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1 Introduction


Assessment of the durability and serviceability of nuclear
 power plants is a topical problem in many countries. The
 most critical part of a power plant is the reactor containment,
 which is made from concrete with or without a steel lining.


There are several requirements on the reactor containment.


Basically, it must protect the reactor from external effects, and
 also the external environment from possible accidents. Me-
 chanical analysis is used for assessing the limit state, and
 transport analysis is used for describing the leakage of pollut-
 ants to the external environment. Possible accidents can lead
 to great pressure inside the reactor containment, which can
 cause damage to the concrete, and therefore there is an
 impact on the transport processes of the pollutants. There-
 fore coupled hydro-thermo-mechanical analysis is required
 for a correct assessment of reactor containment properties.


Concrete is a heterogeneous and porous material, which
 leads to relatively complicated material models. The aim
 of the present study is to show in a condensed form the theo-
 retical basis of the most widely used mathematical models
 describing the coupled heat and moisture transport in de-
 forming porous media, to provide a set of governing equa-
 tions together with the finite element method. The theory
 discussed below is based on porous media theories given
 in [1].



2 Mass and heat transfer in deforming porous media – a review of theory



2.1 Constitutive relations


Moisture in materials can be present as moist air, water
 and ice or in some intermediate state as an adsorbed phase on
 the pore walls. Since it is in general not possible to distinguish
 the different aggregate states, water contentwis defined as
 the ratio of the total moisture weight (kg/kg) to the dry weight
 of the material. The degree of saturationSwis a function of
 capillary pressurepcand temperatureT, which is determined
 experimentally


Sw =Sw(p Tc, ). (1)


The capillary pressurepcis defined as


pc=pg-pw, (2)


wherepw>0 is the pressure of the liquid phase (water).


The pressure of the moist air,pg>0, in the pore system is
 usually considered as the pressure in a perfect mixture of two
 ideal gases - dry air,pga, and water vapor,pgw, i.e.,


p p p
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M TR
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è
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In this relation rga, rgwandrg stand for the respective
 intrinsic phase densities,Tis the absolute temperature, andR
 is the universal gas constant.


Identity (3) defining the molar mass of the moist air,Mg,
 in terms of the molar masses of the individual constituents is
 known as Dalton’s law. The greater the capillary pressure, the
 smaller is the capillary radius. It is shown thermodynamically
 that the capillary pressure can be expressed unambiguously
 by the relative humidityRHusing the Kelvin-Laplace law
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The water vapor saturation pressure,pgws, is a function
 of the temperature only, and can be expressed by the
 Clausius-Clapeyron equation
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é
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ûú


0


0


1 1


, (5)


whereT0is a reference temperature andhvapis the specific
 enthalpy of saturation.


Materials having heat capacities is the term deliberately
 used to emphasize the similarity to the description of mois-
 ture retention. It is simply expressed as


H=H T( ), (6)


whereHis the mass specific enthalpy (J×kg-1),Tis the tem-
 perature (K).


It is not common to write the enthalpy in an absolute way
 as is done here. Instead, changes of enthalpy are described in
 a differential way, which leads to the definition of the specific
 heat capacity as the slope of theH-Tcurve, i.e.
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This paper deals with a numerical solution of coupled of heat and moisture transfer using the finite element method. The mathematical
 model consists of balance equations of mass, energy and linear momentum and of the appropriate constitutive equations. The chosen
 macroscopic field variables are temperature, capillary pressures, gas pressure and displacement. In contrast with pure mechanical problems,
 there are several difficulties which require special attention. Systems of algebraic equations arising from coupled problems are generally
 nonlinear, and the matrices of such systems are nonsymmetric and indefinite. The first experiences of solving complicated coupled problems
 are mentioned in this paper.
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The heat capacity varies insignificantly with temperature.


It is customary, however, to correct this term for the presence
 of the fluid phases and to introduce the effective heat capac-
 ity as


(rCp)eff =rsCps + rwCpw +rgCpg. (8)



2.2 Transfer equations



(3)Changes of the effective stress along with temperature and
 pore pressure changes produce a change in the solid density


&


rs. To derive the respective material relation for this quantity,
 we start from the mass conservation equation for the solid
 phase. In the second step we introduce the constitutive rela-
 tionship for the mean effective stress expressed in terms of
 quantities describing the deformation of the porous skeleton.


After some manipulations we arrive at the searched formula


( )&


( ) & & ( )


1- = - æ - 1


è
 çç


ö
 ø


÷÷ + -


n n p


r T


rss a s b a


s


s s


K divv , (23)


where bs is the thermal expansion coefficient of the solid
 phase.


