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1. Introduction
 1.1. The Cremona group


The Cremona group in n variables over a field k is the group Bir(Pnk) of birational
 transformations of the projective spacePnkor, equivalently, the group ofk-automorphisms
 of the field k(x1, ..., xn) of rational functions of Pnk. In dimension n=1, the Cremona
 group coincides with the groupAut(P1k) of regular automorphisms ofP1k, that is with the
 group PGL2(k) of linear projective transformations. When n>2, the group Bir(Pnk) is
 infinite-dimensional; it contains algebraic groups of arbitrarily large dimensions (see [2]


and [52]). In this article, we prove the following theorem.


The second author was supported by a Marie Curie Intra-European Fellowship, on leave from the
Institut Camille Jordan, Universit´e Lyon 1.



(2)Main theorem. If kis an algebraically closed field,the Cremona group Bir(P2k)is
 not a simple group.


This answers one of the main open problems concerning the algebraic structure of
 this group: According to Dolgachev, Manin asked whether Bir(P2C) is a simple group
 in the 1960s; Mumford mentioned also this question in the early seventies (see [47]);


in fact, one can trace this problem back to 1894, since Enriques already mentions it in
 [27]: “l’importante questione se il gruppo Cremona contenga alcun sottogruppo invariante
 (questione alla quale sembra probabile si debba rispondere negativamente)”.


The proof of this theorem makes use of geometric group theory and isometric actions
 on infinite-dimensional hyperbolic spaces. It provides stronger results when one works
 over the field of complex numbersC; before stating these results, a few remarks are in
 order.


Remark 1.1. (a) There is a natural topology on the Cremona group which induces
 the Zariski topology on the spacesBird(P2k) of birational transformations of degreed(see
 [52], [2] and the references therein). Blanc proved in [3] thatBir(P2k) has only twoclosed
 normal subgroups for this topology, namely{Id}andBir(P2k) itself. D´eserti proved that
 Bir(P2C) is perfect, hopfian and cohopfian, and that its automorphism group is generated
 by inner automorphisms and the action of automorphisms of the field of complex numbers
 (see [18]–[20]). In particular, there is no obvious algebraic reason which explains why
 Bir(P2C) is not simple.


(b) An interesting example is given by the group Aut[A2k]1 of polynomial auto-
 morphisms of the affine plane A2k with Jacobian determinant equal to 1. From Jung’s
 theorem, one knows that this group is the amalgamated product of the groupSL2(k)nk2
 of affine transformations with the group of elementary transformations


f(x, y) =


ax+p(y),y
 a
 


, a∈k∗, p(y)∈k[y],


over their intersection (see [40], [42] and the references therein); as such, Aut[A2k]1 acts
 faithfully on a simplicial tree without fixing any edge or vertex. Danilov used this action,
 together with small cancellation theory, to prove that Aut[A2k]1 is not simple (see [16]


and [31]).


(c) The groupBir(P2C) contains a linear group with Kazhdan property (T), namely
PGL3(C), and it cannot be written as a non-trivial free product with amalgamation: see
AppendixAof this paper. Thus, even if our strategy is similar to Danilov’s proof, it has
to be more involved (see§6.1.2).



(3)1.2. General elements


Let [x:y:z] be homogeneous coordinates for the projective planeP2k. Letf be a birational
 transformation ofP2k. There are three homogeneous polynomialsP, Q, R∈k[x, y, z] of the
 same degreed, and without common factor of degree>1, such that


f[x:y:z] = [P:Q:R].


The degreedis called the degree off, and is denoted by deg(f). The spaceBird(P2k) of
 birational transformations of degreedis a quasi-projective variety. For instance, Cremona
 transformations of degree 1 correspond to the automorphism group Aut(P2k)=PGL3(k)
 and Cremona transformations of degree 2 form an irreducible variety of dimension 14
 (see [9]).


We define the de Jonqui`eres group J as the group of birational transformations of
 the plane P2k that preserve the pencil of lines through the point [1:0:0]. Let Jd be the
 subset of Jmade of birational transformations of degree d, and letVd be the subset of
 Bird(P2k) whose elements are compositionsh1fh2, whereh1andh2 are inAut(P2k) and
 f is inJd. The dimension ofBird(P2k) is equal to 4d+6 and Vd is its unique irreducible
 component of maximal dimension (see [48]).


On an algebraic variety W, a property is said to begeneric if it is satisfied on the
 complement of a Zariski closed subset ofW of codimension>1, and is said to begeneral
 if it is satisfied on the complement of countably many Zariski closed subsets of W of
 codimension>1.


TheoremA. There exists a positive integerkwith the following property. Let d>2
 be an integer. If gis a general element of Bird(P2C),and nis an integer with n>k,then
 gn generates a normal subgroup of the Cremona group Bir(P2C)that does not contain any
 element f of Bir(P2C)\{Id} with deg(f)<deg(g)n.


To prove Theorem A we choose g in the unique irreducible component of maximal
 dimensionVd. Thus, the proof does not provide any information concerning general ele-
 ments of the remaining components of the varietyBird(P2C). As a corollary of Theorem A,
 the groupBir(P2C)contains an uncountable number of normal subgroups (see§6.3).


Remark 1.2. (a) Gizatullin proved that any non-trivial elementg∈Bir(P2C) preserv-
 ing a pencil of lines generates a normal subgroup equal toBir(P2C); the same conclusion
 holds for anyg∈Bir(P2C) with deg(g)67 (see [34], or [9] when deg(g)62).


(b) We provide an explicit upper bound for the best possible constant k in Theo-
rem A, namelyk6201021. We do so to help the reader follow the proof. According to
Gizatullin’s result, ifg is an element ofBir(P2C)\{Id} with deg(g)67, then the smallest



(4)normal subgroup ofBir(P2C) containinggcoincides withBir(P2C). Thus, the best constant
 k is larger than 1. Our method gives a rather small constant for large enough degrees,
 namelyk6375, but does not answer the following question: Does a general element of
 Bird(P2C) generates a strict normal subgroup of Bir(P2C) for all large enough degrees d?


Note thatgn is not an element of the maximal-dimensional componentVdn ifn>2 and
 g∈Bird(P2C).


