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Abstract. We study a superlinear subcritical problem at infinity of the form −∆u =
 a(x)u−α+ f(λ,x,u)in Ω,u = 0 on ∂Ω,u > 0 inΩ, where Ω is a bounded domain
 in Rn, 0 ≤ a∈ L∞(Ω), and 0 < α < 3. Under suitable assumptions on f, we prove
 that there existsΛ>0 such that this problem has at least one weak solution inH01(Ω)
 if and only ifλ∈[0,Λ]; and also that there existsΛ∗ such that for anyλ∈(0,Λ∗), at
 least two solutions exist.


Keywords: singular elliptic problems, positive solutions, sub- and supersolutions, bi-
 furcation problems.
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1 Introduction and statement of the main results


In this work we consider the following singular semilinear elliptic problem with a parame-


terλ: 














−∆u=a(x)u−α+ f(λ,x,u) inΩ,
 u=0 on ∂Ω,


u>0 in Ω,


(1.1)


where Ωis a bounded domain in Rn with C2 boundary, 0 < α< 3, 0 ≤ λ < ∞ and a, f are
 functions defined onΩand[0,∞)×Ω×[0,∞)respectively.


Singular elliptic problems have been widely studied, they arise in applications to heat
 conduction in electrical conductors, in chemical catalysts processes, and in non Newtonian
 flows (see e.g., [7,11,16,20] and the references therein). The existence of solutions to problem
 (1.1) was proved, for the case f ≡ 0, and under a variety of assumptions ona, in [4,12,14,16,
 20,35]. Classical solutions to problem (1.1) were obtained by Shi and Yao in [40], whenΩand
 a are regular enough, f(λ,x,s) = λsp, 0 < α < 1, and 0 < p < 1. Free boundary singular
 elliptic bifurcation problems of the form−∆u= χ{u>0}(−u−α+λg(·,u))in Ω,u =0 on∂Ω,
 u≥0 inΩ, u6≡0 (that is: |{x ∈Ω:u(x)>0}|>0) were studied by Dávila and Montenegro
 in [13]. Problems of the form−∆u= g(x,u) +h(x,λu)inΩ,u =0 on∂Ω,u >0 in Ω, were
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(2)studied by Coclite and Palmieri [10]. They proved that, if g(x,u) = au−α, a ∈ C1 Ω


, a > 0
 in Ω, andh ∈ C1 Ω×[0,∞), then there exists λ∗ > 0 such that, for any λ ∈ [0,λ∗), (1.1)
 has a positive classical solutionu ∈ C2(Ω)∩C Ω


and that, if in addition, lims→∞h(x,s)


s ≤ 0


uniformly onx∈Ω, then a positive classical solution exists for anyλ≥0.


The singular biparametric bifurcation problem −∆u = g(u) +λ|∇u|p+µh(·,u) in Ω,
 u =0 on∂Ω,u >0 inΩwas studied, by Ghergu and R˘adulescu, in [24]. Dupaigne, Ghergu
 and R˘adulescu [19] treated Lane–Emden–Fowler equations with convection term and singular
 potential. R˘adulescu [38] studied blow-up boundary solutions for logistic equations, and for
 Lane–Emden–Fowler equations, with a singular nonlinearity, and a subquadratic convection
 term. The existence of positive solutions to the inequality Lu ≥ K(x)up on the punctured
 ballΩ=Br(0)\ {0}was investigated by Ghergu, Liskevich and Sobol [22] for a second order
 linear elliptic operatorL. Singular initial value parabolic problems involving thep-Laplacian
 were treated by Bougherara and Giacomoni [3], and concentration phenomena for singularly
 perturbed elliptic problems on an annulus were studied by Manna and Srikanth [36].


Gao and Yan [21] proved the existence of positive solutions u ∈ C2,β(Ω)∩C Ω
 to the
 problem−∆u+ f(u)−u−γ = λuinΩ,u=0 on∂Ω, in the case whenΩis a bounded domain
 with C2,β boundary, f ∈ C([0,∞)), s → s−1f(s) is strictly increasing on (0,∞), γ > 0 and
 λ>λ1, whereλ1denotes the principal eigenvalue for−∆on Ω, with homogeneous Dirichlet
 boundary condition. They also proved that, when 0 < γ < 1, such a solution u = uλ is
 unique, and that if, in addition, f is strictly increasing on[0,∞), thenuλ is strictly increasing
 with respect toλ.


Ghergu and R˘adulescu [25] proved several existence and nonexistence theorems for the
 boundary value problem with two parameters −∆u+K(x)g(u) = λf(x,u) +µh(x) in Ω,
 u > 0 in Ω, u = 0 on ∂Ω, where Ω is a smooth bounded domain in Rn, and λ and µ are
 positive parameters. The functionhis positive inΩand Hölder continuous onΩ,Kis Hölder
 continuous onΩand may change sign. The function f :Ω×[0,∞)→Ris Hölder continuous,
 sublinear at infinity, superlinear at the origin, satisfies some monotonicity assumptions, and is
 positive onΩ×(0,∞). They also assume that g : (0,∞) →R is nonnegative, nonincreasing,
 Hölder continuous, singular at the origin, and sups>0sαg(s)<∞for someα∈(0, 1).


