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(3)Abstract


The rapid development of the boundary element method (BEM)
 during the last decades has allowed it to be considered in the shape
 optimization context, where it is necessary to solve a given state
 problem many times. We present a BEM-based shape optimization
 concept, which can also be used for the solution of inverse problems
 including the presented Bernoulli free-surface problem. To separate
 the computational and optimization meshes we use the hierarchy of
 control meshes constructed by means of subdivision surfaces known
 from the computer graphics. In the thesis we also address the impor-
 tant topic of efficient implementation of BEM on modern hardware
 architectures and accelerators. The theory is supported by a series
 of numerical experiments validating the proposed approach.


Keywords: boundary integral equations, boundary element method,
Bernoulli problem, shape optimization, subdivision surfaces, vector-
ization, manycore and multicore acceleration
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1 Introduction


Problems arising in the design and manufacture of components in many
 industrial areas can often be stated as minimization problems over a
 class of admissible shapes. Differently from optimal control problems
 with the state satisfying a certain partial differential equation on a
 fixed domain, the state variable in shape optimization problems is
 controlled by the shape of the computational domain. Thus, the set
 of admissible controls does not directly build the structure of a vector
 space. The pioneering attempts to mathematically describe such prob-
 lems are due to Hadamard [28], where the author optimizes the shape
 of a clamped plate and describes the admissible domains by normal
 perturbations of a smooth reference boundary. This work gave birth
 to shape calculus, a research field further pursued in the now classical
 monographs [15, 55, 61]. In this thesis we use the tools provided by
 shape calculus to solve free boundary problems of the Bernoulli type
 in combination with the boundary element method (BEM) for the nu-
 merical analysis of the state and adjoint problems and the subdivision
 surfaces representing the admissible domains.


There are several possible approaches to solving the Bernoulli type
problems. First of all, the existence analysis and regularity of solutions
has been studied in, e.g., [1, 2, 23, 24, 25]. The trial methods as in
[9, 30, 31, 63, 64] relax the boundary value problem overdetermined by
both Dirichlet and Neumann boundary condition by iteratively solving
the problem with one condition only and subsequently moving the
free boundary in such a way that the second condition is satisfied
exactly. The approach adopted in the following text is based on the
reformulation of the problem as a shape optimization problem with one
of the boundary conditions enforced by minimizing a least-squares-type
tracking functional. This strategy has been followed together with the
fictitious domain method for solving the state and adjoint boundary
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value problems in [22, 33, 34, 35], wavelet-based BEM has been used
 in [18, 19, 20, 21, 29].


To find a minimizer of the studied cost functional one can rely on
 gradient-free methods. Despite the fact that the aim of such methods
 is to find the global minimizer, they usually require a high number of
 cost evaluations which is equal to the number of possibly costly numer-
 ical analyses. The gradient-based methods, on the other hand, search
 for a local minimizer but provide an improved speed of convergence.


The gradient information can be provided either by the first-discretize-
 then-optimize approach, where the state problem is first discretized
 and the sensitivity analysis is performed on the discrete level, or the
 first-optimize-then-discretize approach relying on the speed method
 or the perturbation of identity as described in the classical mono-
 graphs [15,36,61] and followed for the solution of the Bernoulli problem
 in this thesis and in [32, 40]. For completeness, let us also mention the
 possibility of automatic differentiation techniques [27], which consider
 the whole computer program solving the state problem as a series
 of elementary arithmetic operations and apply the chain rule for au-
 tomatized differentiation of the program with respect to the design
 variables.


The boundary element method employed in the thesis provides an
 efficient tool for solving the underlying boundary value problems if it is
 possible to reformulate them as boundary integral equations. Although
 this is especially the case for problems with (piecewise) constant mate-
 rial coefficients, it also allows for the natural solution of exterior prob-
 lems. The boundary element approach seems natural for solving shape
 optimization problems since the shape of the volume is fully given by
 its boundary. In the context of volume finite element techniques, the
 boundary perturbations have to be transferred to the volume mesh.


While this can be easy for a number of academic examples, where the
unknown part of the boundary can be represented, e.g., as a graph,
for general surfaces this is much more difficult. One possible approach
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is to solve an auxiliary linear elasticity problem with boundary condi-
 tions given by the current perturbation, however, strong deformations
 of the boundary would still require remeshing of the volume mesh after
 every couple of iterations. Another option is to embed diffeomorphic
 shape perturbations in the variational formulation of the state prob-
 lem as in [37, 54] and keep the mesh is constant during the whole
 optimization process.


