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(2)
(3)řešení rovnice tepla za použití grafických akcelerátorů. Tato metoda, narozdíl od sekvenčního
 procházení časových kroků, sestavuje globální prostoro-časové matice, které mají velké nároky
 na paměť. To omezuje velikost problémů, které jsme tímto přístupem schopni řešit. Vy-
 cházíme z existující CPU implementace knihovny BESTHEA, kterou rozšíříme o GPU-
 akcelerovaný kód pro násobení matice-vektor, který počítá prvky matice za běhu až když
 jsou potřeba. Protože matice nemusejí být uloženy v paměti, umožňuje tento přístup řešit
 velké problémy i na GPU akcelerátorech s limitovanou kapacitou paměti. Tímto přístupem
 jsme oproti původnímu CPU kódu dosáhli zrychlení v řádu desítek a byli jsme schopni řešit
 daleko větší problémy.


Klíčová slova: metoda hraničních prvků, BEM, prostoro-časová metoda hraničních prvků,
 rovnice tepla, BESTHEA, grafické akcelerátory, GPU, CUDA


Abstract


In this thesis we aim at accelerating the space-time boundary element method for the heat
 equation using GPUs. Contrary to the time-stepping approaches, the method assembles the
 global space-time system matrices, which have large memory requirements. This limits the
 size of problems that can be solved. Starting from the existing CPU implementation in the
 BESTHEA library, we develop a GPU-accelerated code that computes the matrix values
 during the matrix-vector multiplication on the fly as they are needed. This enables us to
 solve large problems even on GPU accelerators with limited amount of memory, since the
 matrices do not have to be assembled and stored. Using this approach we achieved a speedup
 in the order of tens with respect to the original CPU code and were able to solve significantly
 larger problems.


Key words: boundary element method, BEM, space-time boundary element method, heat
equation, BESTHEA, GPU, CUDA



(4)
(5)
(6)
(7)List of symbols and abbreviations i


List of Figures iii


List of Tables v


List of Listings vii


1 Introduction 1


2 Space-time boundary element method for the heat equation 3


2.1 Boundary integral equations, variational formulations . . . 3


2.2 Discretization . . . 5


2.3 Systems of linear equations, boundary element matrices . . . 7


2.3.1 Single layer matrix Vh . . . 8


2.3.2 Double layer matrix Kh . . . 12


2.3.3 Adjoint double layer matrix K⊤hs . . . 13


2.3.4 Hypersingular matrix Dh . . . 14


2.3.5 Mass matrix Mh . . . 14


2.4 Evaluation of the solution . . . 15


3 Analysis of the current code 17
 3.1 Overview of the library . . . 17


3.2 Current implementation . . . 20


3.2.1 Vector and matrix classes . . . 20


3.2.2 Assemblers for the main boundary element matrices . . . 21


3.2.3 Solving the system . . . 24


4 Using GPUs to accelerate scientific codes 25
 4.1 GPU programming . . . 25


5 Acceleration of the code 29
 5.1 CPU on-the-fly matrix . . . 29


5.1.1 Overview of the apply method . . . 30


5.1.2 Calculating local contributions . . . 31


5.1.3 Applying the components . . . 32


5.1.4 Permuting the block vectors . . . 35


5.1.5 The apply method . . . 35


5.2 GPU on-the-fly matrix . . . 35


5.2.1 Compilation of GPU code . . . 36


5.2.2 GPU mesh . . . 36


5.2.3 Quadrature data structures for GPU . . . 37


5.2.4 Vectors in GPU memory. . . 37


5.2.5 The apply method, GPU algorithm versions . . . 38


5.2.6 Multiple GPUs, CPU-GPU load balancing . . . 44



(8)6.2 Compilation . . . 47


6.3 Permutation of block vector . . . 48


6.4 Time comparison of applying individual components . . . 50


6.5 Parallel scaling of CPU on-the-fly apply method . . . 50


6.6 Optimal threadblock dimensions . . . 51


6.7 Scaling on multiple GPUs . . . 52


6.8 Comparison of GPU algorithm versions. . . 52


6.9 CPU-GPU load balancing . . . 53


6.10 Performance comparison of accelerated and original code . . . 54


6.11 Convergence . . . 58


7 Conclusion 61


References 63


A Contents of the attachment 65


B Additional code listings 67



(9)BEM – boundary element method
 FEM – finite element method


BESTHEA – C++library, Boundary Element Method for The Heat EquAtion
 OpenMP – Open Multi-Processing