The problem −∆u = ag(u) +λh(u) in Ω, u = 0 on∂Ω, u > 0 in Ω was considered by
 Cîrstea, Ghergu and R˘adulescu [9] in the case whenΩis a regular enough bounded domain
 inRn, 0 ≤ a ∈ Cβ Ω


, 0 < h ∈ C0,β[0,∞)for some β ∈ (0, 1), h is nondecreasing on [0,∞),
 s−1h(s) is nonincreasing for s > 0, g is nonincreasing on (0,∞), lims→0+g(s) = +∞, and
 sups∈(0,σ


0)sαg(s)<∞for someα∈(0, 1)andσ0>0.


Godoy and Kaufmann [33] stated sufficient conditions for the existence of positive solu-
 tions to problems of the form−∆u= Ku−α−λMu−γinΩ,u=0 on∂Ω, whereΩis a smooth
 bounded domain inRn, KandM are nonnegative functions onΩ,α>0,γ>0, andλ>0 is
 a real parameter.


Kaufmann and Medri [34] obtained existence and nonexistence results for positive solu-
 tions of one dimensional singular problems of the form − (u0)p−2u00


= m(x)u−γ in Ω,
 u = 0 on ∂Ω, where Ω⊂ R is a bounded open interval, p > 1, γ > 0, andm : Ω→ Ris a
 function that may change sign inΩ.


Orpel [37] gave sufficient conditions for the existence of classical positive solutions to prob-
lems of the form div(a(|x|)∇u(x)) + f(x,u(x))−u(x)−α|∇u(x)|β+hx,∇u(x)ig(|x|) =0
in ΩR, lim|x|→∞u(x) = 0; where R > 1, ΩR := {x∈Rn :|x|>R}, n > 2, 0 < 2α ≤ β ≤ 2
anda, gare sufficiently smooth functions defined on [1,∞), ais positive, andg is eventually
nonnegative. Additionally, the rate of decay ofuat infinity is investigated.



(3)The existence of nonnegative and non identically zero weak solutionsu∈ H01(Ω)∩L∞(Ω)
 to problems of the form−∆u = au−α−bup in Ω, u = 0 on ∂Ωwas studied in [31] when Ω
 is a bounded C1,1 domain inRn, 0 ≤ a ∈ L∞(Ω), a 6≡ 0 (that is: |{x ∈Ω:a(x)6=0}| > 0),
 0 < α< 1, 0< p < nn+−22, and 0 ≤ b∈ Lr(Ω)for suitable values ofr. More general problems
 of the form −∆u = χ{u>0}au−α+h(·,u)in Ω, u = 0 on ∂Ω, were studied in [32] under the
 assumptions that Ωis a bounded C1,1 domain inRn, 0< α<3, a ∈ L∞(Ω), 06≡ a≥ 0, and
 h : Ω×[0,∞) → R is a suitable Carathéodory function that is sublinear at infinity. There it
 was also considered the problem with a parameter−∆u= χ{u>0}au−α+λh(·,u)inΩ,u≥0
 in Ω,u=0 on ∂Ω.


Giacomoni, Schindler and Takac [26] considered the problem −∆pu = λu−α+uq in Ω,
 u=0 on∂Ω, u>0 in Ω, in the case 0 <α< 1, 1< p< ∞, p−1< q≤ p∗−1. There it was
 proved that there existsΛ∈ (0,∞)such that this problem has a solution ifλ∈ (0,Λ], has no
 solution ifλ>Λ, and has at least two solutions ifλ∈(0,Λ).


Aranda and Godoy [2], obtained multiplicity results for positive solutions inWloc1,p(Ω)∩
 C Ω


to the problem −∆pu = g(u) +λh(u) in Ω, u = 0 on ∂Ω, for the case when Ω
 is a C2 bounded and strictly convex domain in Rn, 1 < p ≤ 2; and g, h are locally Lip-
 schitz functions on (0,∞) and [0,∞) respectively, with g nonincreasing, and allowed to be
 singular at the origin; andh nondecreasing, with subcritical growth at infinity, and satisfying
 infs>0s−p+1h(s)>0.


Recently Saoudi, Agarwal and Mursaleen [39], obtained a multiplicity result for positive
 solutions of problems of the form −div(A(x)∇u) = u−α+λup in Ω, u = 0 on ∂Ω, with
 0<α<1< p< nn+−22.


Additional references, and a comprehensive treatment of the subject, can be found in [23],
 [38], see also [15].


For b ∈ L∞(Ω)such that b+ 6≡0, λ1(b)will denote the positive principal eigenvalue for


−∆inΩ, with Dirichlet boundary condition, and weight function b(see Remark2.2below).


The aim of this work is to prove the following three theorems concerning the existence,
 and the multiplicity, of weak solutions to problem (1.1).