The novelty of this thesis lies in the combination of BEM for the
solution of state and adjoint boundary value problems and the subdi-
vision surfaces used for the discretization of boundary perturbations
as already presented in [6]. The idea of subdivision as a tool for con-
structing smooth curves as a limit of a sequence of control polygons is
well-known in computer graphics and dates back to the corner cutting
algorithm of Chaikin [10]. In this work we concentrate on subdivi-
sion surfaces based on triangular meshes defining quartic splines in
the regular case. This subdivision technique has been originally gen-
eralized for triangular meshes of arbitrary topology by Loop [43]. In
the proposed shape optimization algorithm the coarse control polygon
defines the set of design parameters, while the mesh obtained after
n subdivision steps serves for the boundary element analysis. Since
the subdivision basis functions define smooth perturbations, no mesh
smoothing steps are necessary. The nature of the subdivision process
also allows us to add design parameters when the optimum in the
current design space is found and thus also serves as a globalization
strategy. Further works on the topic of Loop’s subdivision include,
e.g., [59, 62, 68, 69]. The combination of finite element approximation
and subdivision have been discussed in [45], the isogeometric approach
with the subdivision functions used for approximating both the geome-
try and the state variable has been suggested in [11,12]. The regularity
of subdivision basis functions and the necessary approximation prop-
erties are further discussed in [4]. The isogeometric approach has also
been used for shape optimization in [5, 7].
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The second part of the thesis is devoted to the efficient implemen-
 tation of BEM not only on modern PCs but also in the environment
 of High Performance Computing (HPC) centres. The drawback of the
 classical BEM is its quadratic complexity both in terms of the com-
 putational time and memory requirements restricting its applicability
 to moderate problem dimensions. To overcome this issue, several fast
 BEM methods can be employed to lower the complexity to almost
 linear. This includes the fast multipole method [26, 52, 57] based on
 the approximation of the kernel by a truncated series, or the adaptive
 cross approximation (ACA) [8, 56] building low-rank blocks based on
 an algebraic point of view. Although these sparsification methods are
 inevitable for large-scale engineering problems, it is still crucial to ef-
 ficiently assemble the so-called non-admissible full blocks. Moreover,
 in the case of ACA, the low-rank approximation requires evaluation
 of several rows and columns of every admissible block, which relies on
 the standard full assembly. In the thesis we thus concentrate on the
 acceleration of the standard BEM assembly in shared memory.


The distribution of the workload among available CPU cores by,
e.g., OpenMP pragmas has become more or less standard in similar
scientific codes. Although such parallelization techniques lead to a
significant speedup, overlooking further acceleration by utilizing the
Single Instruction Multiple Data (SIMD) concept can hardly exploit
the full potential of modern CPUs. The first Intel’s effort to employ
vector instructions on multiple operands dates back to 1997 with the
introduction of the MMX instructions set reusing the existing scalar
registers for integer operations only. The SSE-SSE4 instruction sets
introduced in 1999-2006 added eight 128-bit registers designed to work
in parallel with four single-precision or two double-precision floating-
point operands. The AVX-AVX2 sets supported by Intel processors
since 2011-2013 further increase the size of the vector register to 256 bit
and incrementally add more instructions including the three-operand
Fused Multiply Add (FMA) combining addition and multiplication in
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one step. The need for code vectorization is even more apparent in
 connection with the Many Integrated Core (MIC) architecture rep-
 resented by the Intel Xeon Phi (co)processors. Currently, the Xeon
 Phi coprocessors support the Initial Many Core Instructions (IMCI)
 set doubling the size of the AVX2 registers. Although programming
 for an accelerator may seem a daunting task, the MIC architecture
 allows to reuse the majority of the already existing CPU code, which
 is in contrast with the GP-GPU acceleration on graphics processing
 units. Moreover, the current AVX-512 instruction set providing 512-
 bit registers is supported (at least partially) both by the Skylake CPU
 architecture and the Knights Landing (KNL) MIC architecture. Con-
 trary to the Knights Corner (KNC) MIC copocessors, the KNL version
 is also available as a standalone host processor, possibly showing the
 future of high performance computing.


The ideas of vectorization in connection with BEM have already
been discussed in several publications. The automatic vectorization
based on the capabilities of modern compilers is discussed in [14], the
direct use of vector intrinsic functions for the BEM matrix assembly,
however, without a detailed look on the integration of singular ker-
nels, is presented in [38], and the vectorization of the evaluation of the
representation formula is shown in [44]. In the thesis we present two
different strategies for code vectorization, namely by using OpenMP
4.0 pragmas [49, 53] and the Vc library wrapping the vector intrin-
sic functions [41, 47]. Moreover, the computationally most intensive
parts allow the offload to MIC coprocessors further speeding up the
assembly [49]. In contrast to the previously mentioned references we
also discuss the treatment of singularities in the underlying surface
integrals both by the semi-analytic [56] and fully numeric quadrature
schemes [58]. The presented approaches build the core of the BEM4I
library [46] developed at the IT4Innovations Czech National Super-
computing Center.



(12)
(13)2 The Bernoulli free boundary problem 7


2 The Bernoulli free boundary problem


We consider the shape-optimization-based formulation of the exterior
 Bernoulli free boundary problem [33, 34, 35],


find argmin


Ω∈O


J˜withJ˜(Ω) := 1
 2


⏐


⏐


⏐


⏐


⏐


⏐


⏐


⏐


⏐


⏐


⏐


⏐


∂u


∂n+g


⏐


⏐


⏐


⏐


⏐


⏐


⏐


⏐


⏐


⏐


⏐


⏐


2


H−1/2(Γf)


, (P)
 u solving


find Ω∈ O and u, such that


⎧


⎪⎪


⎨


⎪⎪


⎩


−∆u= 0 inΩ,
 u=h on Γ0,
 u= 0 on Γf,


(2.1)


and ||| · |||H−1/2(Γf) denoting a norm equivalent to the dual norm.