Intel MKL – Intel Math Kernel Library


FGMRES – Flexible Generalized Minimal RESidual (method)
 GPU – Graphics Processing Unit


CPU – Central Processing Unit
 α – heat capacity constant
 R – Set of all real numbers
 Ω – bounded Lipschitz domain


T – end time


Q – space-time domain, space-time cylinder


Gα – fundamental solution of the heat equation in 3 spatial dimensions
 Σ – lateral surface of the space-time cylinder


γ0 – Dirichlet trace operator
 γ1 – Neumann trace operator
 X,X∗ – anisotropic Sobolev spaces
 V – single layer operator
 K – double layer operator


K′ – adjoint double layer operator
 D – hypersingular operator


I – identity operator


Et – number of temporal elements
 Es – number of spatial elements
 Ns – number of spatial nodes
 Th – discretized time interval
 Γh – discretized boundary ofΩ


Σh – discretized lateral surface of the space-time cylinder
 ht – timestep length


ti – i-th timestep
 γj – j-th spatial element
 µj – j-th spatial node


Xh0,0 – discretized Sobolev space X∗
 Xh0,1 – discretized Sobolev space X
 Vh – single layer matrix


Kh – double layer matrix


K⊤hs – adjoint double layer matrix
 Dh – hypersingular matrix


Mh – mass matrix


erf – error function


∆j – surface area of thej-th element
 V˜︁ – discretized single layer operator
 W – discretized double layer operator


i



(10)
(11)1 Visualization of the space-time cylinder in two spatial dimensions and time . . . 4


2 Illustration of functionφ0t,i . . . 6


3 Illustration of functionφ0s,j . . . 6


4 Illustration of functionφ1s,j . . . 6


5 Matrix entries affected by a pair of spatial elements with indicesjr= 3andjc= 5, andd= 2 . . . 14


6 Diagram of the main classes and namespaces in BESTHEA library. . . 18


7 Structure of block lower triangular Toeplitz matrix . . . 21


8 Comparison of CPU and GPU architecture. Image taken from the CUDA Programming guide [16] . 26
 9 Hierarchy of threads in CUDA. Image taken from the CUDA Programming guide [16] . . . 27


10 Visualization of matrix-vector multiplication . . . 30


11 Matrix entries corresponding to components of a single layer matrix . . . 31


12 Single layer matrix entries (at least partially) calculated in fully regular component application during
 one iteration of given loops . . . 34


13 Block vector permutation . . . 35


14 Matrix entries calculated by all threads within a threadblock during one iteration of given loops in
 GPU algorithm versions 1 and 2 . . . 41


15 Data movement when contributing the matrix entries to the vector yin GPU algorithm versions 1
 and 2 . . . 41


16 Matrix entries calculated by all threads within a threadblock in given parts of the GPU algorithm
 versions 3 and 4 . . . 43


17 Data movement when contributing the matrix entries to the vector yin GPU algorithm versions 3
 and 4 . . . 43


iii



(12)
(13)2 A summary of quadrature techniques used for different integrals . . . 12


3 Performance of NVIDIA Tesla accelerators . . . 25


4 Performance comparison of permuting vectors in on-the-fly matrix-vector multiplication (computation
 time in seconds) . . . 49


5 Optimal choices of vector permutations for on-the-fly matrix-vector multiplication. . . 49


6 Comparison of time it takes to apply the fully regular (FR), time-regular space-singular (TRSS) and
 time-singular (TS) components of the single layer matrix . . . 50


7 Strong parallel scaling of the CPU on-the-fly apply method . . . 51


8 Measured optimal threadblock dimensions . . . 52


9 Scaling of the GPU algorithm on multiple GPUs . . . 53


10 Comparison of computation times using the four GPU algorithm versions (in seconds) . . . 54


11 CPU-GPU load balancing on the Barbora GPU node . . . 55


12 CPU-GPU load balancing on the laptop . . . 55


13 Computation times of all three implementations of theapplymethod on the Barbora nodes, in seconds 56
 14 Computation times of all three implementations of theapplymethod on the laptop, in seconds . . 56