Theorem 1.1. Assume that Ωis a bounded domain inRnwith C2 boundary, and that the following
 conditions H1)–H5) hold:


H1) 0<α<3.


H2) a∈ L∞(Ω),a≥0and a6≡0.


H3) f ∈C [0,∞)×Ω×[0,∞), f ≥0on[0,∞)×Ω×[0,∞)and f(0,·,·)≡0onΩ×[0,∞).
 H4) There exist numbers η0 > 0, q ≥ 1 and a function b ∈ L∞(Ω), such that b+ 6≡ 0 and


f(λ,·,s)≥λbsqa.e. inΩwheneverλ≥η0 and s≥0.


H5) There exist p∈ 1,nn+−22


,and a function h∈C (0,∞]×Ωthat satisfymin[η,∞)×Ωh>0for
 anyη>0,and such that, for everyσ>0,


lim


(λ,s)→(σ,∞)s−pf(λ,·,s) =h(σ,·) uniformly onΩ.


Then there exists Λ ∈ (0,∞)with the following property: (1.1) has a weak solution u ∈ H01(Ω)∩
 L∞(Ω)if and only if0≤λ≤Λ. Moreover, for everyλ∈ [0,Λ],every weak solution u in H01(Ω)∩
 L∞(Ω)belongs to C Ω


,and satisfies u ≥cdκΩ inΩ,for some positive constant c independent of λ



(4)and u, whereκ := 1if 0 < α < 1, κ := 1+2


α if 1 ≤ α < 3, and dΩ is the distance to the boundary
 function, defined by


dΩ(x):=dist(x,∂Ω). (1.2)


From now on (unless otherwise stated), the notion of weak solution that we use is the
 usual one: Let ρ be a measurable function on Ωsuch that ρϕ ∈ L1(Ω) for any ϕ ∈ H01(Ω).
 We say thatu is a weak solution of the problem −∆u = ρ in Ω, u = 0 on ∂Ωif u ∈ H10(Ω)
 and R


Ωh∇u,∇ϕi = R


Ωρϕ for any ϕ ∈ H01(Ω). Additionally, we will write −∆u ≥ ρ in Ω
 (respectively−∆u≤ ρinΩ) to mean thatR


Ωh∇u,∇ϕi ≥R


Ωρϕ(resp.R


Ωh∇u,∇ϕi ≤R


Ωρϕ)
 for any nonnegative ϕ∈ H01(Ω).


Theorem 1.2. Under the same hypothesis of Theorem1.1, there existsΛ∗ > 0 such that, for every
 λ∈ (0,Λ∗), (1.1) has at least two positive weak solutions in H01(Ω)∩C Ω


. Moreoverλ = 0is a
 bifurcation point from∞of (1.1).


As a consequence of Theorems1.1and1.2, we obtain the following theorem.


Theorem 1.3. Assume that the conditions H1)–H3) of Theorem 1.1 are fulfilled, and let g : Ω×
 [0,∞)→Rsatisfy the following conditions H4’)–H6’):


H4’) g∈C Ω×[0,∞),g≥0onΩ×[0,∞).


H5’) There exist a number q≥1and a function b∈ L∞(Ω),such that b+6≡0and g(·,s)≥bsqfor
 any s≥0.


H6’) There exist h∈C Ω


and p∈ 1,nn+−22


such thatminΩh>0and


slim→∞s−pg(·,s) =h uniformly onΩ.


Then Theorems1.1 and1.2 hold for f (λ,·,s) := λg(·,s). If, in addition, g(·, 0) = 0, then Theo-
 rems1.1and1.2hold for f(λ,·,s):= g(·,λs).


Our approach follows that in [2], however, there are significant differences between the
 two works. Here we are concerned with weak solutions inH01(Ω)∩C Ω


; whereas solutions
 in Wloc1,p(Ω)∩C Ω


are considered in [2]. Also, in this paper we do not assume that Ω is
 convex, and we do not require that f(λ,x,s)be a local Lipschitz function.


It is a well known fact that, when a is Hölder continuous on Ω, and minΩa > 0, the
 classical solution of−∆u = au−α in Ω, u = 0 on ∂Ω, u > 0 in Ω, belongs to H01(Ω) if, and
 only if, α < 3 (see theorem 2 in [35]). It is therefore reasonable, in order to obtain weak
 solutions in H01(Ω)to problem (1.1), we restrict ourselves to the case when the singular term
 of the nonlinearity has the formau−α, withanonnegative and nonidentically zero function in
 L∞(Ω), and 0<α<3.


In Section 2 we consider, forε≥0, and 0≤ζ ∈ L∞(Ω), the problem−∆u=a(u+ε)−α+ζ
 inΩ,u =0 on∂Ω,u >0 inΩ. We show that, under the assumptionsH1)–H3), this problem
 has a unique weak solutionuε ∈ H01(Ω), and that its associated solution operatorSε, defined
 bySε(ζ):= uε, satisfies Sε(P)⊂ P, where P:=ζ ∈C Ω


:ζ ≥0 inΩ is the positive cone
 inC Ω


. Monotonicity and compactness properties of the map(ζ,ε)→ S(ζ,ε):=Sε(ζ)are
 proved.