A similar approach applied to the mass conservation
 equation of the liquid phase leads to the following constitutive
 equation
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whereKwis the bulk modulus of water andbwis the thermal
 expansion coefficient of this phase.



3.2 Set of governing equations


The complete set of equations describing the coupled
 moisture and heat transport in deforming porous media com-
 prises the linear balance (equilibrium) equation formulated
 for a multi-phase body, the energy balance equation and the
 continuity equations for the liquid water and gas.


Continuity equation for dry air
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whereu&(u& =vs) is the velocity of a solid.


Continuity equation for the water species
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Energy balance equation
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Theequilibrium equation(the linear balance equation) must
 still be introduced to complete a set of governing equations


divæs- g- w c


èç ö


ø÷+ =


m(p S p ) rg 0 (28)
 with the density of the multi-phase medium defined as
 r= -(1 n)rs +nSwrw +nSgrg=rs + rw + rg. (29)
 Initial and boundary conditions


The initial conditions specify the full fields of gas pressure,
 capillary or water pressure, temperature and displacement
 and velocities:


pg=p0g,pc=p T0c, =T0,u=u0, andu&=u&0,at t=0. (30)
 The boundary conditions can be imposed values onGp1or
 fluxes onGp2, where the boundaryG G= p1+Gp2,


pg=pgonGg1, pc=pcon Gc1, T =T onGT1


andu=uonGu1. (31)


The volume averaged flux boundary conditions for wa-
 ter species and dry air conservation equations and energy
 equation to be imposed at the interface between the porous
 medium and the surrounding fluid are as follows
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(32)


wherenis the unit normal vector of the surface of the porous
 medium,r¥gwandT¥are the mass concentration of water va-
 por and temperature in the undisturbed gas phase far away
 from the interface, andqga,qgw,qw andqT are the imposed
 air flux, the imposed vapor flux, the imposed liquid flux and
 the imposed heat flux, respectively.


The traction boundary conditions for the displacement
 field are:


s× =n ton Gu2


, (33)


wheretis the imposed traction.
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(4)
4 Discretization of governing equations


A weak formulation of the governing equations (25) to
 (28) is obtained by applying Galerkin’s method of weighted
 residuals. For the numerical solution, the governing equa-
 tions are discretized in space by means of the finite element
 method, yielding a non-symmetric and non-linear system of
 partial differential equations:


K K K K


C C C C


uu uc c ug g u u


cu cc c cg g c


u p p T F


u p p T


+ + + =


+ + +


t
 t


,


& & & & +


+ + + + =


+ + +


K K K K


C C C C


cu cc c cg g c c


gu gc c gg g g


u p p T F


u p p


t
 t


,


& & & &


,


& & &


T


u p p T F


u p p


+


+ + + + =


+ + +


K K K K


C C C C


gu gc c gg g g g


u c c g g


t


t t t tt


t t t tt t


&


.
 T


u p p T F


+
 +Ku +Kc c+Kg g+K =


(34)


The Eqs. (34) can be rewritten in concise form as
 K X X( ) +C X X F X( )& = ( ), (35)
 whereXT =
{
pg,pc, ,T u}
,C(X) is “the general capacity ma-
 trix”,K(X) is “the general conductivity matrix” and they are
 obtained together withF(X) by assembling the sub-matrices
 indicated in Eqs. (34). The dot denotes the time derivative.


5 Method of solution


Coupled mechanical and transport processes after discret-
 ization by the finite element method are described by a system
 of ordinary differential equations which can be written in the
 form


Kr rC
 +d =F


dt (36)


whereKis the stiffness-conductivity matrix,Cis the capacity
 matrix,ris the vector of nodal values andFis the vector of
 prescribed forces and fluxes. Numerical solution of the sys-
 tem of ordinary differential Eqs. (36) is based on expressions
 for unknown values collected in vectorrat timen+1


rn+1=rn +Dtvn+a (37)
 where the vectorvn+ahas the form


vn+a= -(1 a)vn +avn+1. (38)
 The vectorvcontains time derivatives of unknown vari-
 ables (time derivatives of the vectorr). Eq. (36) is expressed in
 timen+1 and with the help of the previously defined vectors
 we can find


(C+aDtK)vn+1=Fn+1-K(rn +Dt(1-a)vn). (39)
 This formulation is suitable because an explicit or implicit
 computational scheme can be set by parametera. The advan-
 tage of the explicit algorithm is based on possible efficient so-
 lution of the system of equations, because parameteracan be
 equal to zero and capacity matrixCcan be diagonal. There-
 fore the solution of the system is extremely easy. The disad-
 vantage of such a method is its conditional stability. This
 means that the time step must satisfy the stability condition,
 which usually leads to a very short time step.