15 Execution times (in seconds) of solving the Dirichlet and Neumann problems on the Barbora nodes . 57
 16 Execution times (in seconds) of solving the Dirichlet and Neumann problems on the laptop . . . . 57


17 Convergence results,h2x≈ht . . . 59


18 Convergence results,hx≈ht . . . 59


v



(14)
(15)1 Solution of the Dirichlet problem using the BESTHEA library . . . 19


2 Block lower triangular Toeplitz matrix apply method . . . 22


3 Creation of main boundary element matrix assemblers . . . 22


4 Assembly of single layer matrix Vh(simplified) . . . 23


5 An example of CUDA kernel function . . . 26


6 CPU on-the-fly matrix creation. . . 30


7 Method calculating fully regular local contribution to the single layer matrix . . . 32


8 Method performing the apply operation of the fully regular component of the single layer matrix . . 33


9 Creation of the GPU on-the-fly matrix . . . 36


10 GPU on-the-fly algorithm version 1 . . . 39


11 Parallel reduction within a threadblock on GPU . . . 40


12 GPU on-the-fly algorithm version 2 . . . 67


13 GPU on-the-fly algorithm version 3 . . . 68


14 GPU on-the-fly algorithm version 4 . . . 69


vii



(16)
(17)
1 Introduction


Boundary element methods (BEM) [21,23] for solving partial differential equations have several
 advantages over the finite element methods (FEM). We need to discretize and solve the problem
 only on the boundary of the domain, which significantly reduces the size of the problem. BEM
 is also well-suited for problems stated on unbounded domains. The matrices arising from BEM
 have smaller dimensions, but are fully populated, thus having large memory requirements.


In this thesis we deal with the space-time boundary element method for the heat equation,
 extending the boundary element methods with a temporal dimension. Conventional approaches
 to solving the heat equation calculate the solution sequentially in small timesteps, exploiting
 parallelism only in the spatial domain. The space-time approach deals with the discretized time
 interval as a whole, enabling parallelization in both space and time. This, however, increases
 the memory requirements even more.


In this thesis we work with and extend the functionality of the BESTHEA library1(Boundary
 Element Solver for The Heat EquAtion [17]) developed inC++. It contains classes and functions
 enabling its user to solve the space-time boundary element method for the heat equation effi-
 ciently and in parallel. The current implementation assembles the matrices and stores them in
 memory and therefore has large memory requirements. This limits the size of the problems we
 are able to solve using the library.


To overcome this limitation we do not to store the matrices in memory, but rather calculate
 the matrix entries during matrix-vector multiplication on the fly as they are needed. The
 performance penalty of calculating the matrix entries during every matrix-vector multiplication
 is very large, especially when the matrix is used in an iterative solver. However, using the
 massive computational power of today’s GPUs should partly negate this issue.


The core objective of this thesis is therefore to implement an algorithm that performs on-
 the-fly matrix-vector multiplication using GPUs, where the matrices arise from the space-time
 boundary element method for the heat equation. We first create a CPU version of the algorithm,
 which we then accelerate with CUDA. The developed code is a part of the BESTHEA library,
 which will be accessible as open source (https://github.com/zap150/besthea).


This text is structured as follows. In the second section we describe a boundary integral
 formulation of the heat equation and its discretization using the space-time boundary element
 method. In Section 3 we introduce the BESTHEA library and go through its current internal
 functionality. In the fourth section we mention several approaches to utilizing GPUs and make
 a brief overview of CUDA. In Section 5 we explain the techniques and algorithms we used to
 accelerate the library. In the final section we conduct several numerical experiments focused
 mainly on performance of different implementation approaches.


1Development of the BESTHEA library was supported by the Czech Science Foundation under the project
17-22615S and by the Austrian Science Foundation under the project I4033-N32
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2 Space-time boundary element method for the heat equation


In this section we describe a boundary integral formulation of the heat equation and its dis-
 cretization using the space-time boundary element method. In what follows we draw mainly
 from [14,30].