Definition 2.1. For fixed positive constantsL,δ,c1,c2,c3 we denote
 by O the set of admissible domains defined as


O:={Ω⊂R3:Ω satisfies (O1), (O2), (O3)}
 with the properties (see Figure 2.1)


(O1) Ω is an L-Lipschitz doubly-connected domain, whose boundary
 is composed of two disjoint surfaces ∂Ω =Γ0 ∪Γf(Ω) with the
 fixed boundaryΓ0included in the interior of the free partΓf(Ω),
 (O2) there exists a bounded hold-all domainD⊂R3 such thatΩ⊂D


and dist(Γf(Ω), ∂D∪Γ0)≥δ,


(O3) the free component Γf(Ω) is parametrized by a mapping T :=


[T1, T2, T3]∈ C1,1(Γ), where Γ is a fixed closed surface whose
 interior defines a C1,1 domain. In addition, for the transported
 functionsTˆj based on a finite cover{Oℓ}nℓ=1 of Γ it holds


Tˆj,ℓ∈C1,1(B2(0,1)) for allj ∈ {1,2,3}, ℓ∈ {1, . . . , n} (2.2)
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Figure 2.1: Exterior Bernoulli problem configuration.


and
 c1 ≤


⏐


⏐


⏐


⏐


⏐


∂Tˆj,ℓ


∂yi


⏐


⏐


⏐


⏐


⏐


≤c2,


⏐


⏐


⏐


⏐


⏐


∂2Tˆj,ℓ


∂yi∂yk


⏐


⏐


⏐


⏐


⏐


≤c3, inB2(0,1) (2.3)
 for all i, j, k∈ {1,2,3}, ℓ∈ {1, . . . , n}.


Theorem 2.2. The problem (P) admits a solution.


Proof. See the thesis.


Unfortunately, the existence result does not show how to look for
 the optimal domain or its approximation. To this end we can em-
 ploy gradient-based minimization methods provided the derivative of
 the cost functional with respect to the perturbation is known. For
 simplicity, we restrict ourselves to the case ofL2 tracking given by


Jˆ(Ω) := 1
 2














∂u


∂n+g














2
 L2(Γf)


We restrict to deformations given by the perturbation of identity
T(t,x) :=I(x) +tV(x)
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for a smooth speed field V : D→ D. In the thesis we show that the
 Hadamard–Zolésio form of the shape derivative reads


J′(0)(V) =


∫


Γf


{


− ∂p


∂n(x)∂u


∂n(x)−H(x)
 2


[(∂u


∂n(x)
 )2


−g2(x)
 ]


+
 (∂u


∂n(x) +g(x)
 ) ∂g


∂n(x)
 }


⟨V(x),n(x)⟩dsx (2.4)
 with the adjoint statep solving


find psuch that


⎧


⎪⎪


⎪⎨


⎪⎪


⎪⎩


−∆p= 0 inΩ,
 p= 0 on Γ0,
 p= ∂u


∂n+g on Γf.


(2.5)


To evaluate the shape derivative (2.4) it is necessary to solve the
 primal (2.1) and dual (2.5) boundary value problems. However, only
 the Neumann traces ofuandpare of importance and thus the bound-
 ary element method provides a good candidate for solving the prob-
 lems.


Theorem 2.3 (Representation formula). The solution to the Laplace
 problem


find u∈H1(Ω) such that


∫


Ω


⟨∇u(x),∇v(x)⟩dx= 0
 for all v∈H01(Ω) satisfies the representation formula


u=V γ˜ 1u−W γ0u in Ω (2.6)
 with the single-layer potential operator V˜:H−1/2(∂Ω)→H1(Ω),


(V t)(x) :=˜ 1
 4π


∫


∂Ω


1


∥x−y∥t(y) dsy
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and the double-layer potential W:H1/2(∂Ω)→H1(Ω),
 (W s)(x) := 1


4π


∫


∂Ω


⟨x−y,n(y)⟩


∥x−y∥3 s(y) dsy.


Applying the trace operatorγ0 to (2.6) and considering properties
 of the boundary integral operators we end up at the boundary integral
 equation for the given Dirichetl data γ0u=gD


(V γ1u)(x) = 1


2gD(x) + (KgD)(x) forx∈∂Ω
 or the equivalent formulation


find γ1u∈H−1/2(∂Ω), such that


⟨t, V γ1u⟩∂Ω =


⟨
 t,


(1
 2I+K


)
 gD


⟩


∂Ω


for all t∈H−1/2(∂Ω). (2.7)
 Theorem 2.4. The problem (2.7)is uniquely solvable and there exists
 a constantc∈R+ such that


∥γ1u∥H−1/2(∂Ω)≤c∥gD∥H1/2(∂Ω).
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3 Representation of smooth curves and surfaces


In the thesis we concentrate on bivariate box splines defining surfaces
 inR3. We adopt a recursion formula based on a set of vectors arranged
 in a matrix


R2×k ∋Ξ:= [ξ1, . . . ,ξk].