In Section 3 we obtain an a priori bound for the L∞ norm of the bounded solutions of


−∆u = a(u+ε)−α+ f(λ,·,u)in Ω, u= 0 on ∂Ω, u > 0 inΩ This is achieved by adapting,
to our singular setting, the well known Gidas–Spruck blow up technique.



(5)In Section 4, we consider problem (1.1); which we rewrite as u = S0(f(λ,·,u)). We use
 the properties ofS0, and a classical fixed point theorem for nonlinear eigenvalue problems, to
 prove that, for anyλ small enough, (1.1) has at least one positive weak solution in H01(Ω)∩
 L∞(Ω); moreover, the solution set for this problem (i.e., the set of the pairs (λ,u)that solve
 it) contains an unbounded subcontinuum (i.e., an unbounded connected subset) emanating
 from(0,S0(0)). Using this subcontinuum, and the a priori estimate obtained in Section 3, we
 prove that, for every λpositive small enough, there exist at least two positive weak solutions
 of (1.1). Finally, a number Λ with the properties stated in Theorem 1.1 is obtained by using
 the sub and supersolution method (as well as the properties of the operator S), applied to the
 approximating problemsuε = Sε(f(λ,·,uε)).



2 Preliminary results


We assume, from now on, that Ω is a bounded domain inRn with C2 boundary, and that α
 and a satisfy the conditionsH1)–H3)in the statement of Theorem 1.1. The next two remarks
 collect some well known facts from the linear theory of elliptic problems.


Remark 2.1. Let νbe the unit outward normal to∂Ωand letdΩ: Ω→Rbe defined by (1.2),
 Then:


i) If ρ ∈ Lr(Ω) for some r > n and if u ∈ H01(Ω) satisfies −∆u = ρ in D0(Ω) then
 u ∈ W2,r(Ω)∩W01,r(Ω), and so u ∈ C1,θ Ω


for some θ ∈ (0, 1). If in addition, ρ ≥ 0
 and |{x∈ Ω:ρ(x)>0}| > 0 then u > 0 inΩ, ∂u∂ν < 0 on ∂Ω, and there exist positive
 constantsc1andc2such thatc1dΩ ≤u≤c2dΩ inΩ.


ii) The following form of the Hopf maximum principle holds (see [6, Lemma 3.2]): suppose
 thatρ≥0 belongs to L∞(Ω). Letvbe the solution of −∆v=ρin Ω,v =0 on∂Ω. Then


v(x)≥cdΩ(x)


Z


ΩρdΩ a.e. inΩ, (2.1)


wherecis a positive constant depending only onΩ.


iii) (2.1) holds also, with the same constantc, when 0≤ρ∈ L1loc(Ω)andv∈ H01(Ω)satisfies


−∆v ≥ ρ in the sense of distributions. Indeed, for δ > 0 let ρδ := min


δ−1,ρ . Then
 0≤ρδ ∈ L∞(Ω). Letvδ ∈ H01(Ω)be the solution of−∆vδ =ρδ inΩ,vδ =0 on ∂Ω. Then


−∆(v−vδ)≥ 0 in D0(Ω)and so, since v−vδ ∈ H01(Ω), we have −∆(v−vδ)≥0 in Ω.


Thus, by the weak maximum principle, v ≥ vδ in Ω. Now, by ii), v ≥ vδ ≥ cdΩR


ΩρδdΩ
 a.e. inΩ, and so, by taking the limit asδ →0+, we obtain (2.1).


We recall that λ ∈ R is called a principal eigenvalue for −∆ in Ω, with homogeneous
 Dirichlet boundary condition and weight function b, if the problem −∆u = λbu in Ω,u = 0
 on ∂Ωhas a solutionφ(called a principal eigenfunction) such thatφ>0 inΩ.


Remark 2.2. Let us mention some properties of principal eigenvalues and principal eigen-
 functions (for a proof of i)–iii), see e.g., [17], also [30]), and [29]). IfΩis aC1,1domain in Rn,
 b∈ L∞(Ω)andb+6≡0 then:


i) There exists a unique positive principal eigenvalue for −∆ in Ω, with homogeneous
Dirichlet boundary condition and weight function b, denoted by λ1(b); its associated



(6)eigenspace is one dimensional and it is included in C1 Ω


. Moreover, λ1(b) has the
 following variational characterization:


λ1(b) =inf
 (R


Ω|∇ϕ|2
 R


Ωbϕ2 : ϕ∈ H10(Ω) and
 Z


Ωbϕ2>0
 )


.


Furthermore, for each positive eigenfunction φ associated to λ1(b), and for δ positive
 and small enough, there are positive constantsc1,c2such thatc1dΩ ≤φ≤ c2dΩin Ωand


|∇φ| ≥c1 in Aδ, where Aδ := {x∈Ω:dΩ(x)≤δ}. In particular,φγ is integrable if, and
 only if,γ> −1.