Let Ω ⊂ R3 be a bounded Lipschitz domain, T ∈ R+ the end time, Q := Ω×(0, T) the
 space-time cylinder and Σ := ∂Ω ×(0, T) the lateral surface of the space-time cylinder (see
 Figure 1). We aim to solve the heat equation


∂u


∂t(x, t)−α∆u(x, t) = 0 for (x, t)∈Q,


where α > 0 is a heat capacity constant, together with an initial condition (which we for
 simplicity assume to be zero)


u(x,0) =u0(x)≡0 forx∈Ω
 and either Dirichlet


u(x, t) =g(x, t) for (x, t)∈Σ,
 or Neumann boundary condition


α∂u


∂n(x, t) =h(x, t) for (x, t)∈Σ.


2.1 Boundary integral equations, variational formulations


Using the representation formula, the solution u can be for all (x, t) ∈Q expressed only using
 the values of u and ∂n∂u on Σ


u(x, t) =


=0


⏟ ⏞⏞ ⏟


∫︂


Ω


Gα(x−y, t)u0(y) dy
 +∫︂ t


0


∫︂


∂Ω


Gα(x−y, t−τ)α∂u


∂n(y, τ) dsydτ


−


∫︂ t
 0


∫︂


∂Ω


α∂Gα


∂ny(x−y, t−τ)u(y, τ) dsydτ.


(1)


The terms on the right-hand side are called the initial, single layer, and double layer potential,
 respectively (with the initial potential being zero because of the zero initial condition), and Gα
 is the fundamental solution to the heat equation in 3 spatial dimensions,


Gα(x−y, t−τ) =


⎧


⎪⎪


⎨


⎪⎪


⎩


1


(4πα(t−τ))3/2exp
 (︄


−∥x−y∥2
 4α(t−τ)


)︄


fort > τ,


0 otherwise,


having the scaled normal derivative


α∂Gα


∂ny(x−y, t−τ) =


⎧


⎪⎪


⎨


⎪⎪


⎩


(x−y)·ny


16(πα)3/2(t−τ)5/2exp
 (︄


−∥x−y∥2
 4α(t−τ)


)︄


fort > τ,


0 otherwise.



(20)Figure 1: Visualization of the space-time cylinder in two spatial dimensions and time
 Applying the Dirichlet trace operator [4,10]


γ0(v)(y, t) = lim


y˜∈Ω,y˜→y∈∂Ωv(y˜, t) for (y, t)∈Σ


to the representation formula (1) we obtain the first boundary integral equation,
 1


2u(x, t) =∫︂ t


0


∫︂


∂Ω


Gα(x−y, t−τ)α∂u


∂n(y, τ) dsydτ


−


∫︂ t
 0


∫︂


∂Ω


α∂Gα


∂ny(x−y, t−τ)u(y, τ) dsydτ for (x, t)∈Σ.


(2)


By applying the Neumann trace operator
 γ1(v)(y, t) = lim


y˜∈Ω,y˜→y∈∂Ωαn(y)· ∇y˜v(y˜, t) for (y, t)∈Σ
 we obtain the second boundary integral equation


1
 2α∂u


∂n(x, t) =∫︂ t


0


∫︂


∂Ω


α∂Gα


∂nx(x−y, t−τ)α∂u


∂n(y, τ) dsydτ
 +α ∂


∂nx


∫︂ t
 0


∫︂


∂Ω


α∂Gα


∂ny(x−y, t−τ)u(y, t) dsydτ for (x, t)∈Σ.


(3)


Let us denote X =H1/2,1/4(Σ) and its dual X∗ =H−1/2,−1/4(Σ). For definition of these
 anisotropic Sobolev spaces see [11]. For all (x, t)∈Σ we define the following operators


V :X∗ →X, V(w)(x, t) =∫︂ t


0


∫︂


∂Ω


Gα(x−y, t−τ)w(y, τ) dsydτ,
 K :X→X, K(u)(x, t) =∫︂ t


0


∫︂


∂Ω


α∂Gα


∂ny(x−y, t−τ)u(y, τ) dsydτ,
 K′ :X∗ →X∗, K′(w)(x, t) =∫︂ t


0


∫︂


∂Ω


α∂Gα


∂nx(x−y, t−τ)w(y, τ) dsydτ,
 D:X→X∗, D(u)(x, t) =α ∂


∂nx


∫︂ t
 0


∫︂


∂Ω


α∂Gα


∂ny(x−y, t−τ)u(y, t) dsydτ.