For k = 2 we define the generating function NΞ via the normalized
 indicator function


NΞ(x) := 1


|detΞ|χΞ(x),
 where


χΞ(x) :=


{1 ifx=∑ki=1αiξi for some 0≤αi<1,
 0 otherwise.


Fork >2 the compactly supported function is defined recursively as
 NΞ∪ξk+1(x) :=


∫ 1
 0


NΞ(x−αξk+1) dα,


whereΞ∪ξk+1denotes the concatenation ofΞwith the column vector
 ξk+1.


The box spline surface of interest with regard to the Loop sub-
 division surfaces discussed later is the piecewise quartic polynomial
 function


RΞ(x) :=∑


i∈Z


∑


j∈Z


x0i,jNΞ(x−[i, j]T) (3.1)
 withNΞ generated by the vectors


ξ1 :=ξ2 := [1,0]T, ξ3 :=ξ4 := [0,1]T, ξ5 :=ξ6:= [1,1]T, (3.2)
i.e., the surface is based on a triangulation of R2 and allows general-
ization to triangular meshes of arbitrary topology.
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(a) (b) (c)


Figure 3.1: Loop subdivison rules.


The box splines (3.1) defined on the regular grid given by the vec-
 tors (3.2) can be represented as


RΞ(x) :=∑


i∈Z


∑


j∈Z


x1i,jNΞ(2(x−[i/2, j/2]T))
 with the corresponding weights x1i,j


In [43], Loop generalized the idea of subdivision to arbitrary tri-
 angular meshes by adapting the rules for extraordinary vertices and
 obtained


xℓ+1odd:= 3


8(xℓ,left+xℓ,right) +1


8(xℓ,up+xℓ,down), (3.3a)
 xℓ+1even:= (1−a)xℓ,mid+a


v


v


∑


i=1


xℓ,i (3.3b)


with


a:= 5
 8 −


(3
 8+ 1


4cos2π
 v


)2


,


see also Figures 3.1a, 3.1c. The locality of the update rules (3.3) hints
that the limit position of a node x0 is determined by the positions of
the surrounding nodes.
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4 Efficient implementation of BEM and shape optimization prob-
 lems


This section is devoted to the discretization of the optimization prob-
 lem including the numerical solution of the boundary integral equa-
 tions followed by its efficient implementation on modern hardware ar-
 chitectures. Combined with the Loop subdivision surfaces we arrive at
 the numerical realization of the discrete shape optimization problem.


The solution to the Dirichlet problem is given by the representation
 formula with unknown Neumann datagN:=γ1usatisfying the single-
 layer boundary integral equation (2) and the equivalent variational
 problem (2.7). We seek the approximation of the solutiongNsatisfying
 the system


VhgN=
 (1


2Mh+Kh
 )


gD


with


Vh[ℓ, k] := 1
 4π


∫


τℓ


∫


τk


1


∥x−y∥dsydsx, (4.1)
 Kh[ℓ, i] := 1


4π


∫


τℓ


∫


Γh


⟨x−y,n(y)⟩


∥x−y∥3 φ1i(y) dsydsx, (4.2)
 Mh[ℓ, i] :=


∫


τℓ


φ1i(x) dsx.
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(a) Scalar addition. (b) SIMD addition.


Figure 4.1: Scalar and vectorized addition of two vectors.
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Figure 4.2: OpenMP parallelized assembly of the BEM matrices.
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Figure 4.3: OpenMP vectorized assembly of the BEM matrices.
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1 _ _ a s s u m e _ a l i g n e d ( x1ss , 64 ) ;


2 ...


3


4 s w i t c h( t y p e ) {


5 c a s e( i d e n t i c a l E l e m e n t s ) :


6 for( int s i m p = 0; s i m p < 6; ++ s i m p ) {


7


8 r e f T o T r i ( simp , x1 , ... , y3 , x1Ref , ... ,
 y2Ref , x1ss , ... , y 3 s s ) ;


9


10 # p r a g m a omp s i m d l i n e a r ( c : 1 ) \


11 r e d u c t i o n ( + : entry1 , entry2 , e n t r y 3 )


12 for ( c = 0; c < S1 * S2 * S3 * S4 ; ++ c ) {


13 k e r n e l = w E t a 1 V [ c ] * w E t a 2 V [ c ] *


14 w E t a 3 V [ c ] * w K s i V [ c ] * j a c V [ c ] *


15 e v a l D o u b l e L a y e r K e r n e l ( x 1 s s [ c ] , ... ,


16 y 3 s s [ c ] , n ) ;


17 e n t r y 1 += k e r n e l * p h i 1 ;


18 e n t r y 2 += k e r n e l * p h i 2 ;


19 e n t r y 3 += k e r n e l * p h i 3 ;


20 } // end for c


21 } // end for s i m p


22 b r e a k;


23 ... // q u a d r a t u r e o v e r o t h e r p a i r s of e l e m e n t s


24 } // end s w i t c h t y p e


Listing 4.1: Vectorized numerical quadrature.
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It is clear that the assembly of the dense matrices (4.1), (4.2) has
 quadratic computational and memory complexity with respect to the
 number of surface degrees of freedom. In the thesis we discuss two
 possibilities for the treatment of the singular integrals and provide
 scalability results of our boundary element library BEM4I [46] with
 respect to both the number of OpenMP threads employed and the
 width of the SIMD register available on different architectures. See
 Listing 4.1 for the vectorized evaluation of the collocation integral. In
 Figures 4.2, 4.3 we present the speedup reached by the code on Intel
 Haswell, Knights Corner, and Knights Landing architectures.


