, so,
 lim inf


n→ ∞ xn−un0. 3.24


SinceJis uniformly norm-to-norm continuous on bounded subsets ofE, we obtain
 lim inf


n→ ∞ Jxn−Jun0, 3.25


Step 6. We show thatp∈Θ:∞


i1FTi


GMEPf, B, ϕ.


First, we show thatp∈∞


i1FTi.


Sincexn1 ∈Cn1, it follows from3.1and3.14that


φxn1, un≤φxn1, xn ξn−→0 asn−→ ∞. 3.26
 Sincexn → p, by Lemma2.3,


nlim→ ∞unp. 3.27



(14)By3.3and3.4, for anyq∈Θ, we have
 φ


q, un


≤φ
 q, xn


ξn−1−αnβn,0βn,lgJxn−JTlnxn. 3.28


So,


1−αnβn,0βn,lgJxn−JTlnxn≤φ
 q, xn


ξn−φ
 q, un


−→0 asn−→ ∞. 3.29


Therefore,


nlim→ ∞1−αnβn,0βn,lgJxn−JTlnxn0. 3.30
 In view of the property ofg, we have


Jxn−JTlnxn−→0 asn−→ ∞. 3.31


SinceJxn → Jp, this implies that limn→ ∞JTlnxnJp. From Remark1.1ii, it yields


Tlnxn p asn−→ ∞. 3.32


Again since


Tlnxn−pJ


Tlnxn−Jp≤J
 Tlnxn


−Jp−→0 asn−→ ∞, 3.33


this together with3.32and the Kadec-Klee-property ofEshows that


nlim→ ∞Tlnxnp. 3.34


By the assumption thatTlis uniformlyLl-Lipschitz continuous, we have
 Tln1xn−Tlnxn≤Tln1xn−Tln1xn1Tln1xn1−xn1


xn1−xnxn−Tlnxn


≤Ll1xn1−xnTln1xn1−xn1xn−Tlnxn.


3.35


This together with3.34andxn → pshows that limn→ ∞Tln1xn−Tlnxn0 and limn→ ∞Tln1
xn p, that is, limn→ ∞TlTlnxn p. In view of the closeness ofTl, it follows thatTlp p, that
is,p∈FTl. By the arbitrariness ofl≥1, we havep∈ ∩∞i1FTi.



(15)Now, we show thatp∈GMEPf, B, ϕ.


It follows from3.2,3.3,3.6, Lemma2.4, andunKrnynthat
 φ


un, yn


φ


Krnyn, yn





≤φ
 p, yn


−φ


p, Krnyn





≤φ
 p, xn


−φ


p, Krnyn
 ξn
 φ


p, xn


−φ
 p, un


ξn−→0, asn−→ ∞.


3.36


By1.4, we have


un −→yn, asn−→ ∞. 3.37
 Sinceun → pasn → ∞, so


yn−→p, asn−→ ∞. 3.38


Therefore,


Jun −→Jp, asn−→ ∞. 3.39
 SinceE∗ is reflexive, we may assume thatJyn  z∗ ∈ E∗. In view of the reflexive ofE, we
 haveJE E∗. Hence, there existz∈Esuch thatJzz∗. It follows that


φ
 un, yn


un2−2


un, Jyn


yn2
 un2−2


un, Jyn


Jyn2.


3.40


Taking lim infn→ ∞on the both sides of equality above yields that
 0≥p2−2


p, z∗
 z∗2
 p2−2


p, Jz


Jz2
 p2−2


p, Jz
 z2
 φ


p, x
 .


3.41


That is,p z, which implies thatz∗  Jp. It follows thatJyn  Jp∈E∗. SinceJ−1 is norm-
 weak∗-continuous, it follows thatyn  p. From3.38andEwith the Kadec-Klee property,
 we obtain


yn−→p asn−→ ∞. 3.42



(16)It follows from3.23and3.42that


nlim→ ∞un−yn0. 3.43


SinceJis uniformly norm-to-norm continuous, we have


nlim→ ∞Jun−Jyn0. 3.44


By Lemma2.2, we have


f
 un, y


ϕ
 y


−ϕun


Byn, y−un


 1
 rn


y−un, Jun−Jyn


≥0, ∀y∈C. 3.45


FromA2, we have


ϕ
 y


−ϕun


Byn, y−un


 1
 rn


y−un, Jun−Jyn


≥ −f
 un, y


≥f
 y, un


, ∀y∈C.


3.46
 Putztty 1−tpfor allt∈0,1andy∈C. Consequently, we getzt∈C. It follows
 from3.46that


Bzt, zt−un ≥ Bzt, zt−un −ϕzt ϕun


−


Byn, zt−un


fzt, un


−
 


zt−un,Jun−Jyn


rn
 


Bzt−Bun, zt−un −ϕzt ϕun
 


Bun−Byn, zt−un


fzt, un


−


zt−un,Jun−Jyn


rn



 .