1.3. Automorphisms of Kummer and Coble surfaces


If X is a rational surface, then the group of automorphisms Aut(X) is conjugate to a
 subgroup of Bir(P2C). In §5.2, we study two classes of examples. The first one is a
 (generalized) Kummer surface. LetZ[i]⊂C be the lattice of Gaussian integers (in this
 subsection i denotes the imaginary unit). We start with the abelian surfaceY=E×E,
 whereE is the elliptic curveC/Z[i]. The groupSL2(Z[i]) acts by linear automorphisms
 onY, and commutes with the order-4 homothetyη(x, y)=(ix, iy). The quotient Y /η is
 a (singular) rational surface on which PSL2(Z[i]) acts by automorphisms. SinceY /η is
 rational, the conjugacy by any birational map φ:Y /η99KP2C provides an isomorphism
 betweenBir(Y /η) and Bir(P2C), and therefore an embedding ofPSL2(Z[i]) intoBir(P2C).


In the following statement, we restrict this homomorphism to the subgroupPSL2(Z) of
 PSL2(Z[i]).


Theorem B. There is an integer k>1 with the following property. Let M be an
 element of SL2(Z),the trace of which satisfies |tr(M)|>3. Let gM be the automorphism
 of the rational Kummer surface Y /η which is induced by M. Then, gkM generates a
 proper normal subgroup of the Cremona group Bir(P2C)'Bir(Y /η).


Theorems A and B provide examples of normal subgroups coming respectively from
 general and from highly non-generic elements in the Cremona group. In§5.2.3, we also
 describe automorphisms of Coble surfaces that generate non-trivial normal subgroups of
 the Cremona group; Coble surfaces are quotients of K3 surfaces, while Kummer surfaces
 are quotients of abelian surfaces. Due to a result by Coble and Dolgachev, for any
 algebraically closed field k we obtain automorphisms of Coble surfaces that generate
 proper normal subgroups in the Cremona groupBir(P2k). The main theorem follows from
 this construction (see Theorem5.20).


1.4. An infinite-dimensional hyperbolic space (see§4)


The Cremona group Bir(P2k) acts faithfully on an infinite-dimensional hyperbolic space
which is the exact analogue of the classical finite-dimensional hyperbolic spacesHn. This



(5)action is at the heart of the proofs of Theorems A and B. To describe it, let us consider
 all rational surfaces π:X!P2k obtained from the projective plane by successive blow-
 ups. Ifπ0:X0!P2k is obtained fromπ:X!P2k by blowing up more points, then there is a
 natural birational morphismϕ:X0!X, defined byϕ=π−1π0, and the pull-back operator
 ϕ∗embeds the N´eron–Severi groupN1(X)⊗RintoN1(X0)⊗R(note thatN1(X)⊗Rcan
 be identified with the second cohomology groupH2(X,R) whenk=C). The direct limit
 of all these groups N1(X)⊗R is called the Picard–Manin space of P2k. This infinite-
 dimensional vector space comes together with an intersection form of signature (1,∞),
 induced by the intersection form on divisors; we shall denote this quadratic form by


([α],[β])7−![α]·[β].


We obtain in this way an infinite-dimensional Minkowski space. The set of elements [α]


in this space with self-intersection [α]·[α]=1 is a hyperboloid with two sheets, one of
 which contains classes of ample divisors of rational surfaces; this connected component
 is an infinite hyperbolic space for the distance dist defined in terms of the intersection
 form by


coshdist([α],[β]) = [α]·[β].


Taking the completion of this metric space, we get an infinite-dimensional, complete,
 hyperbolic space HZ. The Cremona group acts faithfully on the Picard–Manin space,
 preserves the intersection form, and acts by isometries on the hyperbolic spaceHZ.


1.5. Normal subgroups in isometry groups


In Part I, we study the general situation of a group G acting by isometries on a δ-
 hyperbolic spaceH. Let us explain the content of the central result of Part I, namely
 Theorem2.10, in the particular case of the Cremona groupBir(P2k) acting by isometries
 on the hyperbolic spaceHZ. Isometries of hyperbolic spaces fall into three types: elliptic,
 parabolic and hyperbolic. A Cremona transformationg∈Bir(P2k) determines a hyperbolic
 isometryg∗ ofHZif and only if the following equivalent properties are satisfied:


• The sequence of degrees deg(gn) grows exponentially fast:


λ(g) := lim sup


n!∞


deg(gn)1/n>1;


• There is a g∗-invariant plane Vg in the Picard–Manin space that intersects HZ


on a curve Ax(g∗) (a geodesic line) on whichg∗ acts by a non-trivial translation; more
precisely,dist(x, g∗(x))=logλ(g) for all x∈Ax(g∗).



(6)The curve Ax(g∗) is uniquely determined and is called the axis of g∗. We shall
 say that an element g of the Cremona group is tight if it satisfies the following three
 properties:


• The isometryg∗:HZ!HZis hyperbolic;


• There exists a positive number B such that: If f is an element of Bir(P2k) and
 f∗(Ax(g∗)) contains two points at distance B which are at distance at most 1 from
 Ax(g∗), thenf∗(Ax(g∗))=Ax(g∗);


• Iff is inBir(P2k) andf∗(Ax(g∗))=Ax(g∗), thenf gf−1=g orf gf−1=g−1.
 The second property is a rigidity property of Ax(g) with respect to isometries f∗,
 forf∈Bir(P2k). The third property means that the stabilizer of Ax(g) coincides with the
 normalizer of the cyclic groupgZ. Applied to the Cremona group, Theorem2.10gives
 the following statement.


Theorem C. Let g be an element of the Cremona group Bir(P2k). If the isometry
 g∗:HZ!HZis tight,then there exists a positive integer k such that gk generates a non-
 trivial normal subgroup of Bir(P2k).


Theorems A and B are then deduced from the fact that general elements ofBird(P2C)
 (resp. automorphisms gM on rational Kummer surfaces with |tr(M)|>3) are tight ele-
 ments of the Cremona group (see Theorems5.14and5.20).


Remark 1.3. Theorem C will be proved in the context of groups of isometries of
 Gromov’sδ-hyperbolic spaces; the strategy is similar to the one used by Delzant in [17]


to construct normal subgroups in Gromov hyperbolic groups. As such, Theorem C is
 part of the so-called small cancellation theory; we shall explain and comment on this
 in§2.