The subdivision surfaces provide a hierarchy of control meshes rep-
 resenting a single limit surface. We aim to leverage the idea of mul-
 tiresolution editing of surfaces for shape optimization. Specifically,
 with the increasing resolution of the control mesh we aim to resolve
 finer details of the unknown surface. Once the minimizer is found on
 the subdivision level ℓo, we increment ℓo ←ℓo+ 1, i.e., subdivide the
 obtained optimization mesh and start the process anew.


The resulting multilevel optimization algorithm is summarized be-
 low and in Figure 4.4.


1. Initialize the optimization level ℓo = 0, the computational level
 ℓc and the current value of the cost to J(O) = ∞. The com-
 putational level has to be chosen such that the accuracy of the
 numerical solution is sufficient.


2. Subdivide the optimization mesh Xℓo and each coarse pertur-
 bation dℓo,i until the computation levels Xℓc = SXℓo, Sdℓo,i are
 reached.


3. Solve the discrete boundary element systems on the computa-
 tional meshXℓc.


4. Evaluate the cost functional for the current shape and the dis-
crete shape gradient as in for every perturbation Sdℓo,i.
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geometry update


BEM analysis


Reﬁnement level


ﬁne geometry


shape derivative


optimization
 loop


coarse perturbations


ﬁne perturbations
 coarse geometry


Figure 4.4: One-level optimization loop.


5. If the cost functional increases in relation to its previous value,
 return to the previous shape and increment the optimization level
 ℓo←ℓo+ 1.


6. If the optimization level exceeds the computational level, i.e.,
 ℓo> ℓc, terminate the optimization algorithm.


7. Input the current optimization mesh and the gradient to a first-
 order optimization algorithm of choice and perturb the control
 nodes based on its output.


8. Go to step 2.


The shape optimization interface implemented in BEM4I is divided
into two main classes separating the handling of the multiresolution
optimization and the solver for the underlying state and adjoint bound-
ary value problems, namely the classMultiresolutionOptimizerand
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MultiresolutionOptimizer


coarseToFinePropagate(...);


optimize();


setBounds(...);


setBVP( 


  OptimizationSubproblem & p
 );


setLevel(...);


OptimizationSubproblem


solve();


setProblemData( 


  SurfaceMesh3D & free,
   SurfaceMesh3D & ﬁxed
 );


getCost();


getGradient(...);


export ParaView


*.vtu


increaseLevel();


setSolver(...);


Figure 4.5: Optimization interface in BEM4I.


the interface OptimizationSubproblem, respectively, see Figure 4.5.


This allows to reuse the same shape optimization concept for different
 problems.


The user is responsible for implementing the following pure virtual
 methods defined by OptimizationSubproblem(in our case represent-
 ing the state and adjoint boundary value problems of the Bernoulli
 problem).


setProblemData(...) Updates the problem with current free and
 fixed meshes.


solve( ) The method solves the state and adjoint problems, fills op-
 tional auxiliary class variables necessary for the evaluation of the
 cost and the gradient.


getCost( ) Returns the current value of the cost functional.


getGradient(...) Returns the gradient for the provided shape per-
 turbation on the computational mesh.


After the initial set up of of an MultiresolutionOptimizer in-
stance, it takes care of the optimization procedure without further
assistance by the user. The most important methods follow.



(25)4 Efficient implementation of BEM and shape optimization problems 19


setBVP( OptimizationSubproblem & p ) Sets the problem defined
 by the user.


setBounds(...) Sets optional bounds on the optimization mesh.


setLevel(...) Sets the subdivision levelℓcfor the BEM analysis and
 the maximal level for the optimizationℓ≤ℓc.


setSolver(...) Initializes a gradient-based algorithm provided by
 NLopt [39].


optimize( ) Method called after the set up to perform the multilevel
 optimization.


private: increaseLevel( ) Increases the subdivision level of the
 optimization mesh when the optimum on the current level is
 found.


private: coarseToFinePropagate(...) Transfers coarse perturba-
 tions to the computational level.


In the thesis we provide numerical experiments validating the pro-
 posed multiresolution algorithm. Besides two academic examples, we
 present its application to a problem stemming from shape optimization
 of a gas-insulated switchgear.


In one of the academic examples we consider the search for a free
Bernoulli surface around a fixed mesh representing a toy duck. The
initial optimization mesh is given by an icosahedron with 20 faces and
12 control nodes. The BEM analysis is performed on the subdivision
levelℓc= 5 with 20,480 elements on the free surface, which leads to a
computational mesh with 44,960 triangles. The initial value of the cost
is JL2(Γf) = 103.82 for g = 7. In Figure 4.6 we present the results of
the multiresolution optimization. The initial configuration is displayed
in Figure 4.6a, with the wireframe representing the optimization mesh
and the green computational mesh. The resulting optimal surface at
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(a) Initital setting. (b)ℓo= 0.


(c)ℓo= 1. (d)ℓo= 2.