(21)These are, in the order given, the single layer, double layer, adjoint double layer, and hypersin-
 gular operators. Rearranging the terms in (2) and (3) and using the above-defined operators we
 obtain for (x, t)∈Σ


V(w)(x, t) =(︃1
 2I+K


)︃(u)(x, t),
 D(u)(x, t) =(︃1


2I−K′


)︃(w)(x, t),


respectively, where w := α∂n∂u. Replacing u and w on the right-hand side with the known
 boundary condition functionsg and h we get for (x, t)∈Σ


V(w)(x, t) =(︃1
 2I+K


)︃


(g)(x, t), (4)


D(u)(x, t) =(︃1
 2I−K′


)︃


(h)(x, t). (5)


The boundary integral equations (4) and (5) are equivalent to the variational formulations


∀q ∈X∗ : ⟨V(w), q⟩Σ =⟨︃ (︃1
 2I+K


)︃


(g), q


⟩︃


Σ


, (6)


∀r ∈X : ⟨D(u), r⟩Σ =⟨︃ (︃1
 2I−K′


)︃


(h), r


⟩︃


Σ


, (7)


where


⟨v, w⟩Σ :=∫︂ T


0


∫︂


∂Ω


v(x, t)w(x, t) dsxdt.


In the case of the hypersingular operator we use the equivalent representation [18]


⟨D(u), r⟩Σ =α2


∫︂ T
 0


∫︂


∂Ω


curl∂Ωr(x, t)⊤∫︂ t


0


∫︂


∂Ω


curl∂Ωu(y, τ)Gα(x−y, t−τ) dsydτdsxdt


−α


∫︂ T
 0


∫︂


∂Ω


n(x)⊤r(x, t)∫︂ t


0


∫︂


∂Ω


n(y)u(y, t)∂Gα


∂τ (x−y, t−τ) dsydτdsxdt.


2.2 Discretization


We divide the time interval (0, T) intoEt uniformly spaced elementsTh ={(ti−1, ti)}Ei=1t , where
 ti =iht and ht=T /Et, so that


(0, T) =


Et


⋃︂


i=1


(ti−1, ti).


The spatial surface∂Ωis discretized into a triangular surface meshΓh consisting ofEselements
 {γj}Ej=1s and Ns nodes{µj}Nj=1s ,


Γh =


Es


⋃︂


j=1


γj.


We define the discretized lateral surface of the space-time cylinder Σh :=Γh× Th.



(22)Figure 2: Illustration of functionφ0t,i


Figure 3: Illustration of function φ0s,j Figure 4: Illustration of function φ1s,j
 For alli∈ {1,2, . . . , Et} we define a functionφ0t,i piecewise constant in time (see Figure 2)


φ0t,i(t) =


{︄1 t∈(ti−1, ti),
 0 otherwise,


for allj∈ {1,2, . . . , Es}we define a functionφ0s,j piecewise constant on the discretized boundary
 Γh (illustrated in Figure 3)


φ0s,j(x) =


{︄1 x∈γj,
 0 otherwise,


and for all j∈ {1,2, . . . , Ns} we define a function φ1s,j globally continuous and piecewise linear
 on the discretized boundary Γh such that for allm∈ {1,2, . . . , Ns}


φ1s,j(µm) =δj,m =


{︄1 m=j,
 0 m̸=j.


An example of such function is illustrated in Figure 4.


We define the discretized spacesXh0,0 andXh0,1 approximating the spacesX∗ and X, respec-
 tively, as


Xh0,0:= span({φ0,0ts,k}Ek=1tEs),
Xh0,1:= span({φ0,1ts,k}Ek=1tNs),



(23)where the basis functions φ0,0ts,k and φ0,1ts,k are defined as
 φ0,0ts,k(x, t) :=φ0t,i(t)φ0s,j(x),
 φ0,1ts,k(x, t) :=φ0t,i(t)φ1s,j(x),


with the index mappingk=iEs+j forφ0,0ts,kandk=iNs+j forφ0,1ts,k. The spaceXh0,0therefore
 contains functions piecewise constant both in space and time, while the space Xh0,1 contains
 functions globally continuous piecewise linear in space and piecewise constant in time.