1.6. Description of the paper


The paper starts with the proof of Theorem C in the general context of δ-hyperbolic
 spaces (§2), and explains how this general statement can be used in the case of isometry
 groups of spaces with constant negative curvature (§3).


In§4, we provide an overview on the Picard–Manin space, the associated hyperbolic
 space HZ and the isometric action of Bir(P2C) on this space. Algebraic geometry and
 geometric group theory are then put together to prove Theorem A (§5.1), Theorem B and
 the main theorem (§5.2). At the end of the paper we list a few remarks and comments.


An appendix by de Cornulier proves that the Cremona group cannot be written as a
non-trivial amalgamated product.
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Part I. Hyperbolic geometry and normal subgroups
 2. Gromov hyperbolic spaces


This section is devoted to the proof of Theorem2.10, a result similar to Theorem C but
 in the general context of isometries of Gromov hyperbolic spaces.


2.1. Basic definitions
 2.1.1. Hyperbolicity


Let (H,d) be a metric space. Ifxis a base point ofH, the Gromov product of two points
 y, z∈His


(y|z)x=12(d(y, x)+d(z, x)−d(y, z)).


The triangle inequality implies that (y|z)xis non-negative. Letδbe a non-negative real
 number. The metric space (H,d) isδ-hyperbolic in the sense of Gromov if


(x|z)w>min{(x|y)w,(y|z)w}−δ


for allx, y, z, w∈H. Equivalently, the spaceHisδ-hyperbolicif, for anyx, y, z, w∈H, we
 have


d(w, x)+d(y, z)6max{d(w, y)+d(x, z),d(w, z)+d(x, y)}+2δ. (2.1)
 Two fundamental examples ofδ-hyperbolic spaces are given by simplicial metric trees,
 or more generally by R-trees, since they are 0-hyperbolic, and by the n-dimensional
 hyperbolic spaceHn, or more generallycat(−1) spaces, since both areδ-hyperbolic for
 δ=log 3 (see [32, Chapter 2] and [13]).


2.1.2. Geodesics


Ageodesic segment fromxto y in His an isometryγfrom an interval [s, t]⊂Rinto H
such thatγ(s)=xandγ(t)=y. The metric space (H,d) is ageodesic spaceif any pair of



(8)points in Hcan be joined by a geodesic segment. Let [x, y]⊂H be a geodesic segment
 andγ: [0, l]!Hbe an arc-length parametrization of [x, y], withγ(0)=xandγ(l)=y. By
 convention, for 06s6l−t6l, we denote by [x+s, y−t] the geodesic segment γ([s, l−t]).


Ageodesic lineis an isometryγ fromRto its image Γ⊂H. Ifxis a point ofHand
 Γ is (the image of) a geodesic line, aprojectionofxonto Γ is a pointz∈Γ which realizes
 the distance fromxto Γ. Projections exist but are not necessarily unique (in a tree, or
 inHn, the projection is unique). IfHisδ-hyperbolic and ifzandz0 are two projections
 of a pointxon a geodesic Γ, then the distance betweenz andz0 is at most 4δ. In what
 follows, we shall denote by πΓ(x) any projection of xon Γ. Since all small errors will
 be written in terms ofθ=8δ, we note that the projectionπΓ(x) is well defined up to an
 error of 12θ.


2.2. Classical results from hyperbolic geometry


In what follows,Hwill be aδ-hyperbolic geodesic metric space.


2.2.1. Approximation by trees


In a δ-hyperbolic space, the geometry of finite subsets is well approximated by finite
 subsets of metric trees; we refer to [32, Chapter 2], or [13], for a proof of this basic and
 crucial fact.


Lemma2.1. (Approximation by trees) Let Hbe aδ-hyperbolic space and (x0, ..., xn)
 be a finite list of points in H. Let X be the union of the n geodesic segments [x0, xi]
 from the base point x0 to each other xi, 16i6n. Let kbe the smallest integer such that
 2n62k+1. Then there exist a metric tree T and a map Φ:X!T such that


(1) Φis an isometry from [x0, xi] to [Φ(x0),Φ(xi)] for all 16i6n;


(2) for all x, y∈X,


d(x, y)−2kδ6d(Φ(x),Φ(y))6d(x, y).


The map Φ:X!T is called an approximation tree. For the sake of simplicity, the
 distance in the tree is also denoted byd(·,·). However, to avoid any confusion, we stick
 to the convention that a point in the tree will always be written in the form Φ(x), with
 x∈X.


Convention. When n64 we can choose k=3. Let θ be the positive real number
 defined by


θ= 8δ.



(9)We have


d(x, y)−θ6d(Φ(x),Φ(y))6d(x, y). (2.2)
 From now on we fix such aθ, and we always use the approximation lemma in this way
 for at most five points (x0, ..., x4). The first point in the list will always be taken as the
 base point and will be denoted by a white circle in the pictures. Since two segments with
 the same extremities areδ-close, the specific choice of the segments betweenx0 and the
 xi is not important. We may therefore forget which segments are chosen, and refer to an
 approximation tree as a pair (Φ, T) associated with (x0, ..., xn). In general, the choice of
 the segments betweenx0 and thexi is either clear, or irrelevant.


In the rest of §2.2, well-known facts from hyperbolic geometry are listed; complete
 proofs can be found in [32], [13], or in the preprint version of this paper [8]. First,
 the following corollary is an immediate consequence of the approximation lemma, and
 Lemma2.3follows from the corollary.


Corollary 2.2. Let Φ:X!T be an approximation tree for at most five points.


Then


(Φ(x)|Φ(y))Φ(z)−12θ6(x|y)z6(Φ(x)|Φ(y))Φ(z)+θ
 for all x, y, z∈X. In particular, (x|y)z6θ as soon as Φ(z)∈[Φ(x),Φ(y)].


Lemma 2.3. (Obtuse angle implies thinness) Let Γ⊂Hbe a geodesic line. Let xbe
 a point of H and a∈Γ be a projection of xonto Γ. For all b∈Γ and c in the segment
 [a, b]⊂Γ, we have (x|b)c62θ.


2.2.2. Shortening and weak convexity


The following lemma says that two geodesic segments are close as soon as their extremities
 are not too far. Lemma3.1 makes this statement much more precise in the context of
 cat(−1) spaces.