3.47


SinceBis continuous, and from3.43, andun → p,yn → p, asn → ∞, thereforeBun−
 Byn → 0. SinceBis monotone, we know thatBzt−Bun, zt−un ≥0. Further, limn→ ∞Jun−
 Jyn/rn0. So, it follows fromA4, and the weak lower semicontinuity ofϕand3.43that


f
 zt, p


−ϕzt ϕ
 p


≤ lim


n→ ∞Bzt, zt−un
 


Bzt, zt−p
 .


3.48



(17)FromA1and3.48, we have


0fzt, zt−ϕzt ϕzt


≤tf
 zt, y


1−tf
 zt, p


tϕ
 y


1−tϕ
 p


−ϕzt
 t


f
 zt, y


ϕ
 y


−ϕzt


1−t
 f


zt, p
 ϕ


p


−ϕzt


≤t
 f


zt, y
 ϕ


y


−ϕzt


1−t


Bzt, zt−p


≤t
 f


zt, y
 ϕ


y


−ϕzt


 1−tt


Bzt, y−p
 ,


3.49


and hence


f
 zt, y


ϕ
 y


−ϕzt  1−t


Bzt, y−p


≥0. 3.50


Lettingt → 0, we have


f
 p, y


ϕ
 y


−ϕ
 p





Bp, y−p


≥0. 3.51


This implies thatp∈GMEPf, B, ϕ. Hence,p∈ ∩∞i1FTi∩GMEPf, B, ϕ.


Step 7. We prove thatxn → p ΠΘx0.


Letq ΠΘx0. Fromxn ΠCnx0andq∈Θ⊂Cn, we have


φxn, x0≤φ
 q, x0


, ∀n≥0. 3.52


This implies that


φ
 p, x0


 lim


n→ ∞φxn, x0≤φ
 q, x0


. 3.53


By definition ofp  ΠΘx0, we havep  q. Therefore,xn → p  ΠΘx0. This completes the
 proof.


Takingϕ0,TiTfor eachi∈Nin Theorem3.1, we have the following result.


Corollary 3.2. LetCbe a nonempty, closed, and convex subset of an uniformly smooth and strictly
convex Banach Banach spaceE with Kadec-Klee property. LetB : C → E∗ be a continuous and
monotone mapping. Letfbe a bifunction fromC×CtoRsatisfying (A1)–(A4). LetT :C → Cbe
a closed uniformlyL-Lipschitz continuous and uniformly total quasi-φ-asymptotically nonexpansive
mappings with nonnegative real sequences{νn},{μn}and a strictly increasing continuous function



(18)ζ:R → Rsuch thatμ10,νn → 0,μn → 0 (asn → ∞), andζ0 0. Let{xn}be the sequence
 generated by


x0∈Cchosen arbitrary, C0C,
 ynJ−1αnJxn 1−αnJzn,
 znJ−1


βnJxn
 1−βn


JTnxn
 ,
 un∈Csuch thatf


un, y
 


Byn, y−un


 1
 rn


y−un, Jun−Jyn


≥0, ∀y∈C,


Cn1


ν∈Cn:φν, un≤φν, xn ξn
 ,
 xn1 ΠCn1x0, n≥0,


3.54


whereξn νnsupq∈Θζφq, xn μn,ΠCn1is the generalized projection ofE ontoCn1,{βn}and
 {αn}are sequences in0,1, lim infn→ ∞βn1−βn > 0, {rn} ⊂ a,∞for somea > 0. IfΘ :


∩∞i1FTi∩GEPf, Bis a nonempty and bounded subset inC, then the sequence{xn}converges
 strongly top∈Θ, wherep ΠΘx0.


In Theorem3.1, asϕ  0,B  0,Ti  T for eachi ∈ N, we can obtain the following
 corollary.


Corollary 3.3. LetCbe a nonempty, closed and convex subset of an uniformly smooth and strictly
 convex Banach Banach spaceE with Kadec-Klee property. Let f be a bifunction fromC×CtoR
 satisfying (A1)–(A4), andT : C → Cbe a closed uniformlyL-Lipschitz continuous and uniformly
 total quasi-φ-asymptotically nonexpansive mappings with nonnegative real sequences{νn},{μn}and
 a strictly increasing continuous functionζ : R → R such thatμ1  0,νn → 0, μn → 0 (as
 n → ∞) andζ0 0. Let{xn}be the sequence generated by


x0∈Cchosen arbitrary, C0C,
 ynJ−1αnJxn 1−αnJzn,
 znJ−1


βnJxn
 1−βn


JTnxn
 ,
 un∈Csuch thatf


un, y
  1


rn


y−un, Jun−Jyn


≥0, ∀y∈C,
 Cn1


ν∈Cn:φν, un≤φν, xn ξn
 ,
 xn1 ΠCn1x0, n≥0,


3.55


whereξn  νnsupq∈Θξφq, xn μn,ΠCn1is the generalized projection ofE ontoCn1,{βn}and
 {αn}are sequences in0,1, lim infn→ ∞βn1−βn > 0, {rn} ⊂ a,∞for somea > 0. IfΘ :


∩∞i1FTi∩EPfis a nonempty and bounded subset inC, then the sequence{xn}converges strongly
top∈Θ, wherep ΠΘx0.
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