We approximate w∈X and u∈X∗ with functions wh ∈Xh0,0 and uh∈Xh0,1, which can be
 written as a linear combination of the basis functions


wh(x, t) =


EtEs


∑︂


k=1


wkφ0,0ts,k(x, t) =


Et


∑︂


i=1
 Es


∑︂


j=1


wi,jφ0t,i(t)φ0s,j(x), (8)


uh(x, t) =


EtNs


∑︂


k=1


ukφ0,1ts,k(x, t) =


Et


∑︂


i=1
 Ns


∑︂


j=1


ui,jφ0t,i(t)φ1s,j(x), (9)
 where w∈REtEs and u∈REtNs.


The boundary condition functions g ∈ X∗ and h ∈ X are orthogonally projected onto the
 discretized spaces Xh0,1 and Xh0,0, yielding the functionsgh andhh with basis coordinate vectors
 g ∈ REtNs and h ∈ REtEs, respectively. E.g. in the case of Dirichlet boundary condition we
 search for gh∈Xh0,1 such that


gh= arg min


g


˜h∈X0,1


h


1


2∥g˜h−g∥L2(Σ),
 which is equivalent to solving the system


EtNs


∑︂


k=1


gkht⟨φ0,1ts,k, φ0,1ts,l⟩Σ=⟨g, φ0,1ts,l⟩Σ ∀ℓ∈ {1,2, . . . , EtNs}.


2.3 Systems of linear equations, boundary element matrices


Plugging the approximations (8) and (9) into the variational formulations (6) and (7), using the
 discretized boundary condition functions gh ≈g andhh≈h and testing with all basis functions
 φ0,0ts,l and φ0,1ts,l, respectively, we get


∀l∈ {1,2, . . . , EtEs}: E∑︂tEs


k=1


wk⟨V(φ0,0ts,k), φ0,0ts,l⟩Σh = 1
 2


EtNs


∑︂


k=1


gk⟨φ0,1ts,k, φ0,0ts,l⟩Σh
 +E∑︂tNs


k=1


gk⟨K(φ0,1ts,k), φ0,0ts,l⟩Σh


(10)


for the first boundary integral equation and


∀l∈ {1,2, . . . , EtNs}:


EtNs


∑︂


k=1


uk⟨D(φ0,1ts,k), φ0,1ts,l⟩Σh = 1
 2


EtEs


∑︂


k=1


hk⟨φ0,0ts,k, φ0,1ts,l⟩Σh,


−


EtEs


∑︂


k=1


hk⟨K′(φ0,0ts,k), φ0,1ts,l⟩Σh


(11)



(24)for the second boundary integral equation. This leads to the systems of linear equations
 Vhw= 1


2Mhg +Khg, (12)


Dhu= 1


2M⊤hh−K⊤hsh, (13)


with the following block matrices with block dimensions2 Et×Et:


Vh[l, k] =⟨V(φ0,0ts,k), φ0,0ts,l⟩Σh =⟨V(φ0t,icφ0s,jc), φ0t,irφ0s,jr⟩Σh =Vh[ir, ic][jr, jc],
 Kh[l, k] =⟨K(φ0,1ts,k), φ0,0ts,l⟩Σh =⟨K(φ0t,icφ1s,jc), φ0t,irφ0s,jr⟩Σh =Kh[ir, ic][jr, jc],
 K⊤hs[l, k] =⟨K′(φ0,0ts,k), φ0,1ts,l⟩Σh =⟨K′(φ0t,icφ0s,jc), φ0t,irφ1s,jr⟩Σh=K⊤hs[ir, ic][jr, jc],