Lemma 2.4. (A little shorter, much closer. See [17, Proposition 1.3.3]) Let [x, y]


and [x0, y0]be two geodesic segments of H such that
 (i) d(x, x0)6β and d(y, y0)6β;


(ii) d(x, y)>2β+4θ.


Then, the geodesic segment [x0+β+θ, y0−β−θ] is in the 2θ-neighborhood of [x, y].


The following lemma is obvious in acat(0) space (by convexity of the distance, see
[5, p. 176]).



(10)Lemma 2.5. (Weak convexity) Let [x, y] and [x0, y0] be two geodesic segments of
 H such that d(x, x0) and d(y, y0) are bounded from above by β. Then [x0, y0] is in the
 (β+2θ)-neighborhood of [x, y].


2.2.3. Canoeing to infinity


The following lemma comes from [17,§1.3.4], and says that hyperbolic canoes never make
 loops (see [39,§2.3.13]). This lemma is at the heart of our proof of Theorem C.


Lemma2.6. (Canoeing) Let y0, ..., yn be a finite sequence of points in Hsuch that
 (i) d(yi, yi−1)>10θ for all 16i6n;


(ii) (yi+1|yi−1)yi63θ for all 16i6n−1.


Then, for all 16j6n,


(1) d(y0, yj)>d(y0, yj−1)+2θ if j>1;


(2) d(y0, yj)>Pj


i=1(d(yi, yi−1)−7θ);


(3) yj is 5θ-close to any geodesic segment [y0, yn].


2.3. Rigidity of axis and non-simplicity criterion


LetGbe a group of isometries of aδ-hyperbolic space (H,d), andgbe an element ofG.


Our goal is to provide a criterion which implies that the normal subgrouphhgiigenerated
 bygin Gdoes not coincide withG.


2.3.1. Isometries


If f∈Isom(H) is an isometry of a δ-hyperbolic space (H,d), we define the translation
 length L(f) as the limit


nlim!∞


d(x, fn(x))


n ,


where x is an arbitrary point ofH (see [13, p. 117]). We denote by Min(f) the set of
 pointsy∈H such thatd(y, f(y))=L(f).


There are three types of isometries f∈Isom(H), termed elliptic, parabolic and hy-
 perbolic. An isometryf iselliptic if it admits a bounded orbit (and hence all orbits are
 bounded). If the orbits off are unbounded, we say that f ishyperbolic ifL(f)>0, and
 otherwise thatf isparabolic.


Say thatf has aninvariant axis if there is a geodesic line Γ such that f(Γ)=Γ. If
f has an invariant axis, thenf is either elliptic or hyperbolic, since the restrictionf|Γ is
either the identity, a symmetry or a translation.



(11)Suppose that f is hyperbolic. If it has an invariant axis Γ, this axis is contained in
 Min(f) andf acts as a translation of lengthL(f) along Γ. If Γ and Γ0 are two invariant
 axes, each of them is in the 2θ-tubular neighborhood of the other (apply Lemma 2.4).


When f is hyperbolic and has an invariant axis, we denote by Ax(f) any invariant
 geodesic line, even if such a line is a priori not unique.


Remark 2.7. If (H,d) is complete,cat(0) andδ-hyperbolic, every hyperbolic isom-
 etry has an invariant axis (see [5, Chapter II, Theorem 6.8]). When H is a tree or a
 hyperbolic spaceHn, the set Min(g) coincides with the unique geodesic line it contains.


If G is a hyperbolic group acting on its Cayley graph, any hyperbolic g∈G admits a
 periodic geodesic line; thus, there is a non-trivial powergk of g which has an invariant
 axis.


2.3.2. Rigidity of geodesic lines


IfA and A0 are two subsets of H, theintersection with precision αof A and A0 is the
 intersection of the tubular neighborhoods Tubα(A) and Tubα(A0),


A∩αA0={x∈ H:d(x, A)6αand d(x, A0)6α}.


LetεandB be positive real numbers. A subsetAofHis (ε, B)-rigid iff(A)=Aas soon
 asf∈Gsatisfies


diam(A∩εf(A))>B.


This rigidity property involves both the setA and the group G. The set A is ε-rigid
 is there exists a positive numberB >0 such thatA is (ε, B)-rigid. Ifε0<ε andA⊂H is
 ε-rigid, thenAis alsoε0-rigid (for the same constantB). The converse holds for geodesic
 lines (or convex sets) whenε0 is not too small.


Lemma 2.8. Let ε>2θ. If a geodesic line Γ⊂H is (2θ, B)-rigid, then Γ is also
 (ε, B+6ε+4θ)-rigid.


Proof. Let B0=B+6ε+4θ. Suppose that diam(Γ∩εf(Γ))>B0. We want to show
 that f(Γ)=Γ. There exist x, y∈Γ and x0, y0∈f(Γ) such that d(x, x0)62ε, d(y, y0)62ε,
 d(x, y)>B0−2εandd(x0, y0)>B0−2ε. By Lemma2.4, the segment


[u, v] := [x0+2ε+θ, y0−2ε−θ]⊂Γ


is 2θ-close to [x, y], and we have d(u, v)>B. Thus Γ∩2θf(Γ) contains the two points
uand v, and has diameter greater than B. Since Γ is (2θ, B)-rigid, we conclude that
Γ=f(Γ).



(12)2.3.3. Tight elements, small cancellation and the normal subgroup theorem
 We shall say that an elementg∈Gistight if


• gis hyperbolic and admits an invariant axis Ax(g)⊂Min(g);


• the geodesic line Ax(g) is 2θ-rigid;


• for allf∈G, iff(Ax(g))=Ax(g) thenf gf−1=g orf gf−1=g−1.


We shall say thatg∈Gsatisfies thesmall cancellation property ifg∈Gis tight, with
 a (14θ, B)-rigid axis Ax(g) and


1


20L(g)>60θ+2B.


Thus, the small cancellation property requires both tightness and a large enough trans-
 lation length. We shall comment on this definition in§2.3.4and explain how it is related
 to classical small cancellation properties.


Remark 2.9. If g is tight, then gn is tight for all n>1, and gn satisfies the small
 cancellation property as soon as


nL(g)>1200θ+40B.


We now state the main theorem of Part I; this result implies Theorem C from the
 introduction.


Theorem2.10. (Normal subgroup theorem) Let Gbe a group acting by isometries
 on a hyperbolic space H. Suppose that g∈G satisfies the small cancellation property.