We recall also that λ1(kb) = k−1λ1(b) for all k ∈ (0,∞), and that, if b∗ ∈ L∞(Ω) and
 b≤b∗, thenλ1(b∗)≤λ1(b).


ii) If 0 < λ < λ1(b) and ρ ∈ L∞(Ω), the problem −∆u = λbu+ρ in Ω, u = 0 on ∂Ω,
 has a unique solution u ∈ ∩1≤p<∞W2,p(Ω), and the corresponding solution operator
 (−∆−λb)−1 : L∞(Ω) → C01 Ω


is bounded and strongly positive, i.e., if ρ ∈ L∞(Ω)
 and 0 ≤ ρ 6≡ 0 then u belongs to the interior of the positive cone of C01 Ω


where
 C10 Ω


:= v∈ C1 Ω


:v=0 on∂Ω . Moreover, if in addition b ≥ 0 in Ω, the same
 property holds for allλ∈ (−∞,λ1(b)).


iii) Let ρbe a nonnegative function inC Ω


such that ρ 6≡0 inΩ, and letλ ∈ [0,∞). If the
 problem−∆u= λbu+ρinΩ,u=0 on ∂Ωhas a nonnegative weak solutionu∈ H10(Ω)
 thenλ<λ1(b).


iv) Let ρ be a nonnegative function in L∞loc(Ω)such that ρϕ ∈ L1(Ω) for any ϕ ∈ H01(Ω).
 If ρ 6≡ 0 in Ω, λ > 0, and if u ∈ H01(Ω)∩C Ω


satisfies, for some positive constant c,
 u≥cdΩ inΩand, in weak sense,


−∆u=λbu+ρ inΩ, u=0 on ∂Ω (2.2)


then λ ≤ λ1(b). To prove this assertion we can proceed as in the proof of Proposi-
 tion 2.4 in [29], where a similar result was proved for Neumann problems. Indeed, let
 v := −lnu and let w ∈ Cc∞(Ω). Since u ≥ cdΩ in Ω and w has compact support we
 have u−1w2 ∈ H01(Ω). Taking u−1w2 as a test function in (2.2), a computation gives
 λR


Ωbw2 = R


Ω|∇w|2−R


Ωρu−1w2−R


Ω|∇w+w∇v|2 and soλR


Ωbw2 ≤R


Ω|∇w|2. Now,
 for ϕ ∈ H01(Ω) such that R


Ωbϕ2 > 0, since ϕ is the limit in H01(Ω) of some sequence
 ϕj j∈N⊂ Cc∞(Ω), and sinceλR


Ωbϕ2j ≤R


Ω



 ∇ϕj





2, we getλR


Ωbϕ2 ≤R


Ω|∇ϕ|2, and so
 λ≤


R


Ω|∇ϕ|2
 R


Ωbϕ2 . Then, by the variational characterization ofλ1(b), we obtain λ≤ λ1(b).
 We will need the following comparison principle.


Lemma 2.3. Let U be a bounded domain inRn andε ≥ 0. Let u and v be two positive functions in
 H1(U)∩C U


, such that a(u+ε)−α and a(v+ε)−α belong to L1loc(U). If
 (−∆u−a(u+ε)−α ≤ −∆v−a(v+ε)−α in D0(U),


u−v≤0 on∂U, (2.3)


then u≤v in U.



(7)Proof. We proceed by contradiction. LetV := {x∈U:u(x)>v(x)}and suppose that V is
 nonempty. Thusu−v ∈ H1(V)andu=von∂V. Thenu−v∈ H01(V)(see e.g., Theorem 8.17
 and also Remark 19 in [5]). Let


ϕj j∈Nbe a sequence inCc∞(V)such that


ϕj j∈Nconverges
 to u−vin H1(V). Thus


ϕ+j j∈N is a sequence of nonnegative functions inCc(V)∩H10(V)
 which converges to u−v in H1(V). Now, using suitable mollifiers, we obtain a sequence
 ψj j∈N of nonnegative functions in C∞c (V) that converges to u−v in H1(V). From (2.3)
 we have R


V


∇(u−v),∇ψj


≤ R


Va (u+ε)−α−(v+ε)−αψj ≤ 0 for any j ∈ N. Thus
 R


V|∇(u−v)|2 ≤0, and sou−v=0 onV.


Remark 2.4. The following forms of the comparison principle hold: ifε≥0, and ifu,vare two
 functions in H1(Ω)(respectively in H1(Ω)∩L∞(Ω)) which are positive a.e. inΩand satisfy
 that, for any nonnegative ϕ ∈ H01(Ω)(resp. ϕ ∈ H01(Ω)∩L∞(Ω)), a(u+ε)−αϕ ∈ L1(Ω),
 a(v+ε)−αϕ∈ L1(Ω)and


Z


Ωh∇u,∇ϕi −


Z


Ωa(u+ε)−αϕ≤


Z


Ωh∇v,∇ϕi −


Z


Ωa(v+ε)−αϕ,


and if, in addition, u−v ≤ 0 on ∂Ω (i.e., (u−v)+ ∈ H01(Ω)), thenu ≤ v in Ω. Indeed, by
 taking ϕ= (u−v)+as a test function we get R


Ω





∇ (u−v)+


2 ≤0, and sou≤vin Ω.


