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                    The aim of the thesis was to construct a multiresolution shape optimization algorithm based on
 two key ingredients. For the description of moving boundaries we used the subdivision surfaces
 originally introduced for the purposes of computer graphics. Their important feature is the
 ability to modify a single surface on a hierarchy of control meshes and thus control the locality
 of deformations. The increasingly finer meshes serving for optimization allow to describe local
 details of the sought optimal surface and serve as a tool for globalization of the gradient-based
 algorithm. The subdivision surfaces also prevent non-physical oscillations in the geometry,
 mesh intersection, or element inversion. Such pathological distortions are avoided by applying
 perturbation fields proportional to the current optimization mesh size – large shape changes are
 expected at the initial stage of the optimization process, while more localized changes follow
 later on. As a result, no mesh smoothing or regeneration procedures are necessary throughout
 the optimization.


The second ingredient is the application of the boundary element method for the treatment
 of the underlying state and adjoint boundary value problems. The method seems natural for
 shape optimization problems, since the shape of a domain is fully described by its boundary.


Furthermore, it does not require discretization of the volume and the mapping from the 
 bound-ary perturbation to the deformation of the volume mesh is avoided. For non-trivial problems,
 such a mapping can be performed by solving an auxiliary problem of linear elasticity with the
 boundary conditions defined by the traction on the boundary bringing additional complexity
 to the optimization problem. In the thesis we presented basic strategies for an efficient 
 imple-mentation of the boundary element method. The presented code builds the core of the BEM4I
 library, which in addition to the presented material implements advanced methods for the 
 accel-eration of the boundary element method including the adaptive cross approximation for matrix
 sparsification with similar scaling results with respect to the number of threads and the size of
 vector registers.


For reasonable regularity assumptions we presented results regarding the existence of an
optimal domain in the continuous setting. Following [65, 114] the next step would be to prove
the existence of a minimizer in the discrete setting and the convergence of the discrete optimal
solutions to the continuous one. In the context of boundary element discretization this includes
the analysis of the numerical error arising from the approximation of the computational boundary
by a polygonal mesh. Such topics have been discussed in the works [103, 104], where the author
uses interpolating triangular meshes and provides conditions under which the standard boundary
element convergence results hold. Differently from this approach, the control meshes of the
subdivision surfaces do not have the property of interpolating the limit surface and thus the
analysis would have to be adapted. Although there exist interpolating subdivision schemes, they
usually provide surfaces of lower regularity. On the other hand, instead of using a fine control
mesh of the Loop subdivision scheme for the boundary element analysis, one could transfer the
nodes of such a mesh to the limit surface by using the limit evaluation masks obtaining an
interpolation of the limit geometry. A rather simplified approach is presented in, e.g., [37, 41],
where the authors only consider the discretization of the shape perturbations and assume that
the boundary element analysis is performed exactly. This simplification and further restriction


to star-shaped domains allows to prove uniqueness of the solution by means of the Ritz method
 and a-priori convergence rates are given.


The current multiresolution algorithm requires a coarse optimization mesh for the initial
 guess of the to-be-optimized boundary. This is restrictive in the case where detailed features of
 the free surface are already present in the design (e.g., optimization of an engine, aerodynamics
 of a car, etc.). The required coarse mesh can be constructed by fitting a control mesh with
 subdivision connectivity to the original fine input [35, 90]. The details lost by the simplification
 can be stored in vectors added to the mesh after every subdivision step and the algorithm
 proposed here could be extended to such cases [9].


Let us also mention that the subdivision based strategy may also resemble the multigrid
 approach from [7]. In both cases, the free surface is represented on a hierarchy of meshes – in
 addition to the proposed subdivision approach the multigrid also accelerates the optimization
 process by performing the numerical analysis at different levels. The subdivision (prolongation)
 and coarsening (restriction) operators from Section 3, however, may also prove useful also in the
 multigrid context.


In the thesis we only used the subdivision surfaces for the representation of geometries. It
is, however, possible to follow the steps of the isogeometric analysis and use the smooth ansatz
functions defined by the underlying B-splines or subdivision-based functions for the boundary
element analysis. Such techniques have been successfully employed, e.g., in the analysis of solids
and shells by the finite [9, 11, 22, 23, 27] and boundary element methods [124].
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