Dh[l, k] =⟨D(φ0,1ts,k), φ0,1ts,l⟩Σh =⟨D(φ0t,icφ1s,jc), φ0t,irφ1s,jr⟩Σh =Dh[ir, ic][jr, jc],
 Mh[l, k] =⟨φ0,1ts,k, φ0,0ts,l⟩Σh =⟨φ0t,i


cφ1s,jc, φ0t,irφ0s,jr⟩Σh =Mh[ir, ic][jr, jc],
 M⊤h[l, k] =⟨φ0,0ts,k, φ0,1ts,l⟩Σh =⟨φ0,1ts,l, φ0,0ts,k⟩Σh=Mh[k, l],


where we again used an appropriate index mapping. We index the matrices with two pairs of
 indices, first of which specifies position of a block in the matrix, while the second pair specifies
 location of an entry within the block. The matrices are collectively called the boundary element
 matrices. Vh, Kh, K⊤hs and Dh are the single layer, double layer, adjoint double layer and hy-
 persingular matrices, respectively, and we will collectively call them the main boundary element
 matrices. Mh and M⊤h are usually called the mass matrices and they represent the discretized
 identity operators.


2.3.1 Single layer matrix Vh


We start with breaking down the formula for an entry of the matrix Vh. Observing that
 suppφ0t,i = (ti−1, ti) and suppφ0s,j=γj, we can write [14,30]


Vh[ir, ic][jr, jc] =⟨V(φ0t,icφ0s,jc), φ0t,irφ0s,jr⟩Σh


=∫︂ T


0


∫︂


Γh


(︃∫︂ t


0


∫︂


Γh


Gα(x−y, t−τ)φ0t,ic(τ)φ0s,jc(y) dsydτ
 )︃


φ0t,ir(t)φ0s,jr(x) dsxdt


=∫︂ tir


tir−1


∫︂


γjr


(︄∫︂ t
 0


∫︂


γjc


Gα(x−y, t−τ)φ0t,ic(τ) dsydτ
 )︄


dsxdt


=


⎧


⎪⎪


⎪⎪


⎪⎪


⎨


⎪⎪


⎪⎪


⎪⎪


⎩


∫︂ tir
 tir−1


∫︂


γjr


∫︂ tic
 tic−1


∫︂


γjc


Gα(x−y, t−τ) dsydτdsxdt foric< ir,


∫︂ tir
 tir−1


∫︂


γjr


∫︂ t
 tic−1


∫︂


γjc


Gα(x−y, t−τ) dsydτdsxdt foric=ir,


0 foric> ir.


Notice, that the fundamental solutionGα only depends on the differencet−τ, therefore we can
 shift both t and τ by the same value without changing the result of the integral. We subtract


2by block dimensions we mean the number of block rows and columns of the matrix



(25)tic−1 in both the first and second case and denoted=ir−ic, obtaining


Vdh[jr, jc] =Vh[ir, ic][jr, jc] =


⎧


⎪⎪


⎪⎪


⎪⎪


⎨


⎪⎪


⎪⎪


⎪⎪


⎩


∫︂


γjr


∫︂


γjc


∫︂ td+1


td


∫︂ ht


0


Gα(x−y, t−τ) dτdtdsydsx ford >0


∫︂


γjr


∫︂


γjc


∫︂ ht


0


∫︂ t
 0


Gα(x−y, t−τ) dτdtdsydsx ford= 0


0 ford <0.


Therefore, we found the value of an entry in the matrix only depends on the difference
 d= ir−ic and not on the specific values of ir and ic. Considering the indexing we used, this
 reveals that all the blocks on the same block diagonal are equal, i.e., the matrix has block-Toeplitz
 structure. We also found, that all the blocks above the main block diagonal are zero, leading to
 block lower triangular structure of the matrix. Furthermore, since the fundamental solutionGα
 only depends on the norm of the difference x−y, the blocks themselves are symmetric.


The matrixVh therefore has block lower triangular Toeplitz structure with block dimensions
 Et×Et,


Vh =


⎡


⎢


⎢


⎢


⎢


⎢


⎣


V0h O . . . O
 V1h Vh0 ... ...


... ... ... O
 VEht−1 . . . Vh1 Vh0


⎤


⎥


⎥


⎥


⎥


⎥


⎦
 ,


where each block Vdh has dimensionsEs×Es. The entries of the matrix are calculated as
 Vdh[jr, jc] =∫︂


γjr


∫︂


γjc


Vd(x−y) dsydsx, (14)
 where


Vd(r) =


⎧


⎪⎪


⎪⎨


⎪⎪


⎪⎩


∫︂ ht


0


∫︂ t
 0


Gα(r, t−τ) dτdt ford= 0,


∫︂ td+1


td


∫︂ ht


0


Gα(r, t−τ) dτdt ford∈ {1,2, ..., Et−1}.