Then any element h6=Idin the normal subgroup hhgii⊂Gsatisfies the following alterna-
 tive: Either his a conjugate of g, or his a hyperbolic isometry with translation length
 L(h)>L(g). In particular,if n>2,the normal subgroup hhgniidoes not contain g.


2.3.4. Small cancellation properties and complements


Assume thatgis a hyperbolic element ofGand Ax(g)⊂Min(g) is an axis ofg. Letλ∈R∗+
 be a positive real number. One says thatgsatisfies the small cancellation property with
 parameterλ, or the λ-small cancellation property, if the following is satisfied: For all
 elementsf∈Gwithf(Ax(g))6=Ax(g),the set of points of f(Ax(g))at distance64θ=32δ
 from Ax(g)has diameter at most λL(g).


Wheng is tight, with a (14θ, B)-rigid axis, then g satisfies this small cancellation
property as soon asλL(g)>B. In particular,gnsatisfies theλ-small cancellation property
when n>B/λL(g). Assume now that g satisfies the small cancellation property with
parameterλ; thengis tight with a (2θ, λL(g))-rigid axis. By Lemma2.8, the axis ofgis



(13)(14θ, B)-rigid withB=λL(g)+88θ. This shows that the less precise cancellation property
 used in Theorem2.10corresponds to the following, more classical, pair of assumptions:


• g satisfies theλ-small cancellation property for some 0<λ<401;


• L(g)>3640θ/(1−40λ).


Such hypotheses are well known in geometric group theory (see [17], [49] or [50] for
 example).


Remark 2.11. (a) Theorem2.10is similar to the main result of [17], which concerns
 the case of a hyperbolic group G acting on its Cayley graph; our strategy of proof,
 presented in§2.5, follows the same lines (see [17], and also the recent complementary
 article [10]). There are several results of this type in the literature but none of them
 seems to contain Theorem2.10as a corollary; in our setting, the spaceHis not assumed
 to be locally compact, and the action ofGis not assumed to be proper. This is crucial
 for application to the Cremona group: In this case, the spaceHis locally homeomorphic
 to a non-separable Hilbert space, and the stabilizers of points inGare algebraic groups,
 likePGL3(k)=Aut(P2k).


(b) Theorem2.10applies in particular to groups acting by isometries on trees: This
 includes the situations of a free group acting on its Cayley graph, and of an amalgamated
 product over two factors acting on its Bass–Serre tree. It is a useful exercise, which is
 done in [43], to write down the proof in this particular case; the proofs of the technical
 Lemmas2.13and2.16become much more transparent in this setting because one does
 not need approximations by trees.


(c) In the definition of a tight element, we could impose a weaker list of hypotheses.


The main point would be to replace Ax(g) by a long quasi-geodesic segment (obtained, for
 example, by taking an orbit of a pointxin Min(g)); this would give a similar statement,
 without assuming thatghas an invariant axis. Here, we take this slightly more restrictive
 definition because it turns out to be sufficient for our purpose, and it makes the proof
 less technical; we refer to [17] or to the recent work [15] for more general viewpoints. We
 refer to§6.3for extensions and improvements of Theorem2.10.


We now prove Theorem2.10. We first need to introduce the notion of an admissible
 presentation.


2.4. Pieces, neutral segments and admissible presentations


Letg∈Gbe a hyperbolic isometry with an invariant axis; let Ax(g) be such an axis (see
Remark2.7) andL=L(g) be the translation length ofg. All isometries that are conjugate
toghave an invariant axis: If f=sgs−1, then s(Ax(g)) is an invariant axis forf.



(14)2.4.1. Axis, pieces and neutral segments


Let [x, y]⊂H be an oriented geodesic segment, the length of which is at least 20θ. The
 segment [x, y] isa piece if there exists an element s∈Gsuch that [x, y] is contained in
 the tubular neighborhood Tub7θ(s(Ax(g))). If [x, y] is a piece, the conjugatesf=sgs−1
 of g and f−1=sg−1s−1 of g−1 have the same invariant axis Γ=s(Ax(g)), and this axis
 almost contains [x, y]. Changingf to f−1 if necessary, we may assume that πΓ(y) and
 f(πΓ(x)) lie on the same side(1)ofπΓ(x) in Γ. This assumption made, the isometryf is
 called asupport of [x, y] (and sof−1is a support of the piece [y, x]). The segment [x, y]


isa piece of size p/qif furthermored(x, y)>pL/q. We say that [x, y]contains a piece of
 size p/qif there is a segment [x0, y0]⊂[x, y] which is such a piece.


A pair of points (x, y) isneutral if none of the geodesic segments [x, y] betweenx
 and y contains a piece of size 1120; by a slight abuse of notation, we also say that the
 segment [x, y] is neutral if this property holds (even if there are a priori several segments
 fromxtoy). If [x, y] is neutral andf is an element of the groupG, thenf([x, y]) is also
 neutral; in other words, being neutral is invariant by translation under isometriesf∈G.


Our choice of working with 201Las a unit has no particular significance; we use it
 for convenience.


2.4.2. Admissible presentations


Let h be an element of the normal subgroup hhgii⊂G. We can write h as a product
 h=hkhk−1... h1, where each hj is a conjugate of g or its inverse: for all 16i6k there
 existssi∈Gsuch that


hi=sigs−1i or sig−1s−1i .


By convention, eachhi comes withsi∈Gand thus with an invariant axis
 Ax(hi) =si(Ax(g));


thus, the choice of si is part of the data (si could be changed into sit, with t in the
 centralizer ofg).


We fix a base pointx0∈H. Let us associate three sequences of points{ai}ki=1,{bi}ki=1
 and {xi}ki=1 to the given base point x0 and the factorization of h into the product of
 thehi. Namely, for all 16i6k, we first set:


• xi is equal tohi(xi−1); in particularxk=h(x0);


• ai is the projection ofxi−1 on the geodesic line Ax(hi);


• bi is equal tohi(ai); in particular, bothai andbi are on Ax(hi).


(1) Since d(x, y)>20θ, this assumption is meaningful: It does not depend on the choices of the
projections ofxandyon Ax(f).



(15)However, we do not want the distances d(xi−1, ai)=d(bi, xi) to be too small. Thus,
 if d(xi−1, ai)610θ, we translate ai towards bi at a distance of 12θ, and similarly we
 translatebi towardsai. This defines the three sequences{ai}ki=1,{bi}ki=1 and{xi}ki=1.