(e)ℓo= 3. (f)ℓo= 4.


Figure 4.6: Multiresolution optimization withg= 7.
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the level ℓo = 0 is provided in Figure 4.6b. Although the cost has
 been reduced by 51.27 % toJL2(Γf) = 50.59, it is clear that the coarse
 control mesh is unable to resolve the fine details of the optimal surface.


By adding further design parameters, i.e., by subdividing the optimal
 surface at the levelℓo = 0 to ℓo = 1 we are able to further reduce the
 cost and to resolve more details of the free surface, in particular in its
 non-convex regions. The final shape shown in Figure 4.6f is obtained
 at the subdivision levelℓo= 5 reducing the cost toJL2(Γf)= 7.12·10−4
 requiring 312 evaluations of the cost and the gradient. However, note
 that a visually good approximation is already given at the levelℓo= 2,
 see Figure 4.6d, with the cost equal toJL2(Γf)= 9.76·10−2. The com-
 putational time necessary is substantially lower with 133 evaluations.


Next, we consider the problem reported in [6], namely the opti-
 mization problem inspired by a simplified model of a gas insulated
 switchgear used in high-voltage circuits, see Figure 4.7a. The device
 consist of a metal housing with its interior filled by an insulating gas
 (sulphur hexafluoride) enclosing two pairs of electrodes. One of the
 shielding electrode is subject to a high potential of 1050 V, the others
 are set to 0 V. The goal of the optimization procedure is to minimize
 the probability of electrical breakdown due to high electrical fluxes
 through the boundary of the electrode while keeping the design com-
 pact. This can be achieved by minimizing the pointwise maximum of
 the normal electric flux represented by the functional


JC(Γf)(Ω) :=














∂u


∂n











C(Γ


f)


(4.3)
 subject to volume or surface constraints.


Similar industrial shape optimization problems are often treated
with gradient-free optimization algorithms. Contrary to the optimiza-
tion method presented above, where every node of the coarse mesh
representing the subdivision surface defines a design parameter, the
design is usually only represented by a handful of parameters. These



(28)22 4 Efficient implementation of BEM and shape optimization problems


(a) Initial coarse representation. (b) Constraints on the inner nodes.


Figure 4.7: Setting of the industrial optimization problem.


may include certain lengths, widths, distances between objects, angles,
 etc., accompanied by a set of constraints ensuring that the resulting
 shape is feasible. This approach significantly reduces the dimension of
 the design space at the cost of more restricted shape variations. The
 indisputable advantage of these methods is that no gradient informa-
 tion is necessary. This avoids the lengthy analytical computation of
 the shape derivative, which has to be re-evaluated for every change of
 the state problem or the cost functional. On the other hand, the state
 problem usually has to be solved many times to explore the whole
 design space, which is computationally costly.


Our aim is to employ the proposed algorithm based on subdivision
 surface to the optimization of the electrode. However, the non-smooth
 nature of theC(Γf) norm restricts the use of gradient-based algorithms.


To overcome this issue, we attempt to find a shape reducing (4.3) by
 minimizing theL2(Γf) norm based cost also considered in the previous
 examples, i.e.,


JL2(Γf)(Ω) := 1
 2














∂u


∂n+g














2
 L2(Γf)


.


The function g from the previous formula is set to a constant based
on the desired target flux on the electrode. To use the multiresolution
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(a) Initial geometry. (b) Optimized geometry.


Figure 4.8: Optimization of a high-voltage circuit disconnector.


algorithm we first need to replace the to-be-optimized electrode by a
 coarse mesh representing the initial design parameters. In Figure 4.7a
 we show the free component represented by a hollow cylinder with 264
 elements. Geometric restrictions have to be specified for the control
 nodes lying in the inner surface due to a rod passing through the
 cylinder, see Figure 4.7b.


The subdivided mesh on the levelℓc= 1 with 1,056 elements is cho-
sen for the BEM analysis. The contours of the normal flux on the ini-
tial shape of the to-be-optimized component are shown in Figures 4.8a
with the value of theC(Γf) cost functional reachingJC(Γf)= 81.63 with
g= 30. After one-level optimization the cost is reduced by 17.90 % to
JC(Γf) = 66.99. The optimized shapes are shown in Figures 4.8b.
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5 Conclusion and future research


The aim of the thesis was to construct a multiresolution shape opti-
 mization algorithm based on two key ingredients. For the description
 of moving boundaries we used the subdivision surfaces originally in-
 troduced for the purposes of computer graphics. Their important fea-
 ture is the ability to modify a single surface on a hierarchy of control
 meshes and thus control the locality of deformations. The increasingly
 finer meshes serving for optimization allow to describe local details
 of the sought optimal surface and serve as a tool for globalization of
 the gradient-based algorithm. The subdivision surfaces also prevent
 non-physical oscillations in the geometry, mesh intersection, or ele-
 ment inversion. Such pathological distortions are avoided by applying
 perturbation fields proportional to the current optimization mesh size
 – large shape changes are expected at the initial stage of the opti-
 mization process, while more localized changes follow later on. As a
 result, no mesh smoothing or regeneration procedures are necessary
 throughout the optimization.


