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                                                                                         3 Representation of smooth curves and surfaces

                                                                3.6 Loop’s subdivision

                                
                    The formula (3.11) shows that the B-spline generating function (3.4) is a linear combination of
 basis B-splines defined over a refined grid. Similar result can be achieved for the box splines
 (3.7) defined on the regular grid from Figure 3.5a given by the vectors (3.8), i.e.,


NΞ(x−[i, j]T) =∑


i∈Z


∑


j∈Z


αijNΞ(2(x−[i/2, j/2]T)), (3.18)
 where the new basis functionsNΞ(2(· −[i/2, j/2]T)) are defined over the refined (quadrisected)
 grid from Figure3.5a, see Figure 3.10. For the definition ofαij we refer to [92].


The piecewise linear interpolation of all control nodes x0,i,j := [i, j, x0i,j] forms the control
 polygonp0:R2→R,p0(i, j) :=x0i,j. Substituting (3.18) into (3.7) results in the refined formula


RΞ(x) :=∑


i∈Z


∑


j∈Z


x1i,jNΞ(2(x−[i/2, j/2]T))
 with the update rules


xℓ+12i+1,2j := 3


8(xℓi,j+xℓi+1,j) +1


8(xℓi,j−1+xℓi+1,j+1). (3.19a)


xℓ+12i,2j := 5


8xℓi,j+ 1


16(xℓi−1,j−1+xℓi−1,j+xℓi,j+1+xℓi+1,j+1+xℓi+1,j+xℓi,j−1). (3.19b)


From the geometrical point of view, the procedure can again be split into two steps. Firstly,
 the update (3.19a) splits every edge of the current trinagulation ofR2 and inserts a new control
 node


xℓ+1,2i+1,2j =[(i+ 1)/2ℓ+1, j/2ℓ+1, xℓ+12i+1,2j]


with the third component given by the weighted sum of the surrounding nodes, see Figure 3.11a.


The smoothing step (3.19b) then corresponds to the weighing of the nodes already present in
 the previous control polygon pℓ(i/2ℓ, j/2ℓ) := xℓi,j, see Figure 3.11b. The rules (3.19) define a
 linear subdivision operator


S:{xℓi,j:i, j∈Z}↦→{xℓ+1i,j :i, j∈Z}.


Similarly as in the 1D case, the sequence of control polygonspℓ can be shown to converge to the
 quartic box spline (3.7),RΞ ∈C2(R2).


While the 1D subdivision (3.12) could be generalized to arbitrary closed curves 
 straightfor-wardly, this is no more the case of the box spline surfaces. In the following we restrict ourselves
 to meshes without boundary arising from the triangulation of domain boundaries in R3 as 
 de-fined in Section 4.1, where the pairs of triangles are either disjoint, share exactly one edge, or
 exactly one vertex. The biggest difference of such meshes to the regular grid from Figure 3.5a
 is that the valence v, i.e., the number of edges outgoing from a vertex, is not constantly equal
 to 6. We call the vertices of the valence v = 6regular, other vertices with 3≤v̸= 6 are called
 extraordinary. In case of domains with the topology of a torus one can construct meshes without
 extraordinary vertices, in the general case, however, it is impossible.


The rule for vertex insertion (3.19a) can remain unchanged, since an edge will be shared
 exactly by two triangles in any admissible mesh. Note also that the number of extraordinary
 vertices in the mesh does not increase with the subdivision – from the construction it follows
 that every newly inserted vertex has the valencev = 6. In his thesis [92], Loop generalized the
 idea of subdivision to arbitrary triangular meshes by adapting the rule (3.19b) for extraordinary
 vertices and obtained


xℓ+1odd:= 3


8(xℓ,left+xℓ,right) + 1


8(xℓ,up+xℓ,down), (3.20a)
 xℓ+1even:= (1−a)xℓ,mid+a


v


v


∑


i=1


xℓ,i (3.20b)


with


a:= 5
 8 −


(3
 8 +1


4cos2π
 v


)2


,


see also Figures 3.11a, 3.11c. In (3.20) we call the newly inserted verticesodd and the the already
 present vertices even in accordance with the indexing of the control points in 1D subdivision
 (3.12). Note that for regular vertices the new rules agree with the subdivision weights for the
 quartic box splines (3.19).