Lemma2.12. If the translation length Lof gis larger than 480θ,then the following
 properties hold:


(1) each [ai, bi]is a subsegment of Ax(hi)of length at least 1920L;


(2) (xi−1|bi)ai62θand (ai|xi)bi62θ;


(3) all segments [xi−1, ai] and [bi, xi] have length at least 10θ (for 16i6k).


Proof. Since we performed some translations when [xi−1, ai] was too small, we have
 property (3). The segment [ai, bi] was initially of length L, so (1) remains true as long
 as 201L>24θ, which is our assumption. Property (2) follows from Lemma2.3.


We say thathk... h1is anadmissible presentationofh(with respect to the base point
 x0) if the three sequences{ai}ki=1,{bi}ki=1and{xi}ki=1have the additional property that
 all pairs (xi−1, ai), 16i6k, are neutral. It follows that all pairs (bj, xj) are also neutral,
 because the property of being neutral is stable under translation by isometries.


Lemma 2.13. Let x0 be a base point in H. Let g be an element of G, and hbe an
 element of the normal subgroup generated by g. Assume that the translation length of g
 satisfies 28θ<201L(g). Then hadmits at least one admissible presentation.


Remark 2.14. Due to this lemma, the following property can be added to the first
 three properties listed in Lemma2.12:


(4) all pairs (xi−1, ai)and (bi, xi)are neutral.


Lemma 2.13corresponds to [17, Lemma 2.2]. We give a complete proof because it
 is more involved in our case.


Proof. As before, denote by L the translation length L(g). Start with a decom-
 position h=hk... h1 with hi=sig±1s−1i , and construct the sequences of points {ai}ki=1,
 {bi}ki=1 and{xi}ki=1 as above. LetI be the set of indices 16i6ksuch that (xi−1, ai) is
 not neutral. Suppose thatI is not empty (otherwise we are done). Our goal is to modify
 the construction in order to get a new decomposition ofhwhich is admissible.


Changing the decomposition. Pick i∈I. Then there are two geodesic segments
 [y, z]⊂[xi−1, ai] (with y∈[xi−1, z]) and a conjugatef=sgs−1 ofg such that [y, z] is 7θ-
 close to Ax(f)=s(Ax(g)) and d(y, z)>1120L; we fix such a segment [y, z] with maximal
 length. Lety0 and z0 be the projections of y and z on Ax(f); we haved(y, y0)67θ and
 d(z, z0)67θ. If y0 is contained in the segment [f(y0), z0]⊂Ax(f), we changef intof−1.
 Replacehi by the product of three conjugates ofg org−1


(hif−1h−1i )hif.
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Figure 1.


This gives rise to a new decomposition ofhas a product of conjugates ofg±1, and hence
 to new sequences of points. Let a0i be a projection of xi−1 on Ax(f). Concerning the
 sequence{xi}ki=1, we have two new pointsx0i=f(xi−1) andx0i+1=hi(x0i); the pointx0i+2=
 hif−1h−1i (x0i+1) is equal to the old pointxi=hi(xi−1). Thus, the neutral pair (xi−1, ai)
 disappears and is replaced by three new pairs (xi−1, a0i), (x0i, a0i+1) and (x0i+1, a0i+2) (see
 Figure1). Note that if any of these segments is small, then it is automatically neutral;


so, without loss of generality, we may assume that there was no need to movea0i,a0i+1 or
 a0i+2 as in Lemma2.12.


Two estimates.


Claim 1. d(xi−1, a0i)=d(x0i+1, a0i+2)6d(xi−1, ai)−1020L.


To prove it, we write


d(xi−1, ai)>d(xi−1, y)+d(y, z)>d(xi−1, y)+1120L
 and


d(xi−1, a0i)6d(xi−1, y0)6d(xi−1, y)+d(y, y0)6d(xi−1, y)+7θ; (2.3)
 claim 1 follows because 7θ<201L.


Claim 2. d(x0i, a0i+1)6d(xi−1, ai)−201L.



(17)Let us postpone the proof of this second estimate, and deduce the lemma from these
 two inequalities.


Conclusion. Since the modification is local, and does not change the points aj for
 j6=i, we can perform a similar replacement for all indices i∈I. We obtain a new pre-
 sentation for h and a new list of bad indices I0. Either this new list is empty, or by
 the two estimates (claims 1 and 2) the maximum of the lengthsd(xj−1, aj) over all the
 non-neutral pairs (xj−1, aj), j∈I0, drops at least by 201L. By induction, after a finite
 number of such replacements, we obtain an admissible presentation.


Proof of claim 2. Denote bybthe projection ofai on Ax(f). Similarly as (2.3), we
 have


d(b, ai)6d(z, ai)+7θ. (2.4)


There are two cases, according to the position of f(a0i) with respect to the segment
 [a0i, b]⊂Ax(f). Iff(a0i) is in this segment, then


d(x0i, ai)6d(f(xi−1), f(a0i))+d(f(a0i), b)+d(b, ai)6d(xi−1, a0i)+d(a0i, b)−L+d(b, ai).


Applying Lemma2.3to the trianglesxi−1, y0, a0iand ai, z0, b, and the inequalities
 d(y, y0),d(z, z0)67θ,


we get


d(xi−1, y) =d(xi−1, a0i)+d(y, a0i),
 up to an error of 11θ, and similarly


d(ai, z) =d(ai, b)+d(z, b),


up to 11θ. Hence, we get


d(x0i, ai)6d(xi−1, y)+d(y, z)+d(z, ai)−L+22θ6d(xi−1, ai)−L+22θ.


This concludes the proof of claim 2 in the first case, because−L+22θ<−201L.


The second case occurs when b is in the segment [a0i, f(a0i)]⊂Ax(f) (see Figure1).


In this case we have


d(x0i, ai)6d(f(xi−1), f(a0i))+d(f(a0i), b)+d(b, ai)


6d(xi−1, z)−1120L+7θ+L−d(a0i, b)+d(z, ai)+7θ,
 and thus


d(x0i, ai)6d(xi−1, ai)−d(a0i, b)+209L+14θ. (2.5)



(18)On the other hand, the triangular inequality implies that


d(xi−1, a0i)+d(a0i, b)+d(b, ai)>d(xi−1, ai) =d(xi−1, y)+d(y, z)+d(z, ai),
 and so


d(a0i, b)>1120L+d(xi−1, y)−d(xi−1, a0i)+d(z, ai)−d(b, ai).