The second ingredient is the application of the boundary element
method for the treatment of the underlying state and adjoint bound-
ary value problems. The method seems natural for shape optimization
problems, since the shape of a domain is fully described by its bound-
ary. Furthermore, it does not require discretization of the volume and
the mapping from the boundary perturbation to the deformation of
the volume mesh is avoided. For non-trivial problems, such a mapping
can be performed by solving an auxiliary problem of linear elasticity
with the boundary conditions defined by the traction on the boundary
bringing additional complexity to the optimization problem. In the
thesis we presented basic strategies for an efficient implementation of
the boundary element method. The presented code builds the core of
the BEM4I library, which in addition to the presented material imple-
ments advanced methods for the acceleration of the boundary element
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method including the adaptive cross approximation for matrix spar-
 sification with similar scaling results with respect to the number of
 threads and the size of vector registers.


For reasonable regularity assumptions we presented results regard-
 ing the existence of an optimal domain in the continuous setting. Fol-
 lowing [36, 55] the next step would be to prove the existence of a mini-
 mizer in the discrete setting and the convergence of the discrete optimal
 solutions to the continuous one. In the context of boundary element
 discretization this includes the analysis of the numerical error arising
 from the approximation of the computational boundary by a polygonal
 mesh. Such topics have been discussed in the works [50, 51], where the
 author uses interpolating triangular meshes and provides conditions
 under which the standard boundary element convergence results hold.


Differently from this approach, the control meshes of the subdivision
 surfaces do not have the property of interpolating the limit surface and
 thus the analysis would have to be adapted. Although there exist in-
 terpolating subdivision schemes, they usually provide surfaces of lower
 regularity. On the other hand, instead of using a fine control mesh of
 the Loop subdivision scheme for the boundary element analysis, one
 could transfer the nodes of such a mesh to the limit surface by us-
 ing the limit evaluation masks obtaining an interpolation of the limit
 geometry. A rather simplified approach is presented in, e.g., [17, 19],
 where the authors only consider the discretization of the shape pertur-
 bations and assume that the boundary element analysis is performed
 exactly. This simplification and further restriction to star-shaped do-
 mains allows to prove uniqueness of the solution by means of the Ritz
 method and a-priori convergence rates are given.


The current multiresolution algorithm requires a coarse optimiza-
tion mesh for the initial guess of the to-be-optimized boundary. This
is restrictive in the case where detailed features of the free surface are
already present in the design (e.g., optimization of an engine, aerody-
namics of a car, etc.). The required coarse mesh can be constructed
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by fitting a control mesh with subdivision connectivity to the origi-
 nal fine input [16, 42]. The details lost by the simplification can be
 stored in vectors added to the mesh after every subdivision step and
 the algorithm proposed here could be extended to such cases [5].


Let us also mention that the subdivision based strategy may also re-
 semble the multigrid approach from [3]. In both cases, the free surface
 is represented on a hierarchy of meshes – in addition to the proposed
 subdivision approach the multigrid also accelerates the optimization
 process by performing the numerical analysis at different levels. The
 subdivision (prolongation) and coarsening (restriction) operators, how-
 ever, may also prove useful also in the multigrid context.


In the thesis we only used the subdivision surfaces for the repre-
sentation of geometries. It is, however, possible to follow the steps
of the isogeometric analysis and use the smooth ansatz functions de-
fined by the underlying B-splines or subdivision-based functions for
the boundary element analysis. Such techniques have been success-
fully employed, e.g., in the analysis of solids and shells by the fi-
nite [5, 7, 11, 12, 13] and boundary element methods [60].
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A Summary of significant publications


[6] Bandara, K., Cirak, F., Of, G., Steinbach, O., and Zaple-
 tal, J.Boundary element based multiresolution shape optimisation in
 electrostatics. Journal of Computational Physics 297 (2015), 584–598.


We consider the shape optimisation of high-voltage devices subject
 to electrostatic field equations by combining fast boundary elements
 with multiresolution subdivision surfaces. The geometry of the do-
 main is described with subdivision surfaces and different resolutions
 of the same geometry are used for optimisation and analysis. The pri-
 mal and adjoint problems are discretised with the boundary element
 method using a sufficiently fine control mesh. For shape optimisation
 the geometry is updated starting from the coarsest control mesh with
 increasingly finer control meshes. The multiresolution approach effec-
 tively prevents the appearance of non-physical geometry oscillations
 in the optimised shapes. Moreover, there is no need for mesh regen-
 eration or smoothing during the optimisation due to the absence of
 a volume mesh. We present several numerical experiments and one
 industrial application to demonstrate the robustness and versatility of
 the developed approach.


[67] Zapletal, J., Merta, M., and Malý, L. Boundary element
 quadrature schemes for multi- and many-core architectures. Comput-
 ers & Mathematics with Applications (sumbitted).