If a and u are functions defined on Ω, we will write χ{u>0}au−α to denote the function
 w:Ω→Rdefined byw(x):= a(x)u(x)−α ifu(x)6=0, andw(x) =0 otherwise.


Lemma 2.5. Ifζ ∈ L∞(Ω),then there exists u∈H01(Ω)∩L∞(Ω)such that:


i) u satisfies

















−∆u=χ{u>0}au−α+ζ inΩ,
 u=0 on∂Ω,


u≥0 inΩ, u>0 a.e. in {a>0}


(2.4)


in the following sense: for anyϕ∈ H01(Ω)∩L∞(Ω), it holds that χ{u>0}au−α+ζ


ϕ∈ L1(Ω)
 andR


Uh∇u,∇ϕi=R


U χ{u>0}au−α+ζ
 ϕ;


ii) if, in addition, ζ ≥ 0then u is the unique solution in H01(Ω)∩L∞(Ω)to the above problem (in
 the sense stated in i)) and there exists a positive constant c,independent ofζ,such that u≥ cdΩ
 a.e. inΩ.


Proof. i) follows as a particular case of [32, Theorem 1.2]. To see ii), observe that if u ∈
 H01(Ω)∩L∞(Ω) is a solution of (2.4) in the sense of i), then χ{u>0}au−α+ζ


ϕ ∈ L1(Ω)
 for any ϕ ∈ H01(Ω)∩ L∞(Ω), and so χ{u>0}au−α ∈ L1loc(Ω). Also χ{u>0}au−α 6≡ 0 and


−∆u ≥ χ{u>0}au−α in D0(Ω). Thus, by Remark 2.1 iii), there exists a positive constant c (in
 principle, depending perhaps on u) such that u ≥ cdΩR


χ{u>0}au−αdΩ in Ω. Then, for some
positive constantc0, we haveu≥c0dΩinΩand soχ{u>0}au−α+ζ = au−α+ζ inΩ. Letwbe a
solution of (2.4), in the sense of i), corresponding toζ =0. By Remark2.4we haveu≥winΩ,
and, as above, we have w ≥ cdΩ in Ωfor some constant c > 0. Sincec is independent of ζ,
the last assertion of ii) holds. In particular, uis positive in Ω. Now, the uniqueness assertion
follows from Remark2.4.



(8)Lemma 2.6. Ifζis a nonnegative function in L∞(Ω),then for eachε>0the problem:

















−∆u=a(u+ε)−α+ζ inΩ,
 u=0 on∂Ω,


u>0 a.e. inΩ.


(2.5)


has a unique weak solution u ∈ H01(Ω)to(2.5). Moreover, u ∈ L∞(Ω),and there exists a positive
 constant c such that u≥ cdΩ inΩ.


Proof. Let ψ be the solution of−∆ψ = a in Ω, ψ = 0 on ∂Ω, thus ψ ∈ W2,r(Ω)∩W01,r(Ω)
 for any r ∈ (1,∞) and there exist positive constantsc1, c2 such that c1dΩ ≤ ψ ≤ c2dΩ in Ω.


Define u := ηψ, where η is a small enough positive number such that ηa ≤ a(ηψ+ε)−α
 in Ω. Thus −∆u = ηa ≤ a(ηψ+ε)−α ≤ a(u+ε)−α+ζ in Ω, also u = 0 on ∂Ω, and so u
 is a subsolution of (2.5). Let u be the solution of −∆u = ε−1a+ζ in Ω, ζ = 0 on ∂Ω. Thus
 u ∈ W2,r(Ω)∩W01,r(Ω) for any r ∈ (1,∞) and there exists a positive constant c3 such that
 u ≥ c3dΩ in Ω. Also, −∆u ≥ a(u+ε)−α+ζ in Ω, i.e., u is a supersolution of (2.5). Taking
 into account that ψ ≤ c2dΩ in Ω and u ≥ c3dΩ in Ω we can assume, by diminishing η if
 necessary, that u ≤ u in Ω. Thus [18, Theorem 4.9] gives a weak solution u ∈ H10(Ω) to
 problem (2.5) such that u ≤ u ≤ u in Ω. Then u ≥ ηc1dΩ in Ω (with η depending on ε
 andζ) andu∈ L∞(Ω). Finally, ifuandvare two weak solutions inH01(Ω)to problem (2.5),
 Remark2.4 givesu=v.


Lemma 2.7. If 0 ≤ ζ ∈ L∞(Ω) and ε ∈ (0, 1], then the solution u to problem (2.5), given by
 Lemma2.6, satisfies u≥cdΩ inΩfor some positive constant c independent ofεandζ.