The previously described algorithm is valid for linear
 problems, and one system of linear algebraic equations must
 be solved in every time step. The situation is more compli-
 cated for nonlinear problems, where a nonlinear system of al-
 gebraic equations must be solved in every time step. The high
 complexity of the problems leads to the application of the
 Newton-Raphson method as the most popular method for
 such cases.


There are several ways to apply and implement the solver
 of nonlinear algebraic equations. We prefer equilibrium of
 forces and fluxes (computed and prescribed) in the nodes.


This strategy is based on the equation


fint+ fext=0 (40)


where vectorsfintandfextcontain internal values and pre-
 scribed values. Due to the nonlinear feature of the material
 laws used in the analysis, the Eq. (40) is not valid after compu-
 tation of new values from the equations summarized in Ta-
 ble 1. There are nonequilibriated forces and fluxes which
 must be suppressed.


When new values in the nodes are computed, the strains
 and gradients of the approximated functions can be estab-
 lished. This is done with the help of matricesBsandBgwhere
 particular partial derivatives are collected. Concise expres-
 sions of strains and gradients are written as


g =B rg , e=B re . (41)
 New stresses and fluxes are obtained from the constitutive
 relations


s=Dse, q=D gq , (42)
 where Ds is the stiffness matrix of the material andDq is
 the matrix of conductivity coefficients. The real nodal forces
 and the discrete fluxes on an element are computed from the
 relations


feint=W
ò
BTesdWe, feint=Wò
BTgqdWe. (43)
 These are compared with the prescribed nodal forces
 and discrete fluxes and their differences create the vector of
 residuals R. Increments of vectorvare computed from the
 equation

(C+aDtK v) n+1=R (44)
 If matricesCandKare updated after every computation
 of the new increment from Eq. (44), the full Newton-Raphson
 Acta Polytechnica Vol. 44  No. 5 – 6/2004


Initial vectors


(defined by initialconditions)
 r0,v0


do until i£n


(nis number of time steps)
 predictor ~ri+1= + -ri (1 a D) tvi
 right hand side vector yi+1= fi+1-K~ri+1


matrix of the system A= +C aDtK
 solution of the system vi+1= -1yi+


A 1


new approximation ri=~ri+ + tvi+


1 aD 1


Table 1
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(6)method is used. If the matrices are updated only once after
 every time step, the modified Newton-Raphson method is
 used.



6 Numerical example


A simple benchmark test is used to show the differences
 between a linear and a nonlinear solution. We have a concrete
 sealed specimen under high temperature conditions, Fig. 1.


For this example, concrete is considered as a non-deforming
 medium (without a displacement field). The material model
 for ordinary concrete presented by Baroghel-Bouny et al. [8]


extended to high temperatures is used. The results are com-
 pared after 1, 2 and 4 hours.



7 Conclusion


Hydro-thermo-mechanical problems are extremely com-
 plicated due to many nonlinearities, and therefore only nu-
 merical methods are used for two and three-dimensional
 problems. A suitable method is the finite element method,
 where each node has 6 degrees of freedom in three-dimen-
 sional problems (3 displacements, temperature and 2 pore
 pressures). The system of linear algebraic equations (after
 discretization and linearization) contains many unknowns,
 and an appropriate solver must be used. Sequential computer
 codes have severe difficulties with memory and CPU time in
 connection with such systems. Therefore parallel computers
 are more often used in complicated analysis. Probably the
 Acta Polytechnica Vol. 44  No. 5 – 6/2004


8.0E+07
 8.5E+07
 9.0E+07
 9.5E+07
 1.0E+08
 1.1E+08
 1.1E+08


0.0 1.0 2.0 3.0 4.0 5.0


x(cm)
 Fig. 4: Capillary pressure profile


0.42
 0.44
 0.46
 0.48
 0.50
 0.52


0.0 1.0 2.0 3.0 4.0 5.0


x(cm)
Fig. 5: Degree of saturation profile



(7)most powerful tool for solving of large systems of equations
 with the help of parallel computers is the family of domain
 decomposition methods.


Transport processes lead to nonsymmetric indefinite sys-
 tems. This means that usual methods, such asLDLTdecom-
 position, do not work for such problems, and a more general
 LUdecomposition must be used. It seems to us that there are
 problems where pivoting is necessary.
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