Using inequalities (2.3) and (2.4), we obtain


d(a0i, b)>1120L−14θ.


Finally, inequality (2.5) gives


d(x0i, a0i+1)6d(x0i, ai)6d(xi−1, ai)−202L+28θ,
 and hence claim 2 because 28θ<201L.


The following lemma provides a useful property of admissible presentations with a
 minimum number of factorshi.


Lemma 2.15. Let h=hk... h1 be an admissible presentation with base point x0. If
 there exist two indices j >isuch that hj=h−1i ,then hadmits an admissible presentation
 with base point x0 and only k−2factors.


Proof. We may assume thatj>i+2, otherwise the simplification is obvious. The
 decomposition forhis then


h=hk... hj+1h−1i hj−1... hi+1hihi−1... h1.


Note thati can be equal to 1, and j can be equal tok. We have a sequence of triplets
 (ai, bi, xi),i=1, ..., k, associated with this presentation and with the base pointx0. Then
 we claim that


h=hk... hj+1(h−1i hj−1hi)(h−1i hj−2hi)...(h−1i hi+1hi)hi−1... h1


is another admissible presentation with base pointx0and withk−2 factors. Indeed the
 sequence ofk−2 triplets associated with this new presentation is


(a1, b1, x1), ...,(ai−1, bi−1, xi−1),(h−1i (ai+1), h−1i (bi+1), h−1i (xi+1)), ...,


(h−1i (aj−1), h−1i (bj−1), h−1i (xj−1)),(aj+1, bj+1, xj+1), ...,(ak, bk, xk),
and one checks that all relevant segments are neutral because they are obtained from
neutral segments of the previous presentation by isometric translations (either by Id or
byhi).



(19)2.5. Proof of the normal subgroup theorem


Letg be an element ofGwhich satisfies the small cancellation property. By definition,
 gis a tight element ofG, its axis is (14θ, B)-rigid for someB >0, and


1


20L(g)>60θ+2B.


Denote byLthe translation length L(g). Lethbe a non-trivial element of the normal
 subgrouphhgii. Our goal is to proveL(h)>L, with equality if and only ifhis conjugate
 to g. Pick a base point x0 such that d(x0, h(x0))6L(h)+θ. Lemma 2.13applied to g
 implies the existence of an admissible presentation with respect to the base pointx0:


h=hm...h1, hi=sig±1s−1i .


We assume that m is minimal among all such choices of base points and admissible
 presentations. Lemma2.15implies thathj is different from h−1i for all 16i<j6m.


Let{ai}ki=1,{bi}ki=1and{xi}ki=1be the three sequences of points defined in§2.4; they
 satisfy properties (1)–(4) listed in Lemma2.12and Remark2.14. Since the constructions
 below are more natural with segments than pairs of points, andHis not assumed to be
 uniquely geodesic, we choose geodesic segments between the pointsxi, as well as geodesic
 segments [ai, bi]⊂Ax(hi).


We now introduce the following definition in order to state the key Lemma 2.16.


A sequence of points (c−1, c0, ..., ck, ck+1) inH, with some choice of segments [ci, ci+1],


−16i6k, is aconfiguration oforder k>1 for the segment [x0, xj] if
 (i) x0=c−1 andxj=ck+1;


(ii) for all 06i6kand alla∈[ci, ci+1], we have (ci−1|a)ci63θ, in particular,
 (ci−1|ci+1)ci63θ;


(iii) for all 06i6k+1 we haved(ci−1, ci)>10θ;


(iv) for all 06i6kthe segment [ci, ci+1] is either neutral or a piece, with the follow-
 ing rules:


(iv-a) there are never two consecutive neutral segments;


(iv-b) the last segment [ck, ck+1]=[ck, xj] is neutral;


(iv-c) the second segment [c0, c1] is a piece of size 1820 if [c1, c2] is neutral (this is
 always the case whenk=1), and of size 1720 otherwise;


(iv-d) for the other pieces [ci−1, ci], withi>1, the size is205 when [ci, ci+1] is neutral
 and 204 otherwise;


(v) for all 06i6k, if [ci, ci+1] is a piece, then there is an indexl with 16l6j such
thathlis the support of the piece [ci, ci+1].



(20)Note that properties (iv) and (v) do not concern the initial segment [x0, c0], and
 that the sizep/q of a piece [ci, ci+1], 06i6k−1, is equal to 1820, 1720, 205 or 204; moreover,
 this size is computed with respect toL=L(g), and thus the minimum length of a piece
 [ci, ci+1] is bounded from below by 4(60θ+2B).


The following lemma is inspired by [17, Lemma 2.4]. As mentionned there, this can
 be seen as a version of the famous Greendlinger lemma in classical small cancellation
 theory. Recall that this lemma claims the existence of a region with a large external
 segment in a van Kampen diagram (see [45, Chapter V]). The segment [c0, c1] in the
 previous definition plays a similar role. One can consult [43] for a simpler proof of
 Lemma 2.16 and Theorem 2.10in the case of a group acting on a tree, and for small
 cancellation theory in the context ofAut[k2] and its amalgamated product structure.


Lemma 2.16. For each j=1, ..., m, there exists k>1 such that the segment [x0, xj]
 admits a configuration of order k. Moreover, if j>2 and k=1, then the first segment
 [x0, c0] of the configuration has length at least 203L.


Proof. The proof is by induction onj, and uses the four properties that are listed in
 Lemma2.12and Remark2.14; we refer to them as properties (1)–(4). Note that (2) and
 (3) enable us to apply Lemma2.6; similarly, properties (ii) and (iii) for a configuration
 of order k show that Lemma 2.6 can be applied to the sequence of points in such a
 configuration.


Inizialization. When j=1, we take c0=a1 and c1=b1, and get a configuration of
 order 1. Indeed, by property (2), we have


(x0|b1)a162θ and (a1|x1)b162θ.


By property (1), [c0, c1] is a piece of size 1920(it is a subsegment of Ax(h1)). The segments
 [x0, c0] and [x1, c1] are neutral (property (4)) and of length at least 10θ(property (3)).