The locality of the update rules (3.20) hints that the limit position of a node x0 is 
deter-mined by the positions of the surrounding nodes. Specifically, only the nodes in the two-ring
neighbourhood influence the position of x∞. By the n-ring neighbourhood of a vertex x0 we
understand the set of vertices which are connected tox0by a path consisting of at mostnedges.


This means that a perturbation of a single node leads to a localised change in the limit 
 sur-face. The same idea was presented in Section 3.5 and in Figure 3.8 for the B-spline subdivision
 scheme.


Assuming that extraordinary vertices are well separated (after a several subdivision steps) a
 two-ring neighbourhood of a vertexxℓ,0 with valencevcontains 3v+ 1 vertices (in the following
 indexed by i ∈ {0, . . . ,3v}). After a single subdivision step, the topology of the new two-ring
 neighbourhood of xℓ+1,0 does not change. Restricting the operator S to such a neighbourhood
 ofxℓ,0 thus leads to the matrix multiplication


X˜ℓ+1 =S˜X˜ℓ
 with the node coordinates in the matrix format


X˜ℓ := [xℓ,0,· · ·,xℓ,3v]T,
 the local subdivision matrix


˜S:=


⎡


⎢


⎢


⎢


⎣


1−a [s01]T O O
 s10 S11 O O
 s20 S21 S22 O
 s30 S31 S32 S33


⎤


⎥


⎥


⎥


⎦
 ,


the vectorss01,s10,s20,s30∈Rv,
 s01i := a


v, s10i := 3


8, s20i := 1


8, s30i := 1
 16,
 and circulant matricesS11,S21,S22,S31,S32,S33∈Rv×v generated by the vectors


c11:= 1


8[3,1,0, . . . ,0,1], c21:= 1


8[3,3,0, . . . ,0], c22:= 1


8[1,0, . . . ,0],
 c31:= 1


16[10,1,0, . . . ,0,1], c32:= 1


16[1,0, . . . ,0,1], c33:= 1


16[1,0, . . . ,0],
 respectively. Affine invariance and convergence properties of Loop’s subdivision ensure that
 every row of the localised subdivision matrix sums up to one and that the greatest eigenvalue is
 equal to one as was the case in 1D subdivision. Studying the properties of the matrix [126, 142]


also allows to compute the limit positionx∞ of a nodexℓ by simply using the smoothing step
 (3.20b), Figure 3.11c with the modified value


˜a:= 8a
 3 + 8a


used instead ofa. Similarly, one can proceed to define the tangent plane to the surface and the
 limit exterior normal vectorn∞.


The subdivision masks (3.20) are designed so that the limit surface is as smooth as possible.


Since the topology of the mesh in the vicinity of a regular vertex is the same as of the regular
 grid from Figure 3.5a, the resulting surface patch can be locally described by a C2 function.


In the neighbourhood of an extraordinary vertex the regularity drops to C1. Unfortunately,


Figure 3.12: Multiresolution editing of a subdivision surface.


these regularity classes are not equivalent to the domain classes defined in Definition 2.7. In the
 community of graphic designers the surfaces are usually denoted byG1,G2, which corresponds
 to the continuity of the normal vector and the curvature, respectively. For a more detailed
 treatment of this topic we refer the interested reader to [8, 92, 123, 141].


On the other hand, the high regularity of surfaces is not always appropriate. In engineering
 problems one often encounters domains with sharp edges and corners which cannot be modelled
 by standard Loop’s surfaces. In [13], a method of extended subdivision is presented, which
 allows for modelling of such domains. It is based on tags assigned to the edges and vertices,
 which modify the subdivision mask accordingly and result in surfaces with sharp features.


Subdivision surfaces provide a hierarchy of control meshes that represent the limit surface
with increasing resolution. This feature is leveraged in the multiresolution editing of character
animation as used for example in Pixar’s movie Geri’s game. The basic idea is depicted in
Figure 3.12 and is based on the fact that manipulating the coarse control mesh leads to 
large-scale changes in the limit surface, while the modifications on finer levels lead to more localised
changes. More precisely, perturbation of a single node only affects its two-ring neighbourhood
at the current resolution. The resulting multiresolution editing algorithms allow editing at
various levels, while the traversal between individual resolutions is managed using the subdivision
operatorSand the counterpart to the 1D coarsening operator Rfrom (3.17). This idea can be
leveraged for shape optimization. The optimization procedure can run on several levels of mesh
resolution incrementally resolving finer details of the sought geometry. The combination of these
hierarchical surfaces and the boundary element method for shape optimization is discussed in
the following section.
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