Proof. By Lemma2.6,u>0 a.e. inΩ. Letwbe as in the proof of Lemma2.5. Thus there exists
 a positive constantc such thatw ≥ cdΩ in Ω. As in Lemma 2.5 we have u ≥ w in Ω. Thus
 u≥cdΩin Ω. Sincecis independent ofε andζ, the lemma follows.


Remark 2.8. Let us recall the Hardy inequality (see e.g., [5], p. 313): There exists a positive
 constantcsuch that


 ϕ


dΩ





L2(Ω) ≤ck∇ϕkL2(Ω)for all ϕ∈ H01(Ω).


Lemma 2.9. Letζ ∈ L∞(Ω)be such thatζ ≥0, and letε ∈ (0, 1](respectivelyε =0),and let u be
 the solution to problem


(−∆u=a(u+ε)−α+ζ inΩ,


u=0 on∂Ω, (2.6)


given by Lemma2.6(resp. by Lemma2.5, in the sense stated there). Then:


i) if 1 < α < 3 then there exists a positive constant c such that u ≤ cd


2
 1+α


Ω in Ω, whenever
 max{kak∞,kζk∞} ≤M;


ii) if 0 < α ≤ 1 and γ ∈ (0, 1) then there exists a positive constant c such that u ≤ cdγΩ in Ω,
 whenevermax{kak∞,kζk∞} ≤M.


Proof. Let λ1 be the principal eigenvalue for −∆ on Ω, with weight function 1 and let ϕ1
be the corresponding positive principal eigenfunction normalized by kϕ1k∞ = 1. For δ > 0
let Aδ := {x∈ Ω:dΩ(x)≤ δ} and let Ωδ := {x∈Ω:dΩ(x)>δ}. For δ positive and small
enough there exists a positive constantcδ such that |∇ϕ1| ≥cδ in Aδ, and, by diminishing cδ
if necessary, we can assume thatϕ1 ≥cδ inΩδ. To see i), we consider first the case when 1<



(9)α< 3 andε = 0. Clearly ϕ


2
 1+α


1 ∈ L2(Ω)and, since∇ ϕ


2
 1+α


1


 = 1+2


αϕ


1−α
 1+α


1 ∇(ϕ1)and 11−+αα > −12
 we have also ∇ ϕ


2
 1+α


1


 ∈ L2(Ω). Thus ϕ


2
 1+α


1 ∈ H01(Ω). Let q:= (1+α)M


2c2δ max1+α


α−1,λ1


1
 1
 1+α. A
 computation gives


−∆
 


qϕ11+2α
 


=q 2
 1+αλ1ϕ


1+2α


1 +q 2


1+α
 α−1
 1+α



 ϕ


1+2α


1


−α


|∇ϕ1|2, (2.7)
 and thus


−∆
 


qϕ11+2α
 


≥q1+α 2
 1+α


α−1
 1+αc2δ



 qϕ11+2α


−α


≥ a
 


qϕ11+2α
 −α


in Aδ,


−∆
 


qϕ


2
 1+α


1





≥ 2


1+αλ1qϕ


2
 1+α


1 ≥ a



 qϕ


2
 1+α


1


−α


in Ωδ.
 Then


−∆
 


qϕ


2
 1+α


1





≥a
 


qϕ


2
 1+α


1


−α


inΩ. (2.8)


Letθ ∈ ∩1<r<∞ W2,r(Ω)∩W01,r(Ω)be the solution of−∆θ =ζ in Ω, θ=0 on ∂Ω. Thus


−∆
 


qϕ


2
 1+α


1 +θ





≥a
 


qϕ


2
 1+α


1


−α


+ζ ≥ a
 


qϕ


2
 1+α


1 +θ


−α


+ζ inΩ. (2.9)
 Then


Z


Ω





∇
 


qϕ


2
 1+α


1 +θ



 ,∇ψ





≥


Z


Ωa
 


qϕ


2
 1+α


1 +θ


−α


ψ


for any nonnegative ψ ∈ H01(Ω); also qϕ11+2α +θ =0 on ∂Ω. Sinceu satisfies (2.4) and u >0
 a.e. in Ω, the comparison principle of Remark2.4givesu ≤qϕ


2
 1+α


1 +θ a.e. in Ω. Finally, since
 kζk∞ ≤ M and 1+2α < 1, we have θ ≤ M(−∆)−1(1) ≤ Mc0ϕ1 ≤ Mc0ϕ


2
 1+α


1 in Ω, where c0 is a
 positive constant depending only onnandΩ. Also, for some constantc00 >0, ϕ


1+2α


1 ≤ c00dΩ1+2α
 inΩand sou≤cd


2
 1+α


Ω inΩ, for a positive constantcdepending only on M,α, andΩ, therefore
 i) holds whenε=0. The proof of i) for the caseε∈ (0, 1]reduces to the previous one. Indeed,
 Remark2.4givesu≤u0inΩ, whereu0 is the solution (given by Lemma2.5) to problem (2.6)
 and corresponding toε=0.