In the paper we study the performance of the regularized boundary
element quadrature routines implemented in the BEM4I library devel-
oped by the authors. Apart from the results obtained on the classical
multi-core architecture represented by the Intel Xeon processors we
concentrate on the portability of the code to the many-core family
Intel Xeon Phi. Contrary to the GP-GPU programming accelerating
many scientific codes, the standard x86 architecture of the Xeon Phi
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processors allows to reuse the already existing multi-core implemen-
 tation. Although in many cases a simple recompilation would lead
 to an inefficient utilization of the Xeon Phi, the effort invested in the
 optimization usually leads to a better performance on the multi-core
 Xeon processors as well. This makes the Xeon Phi an interesting plat-
 form for scientists developing a software library aimed at both modern
 portable PCs and high performance computing environments. Here
 we focus at the manually vectorized assembly of the local element con-
 tributions and the parallel assembly of the global matrices on shared
 memory systems. Due to the quadratic complexity of the standard
 assembly we also present an assembly sparsified by the adaptive cross
 approximation based on the same acceleration techniques. The nu-
 merical results performed on the Xeon multi-core processor and two
 generations of the Xeon Phi many-core platform validate the proposed
 implementation and highlight the importance of vectorization neces-
 sary to exploit the features of modern hardware.


[47]Merta, M., and Zapletal, J.Acceleration of boundary element
 method by explicit vectorization. Advances in Engineering Software
 86 (2015), 70–79.


Although parallelization of computationally intensive algorithms
has become a standard with the scientific community, the possibility
of in-core vectorization is often overlooked. With the development
of modern HPC architectures, however, neglecting such programming
techniques may lead to inefficient code hardly utilizing the theoret-
ical performance of nowadays CPUs. The presented paper reports
on explicit vectorization for quadratures stemming from the Galerkin
formulation of boundary integral equations in 3D. To deal with the
singular integral kernels, two common approaches including the semi-
analytic and fully numerical schemes are used. We exploit modern
SIMD (Single Instruction Multiple Data) instruction sets to speed up
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the assembly of system matrices based on both of these regularization
 techniques. The efficiency of the code is further increased by standard
 shared-memory parallelization techniques and is demonstrated on a set
 of numerical experiments.


[48] Merta, M., and Zapletal, J. A parallel library for bound-
 ary element discretization of engineering problems. Mathematics and
 Computers in Simulation (in press).


In this paper we present a software for parallel solution of engi-
 neering problems based on the boundary element method. The library
 is written in C++ and utilizes OpenMP and MPI for parallelization
 in both shared and distributed memory. We give an overview of the
 structure of the library and present numerical results related to 3D
 sound-hard scattering in an unbounded domain represented by the the
 boundary value problem for the Helmholtz equation. Scalability re-
 sults for the assembly of system matrices sparsified by the adaptive
 cross approximation are also presented.


[66] Zapletal, J., and Bouchala, J. Effective semi-analytic inte-
 gration for hypersingular Galerkin boundary integral equations for the
 Helmholtz equation in 3D. Applications of Mathematics 59, 5 (2014),
 527–542.


We deal with the Galerkin discretization of the boundary integral
 equations corresponding to problems with the Helmholtz equation in
 3D. Our main result is the semi-analytic integration for the bilinear
 form induced by the hypersingular operator. Such computations have
 already been proposed for the bilinear forms induced by the single-
 layer and the double-layer potential operators in the monograph The
 Fast Solution of Boundary Integral Equations by O. Steinbach and S.


Rjasanow and we base our computations on these results.
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[49] Merta, M., Zapletal, J., and Jaros, J. Many core acceler-
 ation of the boundary element method. In High Performance Com-
 puting in Science and Engineering: Second International Conference,
 HPCSE 2015, Soláň, Czech Republic, May 25-28, 2015, Revised Se-
 lected Papers, T. Kozubek, R. Blaheta, J. Šístek, M. Rozložník, and
 M. Čermák, Eds. Springer International Publishing, 2016, pp. 116–


125.


The paper presents the boundary element method accelerated by
 the Intel Xeon Phi coprocessors. An overview of the boundary element
 method for the 3D Laplace equation is given followed by the discretiza-
 tion and its parallelization using OpenMP and the offload features of
 the Xeon Phi coprocessor are discussed. The results of numerical ex-
 periments for both single- and double-layer boundary integral oper-
 ators are presented. In most cases the accelerated code significantly
 outperforms the original code running solely on Intel Xeon processors.


[65] Veit, A., Merta, M., Zapletal, J., and Lukáš, D. Effi-
 cient solution of time-domain boundary integral equations arising in
 sound-hard scattering. International Journal for Numerical Methods
 in Engineering 107, 5 (2016), 430–449.


We consider the efficient numerical solution of the three dimen-
sional wave equation with Neumann boundary conditions via time-
domain boundary integral equations. A space-time Galerkin method
with C∞-smooth, compactly supported basis functions in time and
piecewise polynomial basis functions in space is employed. We discuss
the structure of the system matrix and its efficient parallel assem-
bly. Different preconditioning strategies for the solution of the aris-
ing systems with block Hessenberg matrices are proposed and investi-
gated numerically. Furthermore, a C++ implementation parallelized
by OpenMP and MPI in shared and distributed memory, respectively,
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is presented. The code is part of the boundary element library BEM4I.


Results of numerical experiments including convergence and scalability
tests up to a thousand cores on a cluster are provided. The presented
implementation shows good parallel scalability of the system matrix
assembly. Moreover, the proposed algebraic preconditioner in combi-
nation with the FGMRES solver leads to a significant reduction of the
computational time.
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