The temporal integrals can be integrated analytically (for more details see [30]), leading to
 V0(r) =htGdτα (r,0) + Gdτdtα (r,0) −Gdτdtα (r, ht),


Vd(r) =−Gdτdtα (r,(d−1)ht) + 2Gdτdtα (r, dht)−Gdτdtα (r,(d+ 1)ht),
 where


Gdτdtα (r, δ) = 1
 4π


(︄(︃∥r∥


2α2 + δ
 α∥r∥


)︃


erf(︃ ∥r∥


2√
 αδ


)︃


+


√


√ δ


πα3exp
 (︄


−∥r∥2
 4αδ


)︄)︄


and


Gdτα (r, δ) = 1


4πα∥r∥erf(︃ ∥r∥


2√
 αδ


)︃


,
 with


erf(x) := √2
 π


∫︂ x
 0


e−t2dt



(26)being the error function. Due to singularities, we have to treat the following limiting cases:


δ→0+lim Gdτdtα (r, δ) = ∥r∥


8πα2 for∥r∥>0,


∥r∥→0+lim Gdτdtα (r, δ) =


√
 δ
 2√


π3α3 forδ >0,


δ→0+lim Gdτα (r, δ) = 1


4πα∥r∥ for∥r∥>0.


Knowing the results of temporal integration we can now rewrite (14) as
 V0h[jr, jc] =VS1(jr, jc) +VS2(jr, jc) −VR(jr, jc,1),
 V1h[jr, jc] =−VS2(jr, jc) + 2VR(jr, jc,1)−VR(jr, jc,2),


Vdh[jr, jc] =−VR(jr, jc, d−1) + 2VR(jr, jc, d)−VR(jr, jc, d+ 1) ford≥2,
 where


VS1(jr, jc) =ht


∫︂


γjr


∫︂


γjc


Gdτα (x−y,0) dsydsx =ht


∫︂


γjr


∫︂


γjc


1


4πα∥x−y∥dsydsx, (15)
 VS2(jr, jc) =∫︂


γjr


∫︂


γjc


Gdτdtα (x−y,0) dsydsx =∫︂


γjr


∫︂


γjc


∥x−y∥


8πα2 dsydsx, (16)
 VR(jr, jc, d) =∫︂


γjr


∫︂


γjc


Gdτdtα (x−y, dht) dsydsx ford≥1. (17)
 We will call VS1 the first time-singular contribution, VS2 the second time-singular contribution
 and VR the time-regular contribution. We will further split the naming of the time-regular
 contributionVRin two, creating time-regular space-singular contribution (for identical elements,
 jr =jc) and fully regular contribution. This will be useful, because for identical test and trial
 elements we need to take care of the limiting case∥r∥ →0, while for nonidentical elements this
 is not necessary.


Notice, that for a given pair of row and column indices [jr, jc] the values of the time-regular
 contributionVR repeat themselves in neighboring blocks (consecutive values ofd). We therefore
 do not need to evaluate them again in each block, instead the once calculated value of VR can
 be used for multiple entries in the matrix. Similarly this holds for the values ofVS2 and the first
 two blocks.


Similarly to the finite element method (FEM), we shift our view of the matrix assembly from


“What is the value of this entry in the matrix?” to “How does this value of d and this pair of
 spatial elements contribute to the matrix?”. We find, that for any ordered pair of spatial elements
 jr and jc (we call them test and trial elements, respectively) and for any d∈ {1,2, . . . , Et} the
 valueVR(jr, jc, d) contributes to entry [jr, jc] in blocksd−1,dand d+ 1 (if present). The value
 VS2(jr, jc) contributes to entry [jr, jc] in blocks 0 and 1, andVS1(jr, jc) only contributes to the
 block with index 0. This is how the matrix Vh is assembled in practice, which we will discuss in
 more detail in the next section. The visualization of matrix entries affected by a given pair of
 spatial elements and a value ofdis shown later (together with other matrices) in Figure 5.


Finally, we need to evaluate the spatial integrals in (15)–(17), which is done using numerical
quadrature. For all three cases we perform a standard mapping to a reference triangle γˆ (we
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