Suppose now that [x0, xj] admits a configuration of order k. We want to find a
 configuration of orderk0for [x0, xj+1]. As we shall see, the proof provides a configuration
 of orderk0=1 in one case, and of orderk06k+2 in the other case.


Six preliminary facts. Consider the approximation tree (Φ, T) of (xj,x0,xj+1). We
 choose p∈[xj, x0] such that Φ(p)∈T is the branch point of the tripod T (with p=xj if
 T is degenerate). Let a (resp. b) be a projection of aj+1 (resp. bj+1) on the segment
 [xj, xj+1]. By assertion (3) in Lemma 2.6 we have d(a, aj+1)65θ and d(b, bj+1)65θ.


Thusd(a, b)>1920L−10θ and, by Lemma2.5, [a, b] is a piece with support hj+1.


For all i6k+1, note that c0i a projection of ci on the segment [x0, xj]. Note that,
by Lemma 2.6, we haved(ci, c0i)65θ, and the pointsc0i,−16i6k+1, form a monotonic
sequence of points fromx0to xj along the geodesic segment [x0, xj].



(21)LetSi be the interval ofT defined bySi=[Φ(a),Φ(b)]∩[Φ(c0i),Φ(c0i+1)]. The preim-
 ages ofSi by Φ are two intervalsI⊂[a, b] andI0⊂[c0i, c0i+1] such that


Φ(I) = Φ(I0) =Si.
 Fact 2.17. If [ci, ci+1] is neutral then diam(Si)61220L.


Since Φ is an isometry along the geodesic segments [xj, x0] and [xj, xj+1], we only
 have to prove that diam(I0)61220L. By Lemma2.5, we know that


[ci, ci+1]⊂Tub7θ([c0i, c0i+1]).


Due to the triangular inequality, we can chooseJ⊂[ci, ci+1] such thatJ⊂Tub7θ(I0) and
 diam(J)>diam(I0)−14θ. The properties of the approximation tree imply that


I0⊂Tubθ(I) and I⊂Tub7θ(Ax(hj+1)).


ThusJ⊂Tub15θ(Ax(hj+1)). Applying Lemma2.4(withβ=16θ) and shorteningJ by 32θ
 (16θat each end), we obtain diam(J)>diam(I0)−46θandJ⊂Tub2θ(Ax(hj+1)). ThusJ
 is a piece contained in the neutral segment [ci, ci+1], and hence
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20L>diam(J)>diam(I0)−46θ, and therefore 1220L>diam(I0).


Fact 2.18. If [ci, ci+1] is a piece then diam(Si)6B.


By property (v), there exists an indexl, with 16l6j, such that
 [ci, ci+1]⊂Tub7θ(Ax(hl)).


SinceI0⊂Tub7θ([ci, ci+1]), we get


I0⊂Tub14θ(Ax(hl)).


On the other handI0⊂Tubθ(I) andI⊂Tub7θ(Ax(hj+1)), and thus
 I0⊂Tub8θ(Ax(hj+1)).


If diam(I0)>B, the rigidity assumption shows that hj+1 and hl share the same axis,
 with opposite orientations; sinceg is tight, we obtain hj+1=h−1l . By Lemma2.15, this
 contradicts the minimality of the presentation ofh. This proves that diam(I0)6B.


Fact 2.19. Suppose that [ci, ci+1] is a piece. Then


diam([Φ(xj),Φ(a)]∩[Φ(c0i),Φ(c0i+1)])61220L.



(22)By property (v), there exists an indexl, with 16l6j, such thathl is the support of
 [ci, ci+1]. LetK⊂[a, xj] andK0⊂[c0i, c0i+1] be two intervals such that


Φ(K) = Φ(K0) = [Φ(xj),Φ(a)]∩[Φ(c0i),Φ(c0i+1)].


We want to prove that diam(K)61220L. Applying the triangular inequality, we can choose
 J⊂[aj+1, xj] such thatJ⊂Tub7θ(K) and diam(J)>diam(K)−14θ. Now we have


K⊂Tubθ(K0), K0⊂Tub7θ([ci, ci+1]) and [ci, ci+1]⊂Tub7θ(Ax(hl)).


ThusJ⊂Tub22θ(Ax(hl)). Applying Lemma2.4 withβ=23θ, we shorten J by 46θ (23θ
 at each end) and obtain


J⊂Tub2θ(Ax(hl)) and diam(J)>diam(K)−60θ.


The admissibility condition implies thatJ⊂[aj+1, xj] is neutral, and therefore
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20L>diam(J)>diam(K)−60θ, so that 1220L>diam(K).


Fact 2.20. The segment [Φ(b),Φ(a)] is not contained in the segment [Φ(c00),Φ(xj)].


Let us prove this by contradiction, assuming that [Φ(b),Φ(a)]⊂[Φ(c00),Φ(xj)]. By
 (iv-a) and Fact 2.17, [Φ(b),Φ(a)] intersects at least one segment [Φ(c0i),Φ(c0i+1)] for
 which [ci, ci+1] is a piece; Fact 2.18 implies that [Φ(c0i),Φ(c0i+1)] is not contained in
 [Φ(a),Φ(b)] (it must intersect the boundary points of [Φ(a),Φ(b)]). It follows from this
 that [Φ(a),Φ(b)] intersects at most two pieces and one neutral segment. Facts 2.17
 and2.18now give the contradictory inequality


2B+1220L>1920L−10θ.


Fact 2.21. The segment [Φ(c00),Φ(c01)] is not contained in [Φ(xj+1), Φ(xj)].


Since [aj+1, xj] is neutral and [c0, c1] is a piece of size>1720, the segment [Φ(c00),Φ(c01)]


is not contained in [Φ(aj+1),Φ(xj)]. Assume that [Φ(c00),Φ(c01)]⊂[Φ(xj+1),Φ(xj)], apply
 Fact2.20and then Facts2.18and2.19; this gives the contradictory inequality


B+1220L>1720L−10θ.


These last two facts imply Φ(b)∈[Φ(xj+1),Φ(p)] and Φ(c00)∈[Φ(x0),Φ(p)]. Moreover,
 with this new property in mind, the proofs of Facts2.20and2.21give the following.


Fact 2.22. The segment [Φ(b),Φ(p)] has length at least 206L, and [Φ(c00),Φ(p)] has
length at least 204L.
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