The proof of ii) follows similar lines: suppose 0< α≤1 andγ∈(0, 1). Define
 q:= M


γ max


( 1


λ1cγδ(1+α), 1
 (1−γ)c2δ


)!1+1


α


.
 Then


−∆ qϕγ1


=γqλ1ϕγ1 +qγ(1−γ)ϕγ1−2|∇ϕ1|2 in Ω,
 and so


−∆ qϕγ1


≥qγ(1−γ)ϕγ1−2|∇ϕ1|2≥ a qϕ1γ−α


in Aδ,


−∆ qϕγ1


≥γqλ1ϕγ1 ≥ a qϕ1γ−α


inΩδ.
 Thus −∆ qϕγ1


≥ a qϕ1γ−α


in Ω, which is the analogue of (2.8). From this point, the proof
 of ii) follows exactly as in i), replacing ϕ


1+2α


1 anddΩ1+2α byϕγ1 anddγΩrespectively.



(10)Lemma 2.10. Letζbe a nonnegative function belonging to L∞(Ω)and let M≥max{kak∞,kζk∞}.
 Letε∈ (0, 1](respectivelyε =0); and let u be the solution to problem(2.6)given by Lemma2.6(resp.


by Lemma2.5, in the sense stated there). Then u∈ C Ω
 .


Proof. Let Ω0 be a subdomain of Ωsuch that Ω0 ⊂ Ω; and let Ω00 be a subdomain of Ωsuch
 that Ω0 ⊂ Ω00 ⊂ Ω00 ⊂ Ω. By Lemmas 2.7 and2.9 there exist positive constants c1, c2 and
 γ>0 such thatc1dΩ ≤u≤c2dγΩ inΩand so(au−α+ζ)|Ω00 ∈ L∞(Ω00). Also,u|Ω00 ∈L∞(Ω00).
 Then, by [28, Theorem 8.24], u|Ω0 ∈ Cβ Ω0


for some β ∈ (0, 1). Since this holds for any
 domainΩ0 such thatΩ0 ⊂Ω, it follows thatu∈C(Ω). Also,c1dΩ≤u ≤c2dγΩ inΩ, and sou
 is continuous on∂Ω. Thenu∈ C Ω


.


Lemma 2.11. Assume1 < α < 3, and letζ ∈ L∞(Ω)be such thatζ ≥ 0. Let u be the solution to
 problem(2.5) given by Lemma2.5 (in the sense stated there). Then there exists a positive constant c
 independent ofζsuch that u ≥cd


2
 1+α


Ω inΩ.


Proof. We consider first the case when a:=infΩa > 0. Letλ1 be the principal eigenvalue for


−∆ in Ωwith homogeneous Dirichlet boundary condition and weight function a, and let ϕ1
 be the corresponding positive principal eigenfunction, normalized by kϕ1k∞ = 1. Observe
 that ϕ


2
 1+α


1 ∈ H01(Ω)∩L∞(Ω)and


−∆
 


ϕ


2
 1+α


1





= 2


1+αλ1aϕ


2
 1+α


1 + 2


1+α
 α−1
 1+α



 ϕ


2
 1+α


1


−α


|∇ϕ1|2


≤ βa
 


ϕ


2
 1+α


1


−α


a.e. in Ω,
 whereβ:= 1+2


αλ1+ 1+2


α
 α−1
 1+α
 1


a k∇ϕ1k2∞. Then


−∆
 


β−


1+1αϕ


2
 1+α


1





≤ a
 


β−


1+1αϕ


2
 1+α


1


−α


in the weak sense of Lemma2.5, (i.e., with test functions in H01(Ω)∩L∞(Ω)). We have also,
 again in the weak sense of Lemma2.5,−∆u≥ au−αinΩ. Then, by Lemma2.3,u≥β−


1
 1+αϕ


1+2α


1


in Ωand so u ≥ cd


2
 1+α


Ω in Ωfor some positive constantc independent of ζ. Thus the lemma
 holds when infΩa>0.


To prove the lemma in the general case, consider the solutionθ to the problem −∆θ = a
 in Ω, θ = 0 on∂Ω. Thus θ ∈ W2,r(Ω)∩W01,r(Ω) for any r ∈ [1,∞) and, for some positive
 constantc1,θ≥ c1dΩinΩ. Letw∈ H01(Ω)∩L∞(Ω)be a solution, in the sense of Lemma2.5,
 of problem (2.4) corresponding to ζ = 0. By Lemma 2.3 we have u ≥ w in Ω and, by
 Lemma2.9, there exists a positive constantc2 such that w ≤ c2dΩ in Ω. Now, for ε ∈ (0, 1)
 andβ∈(0, 1), we have, in the weak sense of Lemma2.5,


−∆(w+ε)β=−α(w+ε)β−1∆w−β(β−1) (w+ε)β−2|∇w|2 (2.10)


≥αa(w+ε)β−1w−α ≥αa(c2dΩ+ε)β−α−1


≥ −α(c3θ+ε)β−α−1∆θ in Ω
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